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Parameter Estimation 
Lecture #7

Acknowledgement:  Some slides of this lecture are due to Nir Friedman.
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Likelihood function for a die: 
Multinomial sampling
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Sufficient Statistics
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Sufficient Statistics

� A sufficient statistics is a function of the data that 
summarizes the relevant information for the 
likelihood

� Formally, �#!���( is a sufficient statistics if for any 
two datasets ! and !4

� �#!���(�"��#!���4�(����� 5#!���3�(�"�5#!���43�(�
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Statistics
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Maximum Likelihood Estimate
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Finding the Maximum
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Adding Pseudo Counts
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Example:  The ABO locus
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The ABO locus (Cont.)
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The Likelihood Function
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Gradient Ascent  (Newton like methods):
Follow gradient of likelihood w.r.t. to parameters  (As taught  in your 
favorite Numerical Analysis course). Improve, by adding line search 
methods to determine step size and get faster convergence. Start at 
several random locations.
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Computing MLE
� Finding MLE parameters: nonlinear optimization problem
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Gene Counting
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Gene Counting (example of EM)
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EM for HMMs

������ �B���������������	�����
�����$��%& '��( ���������:.�� �����	���
�()��&$* $�+ �	���������	�	��
��������������������;�4���������� �	
�;�D�4��
��������D�.

H1 �, �+�& �+

X1 -, -+�& -+

��

-�

C�������������	�	.������	��� ;66������?�*����	��	�����-��������
�������	������������
������	� ������������	�������
��� 

� �

�

�

�

�

�
�

1
)|,(

)|,(
)|(

1

1

1

ih j

j
ii

j

j
ii

ii xhhp

xhhp
hhp

"����� �<��������������	������������	�����
 ����%&'�� �����������

��������$��%&'��( ��������������	�����:���	�����
���������	����*�

15

EM for HMMs (Cont.)
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Recall the forward algorithm
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Decomposing the E-step computation
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EM for homogeneous HMMs
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The CpG Island example (Summary) 
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Expectation Maximization (EM) for 
Bayesian networks

Intuition  (as before):
� When we have access to all counts, then we 

can find the ML estimate of all parameters in 
all local tables directly by counting.

� However, missing values do not allow us to 
perform such counts.

� So instead, we compute the expected 
counts using the current parameter 
assignment, and then use them to compute 
the maximum likelihood estimate.
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Expectation Maximization (EM)
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EM (cont.)

Training
Data
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Computation

(E-Step)

Reparameterize
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(M-Step)

Reiterate

Note: This EM iteration corresponds to the non-
homogenous HMM iteration.  When parameters 
are shared across local probability tables or are 
functions of each other, changes are needed.
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EM in Practice

Initial parameters:
� Random parameters setting
� “Best” guess from other source
Stopping criteria:
� Small change in likelihood of data
� Small change in parameter values
Avoiding bad local maxima:
� Multiple restarts
� Early “pruning” of unpromising ones
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Relative Entropy – a measure of 
difference among distributions
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Average Score for sequence 
comparisons
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The setup of the EM algorithm
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The goal of EM algorithm
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The Mathematics involved
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The Mathematics involved (Cont.)
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The EM algorithm itself
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����5#�3�����(

Expectation Maximization (EM):
Use “current point” to construct alternative function (which is “nice”) 
Guaranty: maximum of new function has a higher likelihood than the 
current point

MLE from Incomplete Data
� Finding MLE parameters: nonlinear optimization problem
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Gene Counting Revisited (as EM)
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The E-step of Gene Counting

1�����-������
����������

�	�
�������	�����������
�
����
���	����	�� ��

5#*3��������1(�"�5#	�A��	�A���	�A���	�A� 3�	9�	?�, 	9?�	@, ����1(

"�5#	�A��	�A��3�	9, ����1������1��(��5#	�A��	�A��3�	?������1������1��(

aaAaa nn

oaa

oa

n

oaa

a

aaAaa

A
oaAaa nnn

n
nnp

//

''2'

''2

''2'

'

)!(!
)',',|(

22

2

//
/

�

��
�

�
��
�

�

���
�

�
��
�

�

���
�

�
��
�

�

�
	

���

��

���

�
��

��
�

�
��
�

�

�
�	

oaa

a
Aaaaa nNEn

''2'

'
)(

2

2

/'/
���

�
� ��

�

�
��
�

�

�
�	

oaa

oa
Aoaoa nNEn

''2'

''2
)(

2/'/
���

��
�

1�������������*�����<.�����������
���������T
34

The M-step of Gene Counting
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The M-step of Gene Counting (Cont.)
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Outline for a different derivation of 
Gene Counting as an EM algorithm
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