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We begin ...

e Mobiles

e Scribe



Programming Language

e Syntax: .. S, | .. || S |<c) | (await b then c)

—Inourcase: {(c)=case | x:=a

* Operational Semantics:
— States sE 2

(S $)=<S'y sV
S, IS, 9=, 1l'S, 9

— Commands [Par,]

(Ccy? (cy (¢,
— Traces (Sp,507=¢(S 8 = ... = 5
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Axiomatic Semantics (Hoare Logic)

* Disjoint parallelism
* Global invariant

* Owicky — Gries [PhD. ‘76]

{P}s; Il s;{Q}



Rely / Guarantee

 Aka Assume/Guarantee
e Cliff Jones [IFIP ‘83]

* Main idea: Modular capture of interference

— Compositional proofs



Meaning of (atomic) Commands

* Arelation between pre-states and post-states

* [ & 3x>

{cy (¢ »
So = Sy = .= S,



Meaning of (atomic) Commands

* Arelation between pre-states and post-states

* [ & 3x>

{cy (¢ »
So = Sy = .= S,



Meaning of (atomic) Commands

* Arelation between pre-states and post-states

<C0> <C1> <Ck> <Ck+1> <Ck+2> <Ck+3> <Ck+3> <Cn>
So = 51 = .= Si+1 = Sk+2 = Sk+3 = Si+3 = Sktgees = Sn+1
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Intuition: Global Invariant

e Every (intermediate) state satisfies invariant |

<C0> <C1> <Ck> <Ck+1> <Ck+2> <Ck+3> <Ck+3> <Cn>
So = 51 = .= Si+1 = Sk+2 = Sk+3 = Si+3 = Sktgees = Sn+1
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Intuition: Global Invariant

e Thread-view

(Cy €y (c (Crpr” (Crsp? (Cru3) (Y .
S0 = 51 = = Sk+1 = Sk+2 = Sk+3 = Sk+3 = Sicrge+- = Sn+1
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Intuition: Rely Guarantee

e Thread-view

(cy (cp {c) (Crsp” (Y (o (Cpaa) (.
S‘0 = S1 = .= S‘k+1 = Sk+2 = Sk+3 = S‘k+3 = Sk+4"' =S

n+1

OlJe| - |e| |e e .| O
e |0 ol | e ° °
< [l =% Il -
o | ol | & ° °
o | o o | ° °
® ® ® ® o ® ® ®
® ® ® ® ® ® ® ®



Intuition: Rely Guarantee

e Thread-view
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Intuition: Rely Guarantee

e Thread-view

(™ (cp {c) (Crsp” (Y (o (Cpaa) (.
S‘0 = S1 = .= Sk+1 = Sk+2 = Sk+3 = Sk+3 = Sk+4"' =S
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Relational Post-Conditions

* meaning of commands a relations between
pre-states and post-states

e Option |: {P} C{Q}
— P is a one state predicate
— Q is a two-state predicate

* Example
—{true}x:=x+1{x=x+ 1}



Relational Post-Conditions

* meaning of commands a relations between
pre-states and post-states

 Option II: {P} C{Q}
— P is a one state predicate

— P is a one-state predicate
* Use logical variables to record pre-state

 Example
—{x=X}x:=x+1{x=X+1}



Intuition (again)

C
—

Hoare: {P} S{Q}~ {P} ==>=>={Q}
C

AL
R/G:RGH{P}S{Q}~ {P} >=====5(Q)
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Goal: Parallel Composition

RVG,, G,-{P}S, S, {Q}

RVG,, G,~{P}S,[S,{Q} (PAR)

R,G,vG,~{P}S, |l S, {Q}
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Meaning of (atomic) Commands

* meaning of atomic commands is relations
between pre-states and post-states

* [ C{Q}
— P is a one state predicate
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* Example
—{true}x:=x+1{x=x+ 1}



From one- to two-state relations

* p(g, o) =p(0)

* p(g, o) =p(o)

* Asingle state predicate p is preserved by a
two-state relation R if
— P AR=p
— Vg, 0: p(0) AR(g, 0) =p(0)

— P is stable under R



Operations on Relations

* (P;Q)(g, 0)=3t:P(g, 7) AQ(T, O)
* ID(g, 0)= (0=0)
e R°=IDv RV (R;R) v (R;R;R) v...v

— Reflexive transitive closure of R



Formulas

* ID(x) = (x =x)

* ID(p) =(p =p)
* Preserve (p)=p=p




Judgements

- cE=(p, R, G, Q)



Informal Semantics

* c=(p,R, G, Q)
— For every state o such that o =p:

* Every execution of c on state g with (potential) interventions
which satisfy R results in a state o such that (o, o) =EQ

* The execution of every atomic sub-command of c on any possible
intermediate state satisfies G



Informal Semantics

* c=(p,R, G, Q)
— For every state o such that o =p:

* Every execution of c on state g with (potential) interventions
which satisfy R results in a state o such that (o, o) =EQ

* The execution of every atomic sub-command of c on any possible
intermediate state satisfies G

* cE=[p,R G, Q]

— For every state o such that ¢ =p:

* Every execution of c on state g with (potential) interventions
which satisfy R must terminate in a state o such that (o, o) EQ

* The execution of every atomic sub-command of c on any possible
intermediate state satisfies G



A Formal Semantics

Let [C]R denotes the set of quadruples <o,, 0,, 03, 0, > s.t. that when ¢
executes on 0, with potential interferences by R it yields an intermediate
state 0, followed by an intermediate state 0; and a final state o,

— 0,=L when c does not terminate

[CIR = {<0,, 0,, O3, O,>:
do:<0, 0>=RA
* — -
(<C,o>=*0,A0,=03=0,V

d6’,C :<C, o>=*<C,0 >
A (0,=0,V0,=0)A(03=0V0;=0") A O,=L1)

V <0, 0, 05 0,>€[C [F)

c=(p, R G, Q)
— For every <0y, 0,, 03, 0, > € [C]R such that o, =p
* <0,0>EG
e Ifod4=1:<01,04>EQ



A Formal Semantics

 Let [C]® denotes the set of quadruples <o,, 0,, 03, 0, > s.t. that when c executes on
0, with potential interferences by R it yields an intermediate state o, followed by

an intermediate state 05 and a final state o,
— 0,=L when c does not terminate
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* <0, 0>FEG
e Ifod=l:<01,04>=Q



A Formal Semantics

 Let [C]® denotes the set of quadruples <o,, 0,, 03, 0, > s.t. that when c executes on
0, with potential interferences by R it yields an intermediate state o, followed by
an intermediate state 05 and a final state o,

— 0,=L when c does not terminate

« [[C]’R= {<o0,, 0, 05, 0,>:
do:<0, 0> E=R A
(<C,0>=*0,A0,=03=0,)V
(3()’"C,:<C, 0>:>*<C,’O,>/\
( (0,=0,v0,=0)A(03=0V0;=0 ) A0,=L)
v <0, 0, 0, 0,>E[C ]R))

* cF(p,R G Q)
— For every <0y, 0,, 03, 0, > € [C]R such that o, =p
* <0, 05>EG
e Ifod=1:<01,04>=Q



Simple Examples

e X:=X+1E(true, X=X, X=X+1vX=X, X =X+1)
e X:=X+1E(X=0,X=X, X>0 vX=X, X>0)
e X =X+1;Y:=Y+1E(X=20AY=0,X=2XAY=Y, G, X>0AY>0)



Inference Rules

 Definect+ (p, R, G, Q) by structural induction
onc

e Soundness
—Ifc(p,R, G, Q) thenck=(p, R, G, Q)



Atomic Command

{p}c{Q} _
(Atomic)

(c) + (p, preserve(p), QvID, Q)



Conditional Critical Section

{pab}c{Q} N
(Critical)

await b then c + (p, preserve(p), QvID, Q)



Sequential Composition

C1 |_(p]_l R; G; Ql)
C2 l_(pZI R; G; QZ)
Q,=p,

Cl ; C2 - (pli R; G; (Q]_I R*) Qz))

(SEQ)



Conditionals

c,H(b;,R, G, Q) parbaR'=Db,
¢, H(b,,R, G, Q) pAr-baR*=b,

(IF)

if atomic {b} thenc,elsec, (p, R, G, Q)



Loops

cHjab,R G,j) jAbAR=b,
R = Preserve(j)

(WHILE)

while atomic {b}do c+ (j, R, G, =b Aj)



Refinement

cH(p, R, G, Q)
p=p Q=Q
R" =R G=G

c—(p’,R,G,Q")

(REFINE)



Parallel Composition

¢, Hpy Ry, Gy, Q)
¢, H(Py Ry Gy, Q)
G,=R,
G, = R,
(PAR)

¢, || ¢, =(p1A py, (Ry AR2), (G, vG,), Q)

where Q= (Ql ’ (Rl/\Rz)*; Qz) v (Qz ) (R1/\Rz)*; Ql)



Issues in R/G

Total correctness is trickier
Restrict the structure of the proofs

— Sometimes global proofs are preferable

Many design choices
— Transitivity and Reflexivity of Rely/Guarantee

— No standard set of rules

Suitable for designs



