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Grades	  
•  Final	  grade	  =	  min(100,	  Weighted	  average)	  
•  Exam:	  50%	  

–  Must	  pass:	  Exam	  grade	  <	  60	  è	  Final	  grade	  =	  Exam	  grade	  
–  Max	  grade:	  100	  
–  Format:	  Same	  as	  last	  year	  (but	  no	  bonus	  ques;ons)	  

•  Exercises:	  60%	  -‐	  Bonuses	  accumulate	  up	  to	  10%	  
–  Ex	  0:	  	  	  	  2.5%	  
–  Ex	  1:	  	  	  	  	  	  	  5%	  
–  Ex	  2:	  	  	  	  7.5%	  
–  Ex	  3:	  	  12.5%	  
–  Ex	  4:	  	  12.5%	  
–  TheoreOcal	  Ex:	  10%	  
–  Ex	  5*:	  	  10%	  
	  

*Inform	  Orr	  if	  you	  want	  to	  do	  it.	  If	  you	  do,	  then	  you	  will	  get	  your	  final	  grade	  aWer	  Moed	  B	  
(even	  if	  you	  decide	  not	  to	  submit.)	  
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OpOmizaOon	  points

source	  
code

Front	  
end IR Code	  

generator
target	  
code

User	  
profile	  program	  
change	  algorithm

Compiler	  
intraprocedural	  IR	  
Interprocedural	  IR	  
IR	  opOmizaOons

Compiler	  
register	  allocaOon	  
instrucOon	  selecOon	  

peephole	  transformaOons
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Program	  Analysis

•  Reasons	  about	  the	  behavior	  of	  a	  program	  
•  An	  analysis	  is	  sound	  if	  it	  only	  asserts	  an	  
correct	  facts	  about	  a	  program	  

•  An	  analysis	  is	  precise	  if	  it	  asserts	  all	  correct	  
facts	  (of	  interests)	  

•  Sound	  analysis	  allows	  for	  seman;c-‐
preserving	  op;miza;ons	  
–  “More	  precise”	  analyses	  are	  “more	  useful”:	  
may	  enable	  more	  opOmizaOons 5



Examples	  

•  Available	  expressions,	  allows:	  
Ø Common	  sub-‐expressions	  eliminaOon	  
Ø Copy	  propagaOon	  

•  Constant	  propagaOon,	  allows:	  
Ø Constant	  folding	  

•  Liveness	  analysis	  
Ø Dead-‐code	  eliminaOon	  
Ø Register	  allocaOon	  



Local	  vs.	  global	  opOmizaOons

•  An	  opOmizaOon	  is	  local	  if	  it	  works	  on	  just	  a	  
single	  basic	  block	  

•  An	  opOmizaOon	  is	  global	  if	  it	  works	  on	  an	  
enOre	  control-‐flow	  graph	  of	  a	  procedure	  

•  An	  opOmizaOon	  is	  interprocedural	  if	  it	  
works	  across	  the	  control-‐flow	  graphs	  of	  
mulOple	  procedure	  
– We	  won't	  talk	  about	  this	  in	  this	  course 
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Formalizing	  local	  analyses
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a = b + c 

Output	  Value	  
Vout

Input	  Value	  
Vin

Vout = fa=b+c(Vin) 

Transfer	  FuncOon



Available	  Expressions
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a = b + c 

Output	  Value	  
Vout

Input	  Value	  
Vin

Vout	  =	  (Vin	  \	  {e	  |	  e	  contains	  a})	  4	  {a=b+c}	  

Expressions	  of	  the	  forms	  
 a=…	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  x=…a…



Live	  Variables
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a = b + c 

Output	  Value	  
Vout

Input	  Value	  
Vin

Vin = (Vout \ {a}) 4 {b,c}



InformaOon	  for	  a	  local	  analysis

• What	  direcOon	  are	  we	  going?	  
–  SomeOmes	  forward	  (available	  expressions)	  
–  SomeOmes	  backward	  (liveness	  analysis)	  

•  How	  do	  we	  update	  informaOon	  aWer	  
processing	  a	  statement?	  
– What	  are	  the	  new	  semanOcs?	  
– What	  informaOon	  do	  we	  know	  iniOally? 

11 



Formalizing	  local	  analyses

•  Define	  an	  analysis	  of	  a	  basic	  block	  as	  a	  
quadruple	  (D,	  V,	  F,	  I)	  where	  
–  D	  is	  a	  direcOon	  (forwards	  or	  backwards)	  
–  V	  is	  a	  set	  of	  values	  the	  program	  can	  have	  at	  any	  
point	  

–  F	  is	  a	  family	  of	  transfer	  funcOons	  defining	  the	  
meaning	  of	  any	  expression	  as	  a	  funcOon	  f	  :	  V	  t	  V	  

–  I	  is	  the	  iniOal	  informaOon	  at	  the	  top	  (or	  bosom)	  of	  
a	  basic	  block 

12 



Available	  Expressions

•  Direc;on:	  Forward	  
•  Values:	  Sets	  of	  expressions	  assigned	  to	  variables	  
•  Transfer	  func;ons:	  Given	  a	  set	  of	  variable	  
assignments	  V	  and	  statement	  a	  =	  b	  +	  c:	  
–  Remove	  from	  V	  any	  expression	  containing	  a	  as	  a	  
subexpression	  

–  Add	  to	  V	  the	  expression	  a	  =	  b	  +	  c	  
–  Formally:	  Vout	  =	  (Vin	  \	  {e	  |	  e	  contains	  a})	  4	  {a	  =	  b	  +	  c}	  	  

•  Ini;al	  value:	  Empty	  set	  of	  expressions

13 



Liveness	  Analysis

•  Direc;on:	  Backward	  
•  Values:	  Sets	  of	  variables	  
•  Transfer	  func;ons:	  Given	  a	  set	  of	  variable	  assignments	  V	  

and	  statement	  a	  =	  b	  +	  c:	  
•  Remove	  a	  from	  V	  (any	  previous	  value	  of	  a	  is	  now	  dead.)	  
•  Add	  b	  and	  c	  to	  V	  (any	  previous	  value	  of	  b	  or	  c	  is	  now	  live.)	  
•  Formally:	  Vin	  =	  (Vout	  \	  {a})	  4	  {b,c}	  
•  Ini;al	  value:	  Depends	  on	  semanOcs	  of	  language	  

–  E.g.,	  funcOon	  arguments	  and	  return	  values	  (pushes)	  
–  Result	  of	  local	  analysis	  of	  other	  blocks	  as	  part	  of	  a	  
global	  analysis 14 



Running	  local	  analyses

•  Given	  an	  analysis	  (D,	  V,	  F,	  I)	  for	  a	  basic	  block	  
•  Assume	  that	  D	  is	  “forward;”	  analogous	  for	  the	  
reverse	  case	  

•  IniOally,	  set	  OUT[entry]	  to	  I	  
•  For	  each	  statement	  s,	  in	  order:	  

–  Set	  IN[s]	  to	  OUT[prev],	  where	  prev	  is	  the	  previous	  
statement	  

–  Set	  OUT[s]	  to	  fs(IN[s]),	  where	  fs	  is	  the	  transfer	  
funcOon	  for	  statement	  s 

15 



Global	  OpOmizaOons

16 



High-‐level	  goals

•  Generalize	  analysis	  mechanism	  
–  Reuse	  common	  ingredients	  for	  many	  analyses	  
–  Reuse	  proofs	  of	  correctness	  

•  Generalize	  from	  basic	  blocks	  to	  enOre	  CFGs	  
– Go	  from	  local	  opOmizaOons	  to	  global	  
opOmizaOons 

17 



Global	  analysis

•  A	  global	  analysis	  is	  an	  analysis	  that	  works	  
on	  a	  control-‐flow	  graph	  as	  a	  whole	  

•  SubstanOally	  more	  powerful	  than	  a	  local	  
analysis	  
–  (Why?)	  

•  SubstanOally	  more	  complicated	  than	  a	  local	  
analysis	  
–  (Why?) 

18 



Local	  vs.	  global	  analysis
•  Many	  of	  the	  opOmizaOons	  from	  local	  analysis	  can	  sOll	  

be	  applied	  globally	  
–  Common	  sub-‐expression	  eliminaOon	  
–  Copy	  propagaOon	  
–  Dead	  code	  eliminaOon	  

•  Certain	  opOmizaOons	  are	  possible	  in	  global	  analysis	  that	  
aren't	  possible	  locally:	  
–  e.g.	  code	  moOon:	  Moving	  code	  from	  one	  basic	  block	  into	  
another	  to	  avoid	  compuOng	  values	  unnecessarily	  

•  Example	  global	  opOmizaOons:	  
–  Global	  constant	  propagaOon	  
–  ParOal	  redundancy	  eliminaOon	  

19 



Loop	  invariant	  code	  moOon	  example

20 

while (t < 120) { 
  z = z + x - y; 
} 

w = x – y; 
while (t < 120) { 
  z = z + w; 
} 

value	  of	  expression	  x	  –	  y	  is	  
not	  changed	  by	  loop	  body



Why	  global	  analysis	  is	  hard

•  Need	  to	  be	  able	  to	  handle	  mulOple	  
predecessors/successors	  for	  a	  basic	  block	  

•  Need	  to	  be	  able	  to	  handle	  mulOple	  paths	  
through	  the	  control-‐flow	  graph,	  and	  may	  need	  
to	  iterate	  mulOple	  Omes	  to	  compute	  the	  final	  
value	  (but	  the	  analysis	  sOll	  needs	  to	  
terminate!)	  

•  Need	  to	  be	  able	  to	  assign	  each	  basic	  block	  a	  
reasonable	  default	  value	  for	  before	  we've	  
analyzed	  it

21 



Global	  dead	  code	  eliminaOon

•  Local	  dead	  code	  eliminaOon	  needed	  to	  
know	  what	  variables	  were	  live	  on	  exit	  from	  
a	  basic	  block	  

•  This	  informaOon	  can	  only	  be	  computed	  as	  
part	  of	  a	  global	  analysis	  

•  How	  do	  we	  modify	  our	  liveness	  analysis	  to	  
handle	  a	  CFG?

22 



CFGs	  without	  loops
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Exit 

 
x = a + b; 
y = c + d; 
 

 
y = a + b; 
 

 
x = c + d; 
a = b + c; 
 

 
b = c + d; 
e = c + d; 
 

Entry 



CFGs	  without	  loops
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Exit 

 
x = a + b; 
y = c + d; 
 

 
y = a + b; 
 

 
x = c + d; 
a = b + c; 
 

 
b = c + d; 
e = c + d; 
 

Entry 

{x, y} 

{x, y} 

{a, b, c, d} 

{a, b, c, d} {a, b, c, d} 

{a, b, c, d} {b, c, d} 

{a, b, c, d} 

{a, c, d} 

? 

Which	  variables	  may	  
be	  live	  on	  some	  
execuOon	  path?



CFGs	  without	  loops
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Exit 

 
x = a + b; 
y = c + d; 
 

 
y = a + b; 
 

 
x = c + d; 
a = b + c; 
 

 
b = c + d; 
e = c + d; 
 

Entry 

{x, y} 

{x, y} 

{a, b, c, d} 

{a, b, c, d} {a, b, c, d} 

{a, b, c, d} {b, c, d} 

{a, b, c, d} 

{a, c, d} 



CFGs	  without	  loops
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Exit 

 
x = a + b; 
y = c + d; 
 

 
 
 

 
 
a = b + c; 
 

 
b = c + d; 
 Entry 



CFGs	  without	  loops
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Exit 

 
x = a + b; 
y = c + d; 
 

 
 
a = b + c; 
 

 
b = c + d; 
 Entry 



Major	  changes	  –	  part	  1

•  In	  a	  local	  analysis,	  each	  statement	  has	  
exactly	  one	  predecessor	  

•  In	  a	  global	  analysis,	  each	  statement	  may	  
have	  mul;ple	  predecessors	  

•  A	  global	  analysis	  must	  have	  some	  means	  of	  
combining	  informa;on	  from	  all	  
predecessors	  of	  a	  basic	  block

28 



CFGs	  without	  loops
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Exit 

 
x = a + b; 
y = c + d; 
 

 
y = a + b; 
 

 
x = c + d; 
a = b + c; 
 

 
b = c + d; 
e = c + d; 
 

Entry 

{x, y} 

{x, y} 

{a, b, c, d} 

{a, b, c, d} {a, b, c, d} 

{a, b, c, d} {b, c, d} 

{b, c, d} 

{c, d} Need	  to	  combine	  
currently-‐
computed	  value	  
with	  new	  value

Need	  to	  combine	  
currently-‐
computed	  value	  
with	  new	  value



CFGs	  without	  loops
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Exit 

 
x = a + b; 
y = c + d; 
 

 
y = a + b; 
 

 
x = c + d; 
a = b + c; 
 

 
b = c + d; 
e = c + d; 
 

Entry 

{x, y} 

{x, y} 

{a, b, c, d} 

{a, b, c, d} {a, b, c, d} 

{a, b, c, d} {b, c, d} 

{a, b, c, d} 

{c, d} 



CFGs	  without	  loops
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Exit 

 
x = a + b; 
y = c + d; 
 

 
y = a + b; 
 

 
x = c + d; 
a = b + c; 
 

 
b = c + d; 
e = c + d; 
 

Entry 

{x, y} 

{x, y} 

{a, b, c, d} 

{a, b, c, d} {a, b, c, d} 

{a, b, c, d} {b, c, d} 

{a, b, c, d} 

{a, c, d} 



Major	  changes	  –	  part	  2

•  In	  a	  local	  analysis,	  there	  is	  only	  one	  possible	  
path	  through	  a	  basic	  block	  

•  In	  a	  global	  analysis,	  there	  may	  be	  many	  paths	  
through	  a	  CFG	  

•  May	  need	  to	  recompute	  values	  mulOple	  Omes	  
as	  more	  informaOon	  becomes	  available	  

•  Need	  to	  be	  careful	  when	  doing	  this	  not	  to	  loop	  
infinitely!	  
–  (More	  on	  that	  later) 

32 



CFGs	  with	  loops
•  Up	  to	  this	  point,	  we've	  considered	  loop-‐free	  CFGs,	  
which	  have	  only	  finitely	  many	  possible	  paths	  

•  When	  we	  add	  loops	  into	  the	  picture,	  this	  is	  no	  longer	  
true	  

•  Not	  all	  possible	  loops	  in	  a	  CFG	  can	  be	  realized	  in	  the	  
actual	  program

33 

IfZ x goto Top 

x = 1; 

Top: 

x = 0; 

x = 2; 



CFGs	  with	  loops
•  Up	  to	  this	  point,	  we've	  considered	  loop-‐free	  CFGs,	  
which	  have	  only	  finitely	  many	  possible	  paths	  

•  When	  we	  add	  loops	  into	  the	  picture,	  this	  is	  no	  longer	  
true	  

•  Not	  all	  possible	  loops	  in	  a	  CFG	  can	  be	  realized	  in	  the	  
actual	  program	  

•  Sound	  approxima;on:	  Assume	  that	  every	  possible	  
path	  through	  the	  CFG	  corresponds	  to	  a	  valid	  execuOon	  
–  Includes	  all	  realizable	  paths,	  but	  some	  addiOonal	  paths	  as	  
well	  

–  May	  make	  our	  analysis	  less	  precise	  (but	  sOll	  sound)	  
–  Makes	  the	  analysis	  feasible;	  we'll	  see	  how	  later 
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CFGs	  with	  loops
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
IfZ ... 

Entry 

{a} 

? 



Major	  changes	  –	  part	  3

•  In	  a	  local	  analysis,	  there	  is	  always	  a	  	  well	  
defined	  “first”	  statement	  to	  begin	  
processing	  

•  In	  a	  global	  analysis	  with	  loops,	  every	  basic	  
block	  might	  depend	  on	  every	  other	  basic	  
block	  

•  To	  fix	  this,	  we	  need	  to	  assign	  iniOal	  values	  
to	  all	  of	  the	  blocks	  in	  the	  CFG

36 



CFGs	  with	  loops	  -‐	  iniOalizaOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{} {} 

{} 

{} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{} {} 

{} 

{} 

{a} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{} {} 

{} 

{a, b, c} 

{a} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{} {} 

{} 

{a, b, c} 

{a} 

{a, b, c} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{} {b, c} 

{} 

{a, b, c} 

{a} 

{a, b, c} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{} {b, c} 

{} 

{a, b, c} 

{a} 

{a, b, c} 

{b, c} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{} {b, c} 

{c, d} 

{a, b, c} 

{a} 

{a, b, c} 

{b, c} 

{a, b, c} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{c, d} 

{a, b, c} 

{a} 

{a, b, c} 

{b, c} 

{a, b, c} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{c, d} 

{a, b, c} 

{a} 

{a, b, c} 

{b, c} 

{a, b, c} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{c, d} 

{a, b, c} 

{a, c, d} 

{a, b, c} 

{b, c} 

{a, b, c} 
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{c, d} 

{a, b, c} 

{a, c, d} 

{a, b, c} 

{b, c} 

{a, b, c} 
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48 

 
Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{c, d} 

{a, b, c} 

{a, c, d} 

{a, b, c} 

{b, c} 

{a, b, c} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{c, d} 

{a, b, c} 

{a, c, d} 

{a, b, c} 

{b, c} 

{a, b, c} 
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{c, d} 

{a, b, c} 

{a, c, d} 

{a, b, c} 

{a, b, c} 

{a, b, c} 
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{a, c, d} 

{a, b, c} 

{a, c, d} 

{a, b, c} 

{a, b, c} 

{a, b, c} 



CFGs	  with	  loops	  -‐	  iteraOon
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Exit 

 
a = a + b; 
d = b + c; 
 

 
c = a + b; 
 

 
a = b + c; 
d = a + c; 
 

 
b = c + d; 
c = c + d; 
 

Entry 

{a} 

{a, b} {b, c} 

{a, c, d} 

{a, b, c} 

{a, c, d} 

{a, b, c} 

{a, b, c} 

{a, b, c} 



Summary	  of	  differences

•  Need	  to	  be	  able	  to	  handle	  mulOple	  
predecessors/successors	  for	  a	  basic	  block	  

•  Need	  to	  be	  able	  to	  handle	  mulOple	  paths	  
through	  the	  control-‐flow	  graph,	  and	  may	  need	  
to	  iterate	  mulOple	  Omes	  to	  compute	  the	  final	  
value	  
–  But	  the	  analysis	  sOll	  needs	  to	  terminate!	  

•  Need	  to	  be	  able	  to	  assign	  each	  basic	  block	  a	  
reasonable	  default	  value	  for	  before	  we've	  
analyzed	  it
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Global	  liveness	  analysis
•  IniOally,	  set	  IN[s]	  =	  {	  }	  for	  each	  statement	  s	  
•  Set	  IN[exit]	  to	  the	  set	  of	  variables	  known	  to	  be	  
live	  on	  exit	  (language-‐specific	  knowledge)	  

•  Repeat	  unOl	  no	  changes	  occur:	  
–  For	  each	  statement	  s	  of	  the	  form	  a	  =	  b	  +	  c,	  in	  any	  
order	  you'd	  like:	  
• Set	  OUT[s]	  to	  set	  union	  of	  IN[p]	  for	  each	  successor	  p	  of	  s	  
• Set	  IN[s]	  to	  (OUT[s]	  –	  a)	  4	  {b,	  c}.	  

•  Yet	  another	  fixed-‐point	  iteraOon!
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Global	  liveness	  analysis
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a=b+c	  

 
s2 

 
s3 

IN[s2]	   IN[s3]	  

OUT[s]=IN[s2]	  4	  IN[s3]	  
	  

IN[s]=(UT[s]	  –	  {a})	  4	  {b,	  c}	  



Why	  does	  this	  work?
•  To	  show	  correctness,	  we	  need	  to	  show	  that	  

–  The	  algorithm	  eventually	  terminates,	  and	  
–  When	  it	  terminates,	  it	  has	  a	  sound	  answer	  

•  TerminaOon	  argument:	  
–  Once	  a	  variable	  is	  discovered	  to	  be	  live	  during	  some	  point	  of	  the	  

analysis,	  it	  always	  stays	  live	  
–  Only	  finitely	  many	  variables	  and	  finitely	  many	  places	  where	  a	  

variable	  can	  become	  live	  
•  Soundness	  argument	  (sketch):	  

–  Each	  individual	  rule,	  applied	  to	  some	  set,	  correctly	  updates	  
liveness	  in	  that	  set	  

–  When	  compuOng	  the	  union	  of	  the	  set	  of	  live	  variables,	  a	  variable	  
is	  only	  live	  if	  it	  was	  live	  on	  some	  path	  leaving	  the	  statement 

56 



Abstract	  InterpretaOon	  

•  TheoreOcal	  foundaOons	  of	  program	  
analysis	  

•  Cousot	  and	  Cousot	  1977	  

•  Abstract	  meaning	  of	  programs	  
–  Executed	  at	  compile	  Ome	  	  
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Another	  view	  of	  local	  
opOmizaOon

•  In	  local	  opOmizaOon,	  we	  want	  to	  reason	  
about	  some	  property	  of	  the	  runOme	  
behavior	  of	  the	  program	  

•  Could	  we	  run	  the	  program	  and	  just	  watch	  
what	  happens?	  

•  Idea:	  Redefine	  the	  semanOcs	  of	  our	  
programming	  language	  to	  give	  us	  
informaOon	  about	  our	  analysis
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ProperOes	  of	  local	  analysis

•  The	  only	  way	  to	  find	  out	  what	  a	  program	  will	  
actually	  do	  is	  to	  run	  it	  

•  Problems:	  
–  The	  program	  might	  not	  terminate	  
–  The	  program	  might	  have	  some	  behavior	  we	  didn't	  
see	  when	  we	  ran	  it	  on	  a	  parOcular	  input	  

•  However,	  this	  is	  not	  a	  problem	  inside	  a	  basic	  
block	  
–  Basic	  blocks	  contain	  no	  loops	  
–  There	  is	  only	  one	  path	  through	  the	  basic	  block 
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Assigning	  new	  semanOcs

•  Example:	  Available	  Expressions	  
•  Redefine	  the	  statement	  a	  =	  b	  +	  c	  to	  mean	  
“a	  now	  holds	  the	  value	  of	  b	  +	  c,	  and	  any	  
variable	  holding	  the	  value	  a	  is	  now	  invalid”	  

•  Run	  the	  program	  assuming	  these	  new	  
semanOcs	  

•  Treat	  the	  opOmizer	  as	  an	  interpreter	  for	  
these	  new	  semanOcs
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Theory	  to	  the	  rescue

•  Building	  up	  all	  of	  the	  machinery	  to	  design	  this	  
analysis	  was	  tricky	  

•  The	  key	  ideas,	  however,	  are	  mostly	  independent	  of	  
the	  analysis:	  
–  We	  need	  to	  be	  able	  to	  compute	  funcOons	  describing	  
the	  behavior	  of	  each	  statement	  

–  We	  need	  to	  be	  able	  to	  merge	  several	  subcomputaOons	  
together	  

–  We	  need	  an	  iniOal	  value	  for	  all	  of	  the	  basic	  blocks	  
•  There	  is	  a	  beauOful	  formalism	  that	  captures	  many	  
of	  these	  properOes
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Join	  semila}ces
•  A	  join	  semila}ce	  is	  a	  ordering	  defined	  on	  a	  set	  of	  

elements	  
•  Any	  two	  elements	  have	  some	  join	  that	  is	  the	  smallest	  

element	  larger	  than	  both	  elements	  
•  There	  is	  a	  unique	  bosom	  element,	  which	  is	  smaller	  

than	  all	  other	  elements	  
•  IntuiOvely:	  

–  The	  join	  of	  two	  elements	  represents	  combining	  informaOon	  
from	  two	  elements	  by	  an	  overapproximaOon	  

•  The	  bosom	  element	  represents	  “no	  informaOon	  yet”	  or	  
“the	  least	  conservaOve	  possible	  answer”
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Join	  semila}ce	  for	  liveness
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{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 

Bosom	  
element



What	  is	  the	  join	  of	  {b}	  and	  {c}?
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{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 



What	  is	  the	  join	  of	  {b}	  and	  {c}?
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{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 



What	  is	  the	  join	  of	  {b}	  and	  {a,c}?
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{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 



What	  is	  the	  join	  of	  {b}	  and	  {a,c}?
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{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 



What	  is	  the	  join	  of	  {a}	  and	  {a,b}?
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{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 



What	  is	  the	  join	  of	  {a}	  and	  {a,b}?
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{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 



Formal	  definiOons

•  A	  join	  semila}ce	  is	  a	  pair	  (V,	  7),	  where	  
•  V	  is	  a	  domain	  of	  elements	  
•  7	  	  is	  a	  join	  operator	  that	  is	  

–  commutaOve:	  x	  7	  y	  =	  y	  7	  x	  
–  associaOve:	  (x	  7	  y)	  7	  z	  =	  x	  7	  (y	  7	  z)	  
–  idempotent:	  x	  7	  x	  =	  x	  

•  If	  x	  7	  y	  =	  z,	  we	  say	  that	  z	  is	  the	  join	  
or	  (least	  upper	  bound)	  of	  x	  and	  y	  

•  Every	  join	  semila}ce	  has	  a	  bosom	  element	  
denoted	  z	  such	  that	  z	  7	  x	  =	  x	  for	  all	  x
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Join	  semila}ces	  and	  ordering

71 

{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 
Greater

Lower



Join	  semila}ces	  and	  ordering
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{} 

{a} {b} {c} 

{a, b} {a, c} {b, c} 

{a, b, c} 
Least	  precise

Most	  precise



Join	  semila}ces	  and	  orderings

•  Every	  join	  semila}ce	  (V,	  7)	  induces	  an	  
ordering	  relaOonship	  b	  over	  its	  elements	  

•  Define	  x	  b	  y	  iff	  x	  7	  y	  =	  y	  
•  Need	  to	  prove	  

–  Reflexivity:	  x	  b	  x	  
– AnOsymmetry:	  If	  x	  b	  y	  and	  y	  b	  x,	  then	  x	  =	  y	  
–  TransiOvity:	  If	  x	  b	  y	  and	  y	  b	  z,	  then	  x	  b	  z 
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An	  example	  join	  semila}ce

•  The	  set	  of	  natural	  numbers	  and	  the	  max	  funcOon	  
•  Idempotent	  

–  max{a,	  a}	  =	  a	  
•  CommutaOve	  

–  max{a,	  b}	  =	  max{b,	  a}	  
•  AssociaOve	  

–  max{a,	  max{b,	  c}}	  =	  max{max{a,	  b},	  c}	  
•  Bosom	  element	  is	  0:	  

–  max{0,	  a}	  =	  a	  
•  What	  is	  the	  ordering	  over	  these	  elements?

74 



A	  join	  semila}ce	  for	  liveness

•  Sets	  of	  live	  variables	  and	  the	  set	  union	  operaOon	  
•  Idempotent:	  

–  x	  4	  x	  =	  x	  
•  CommutaOve:	  

–  x	  4	  y	  =	  y	  4	  x	  
•  AssociaOve:	  

–  (x	  4	  y)	  4	  z	  =	  x	  4	  (y	  4	  z)	  
•  Bosom	  element:	  

–  The	  empty	  set:	  Ø	  4	  x	  =	  x	  
•  What	  is	  the	  ordering	  over	  these	  elements?
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Semila}ces	  and	  program	  
analysis

•  Semila}ces	  naturally	  solve	  many	  of	  the	  
problems	  we	  encounter	  in	  global	  analysis	  

•  How	  do	  we	  combine	  informaOon	  from	  
mulOple	  basic	  blocks?	  

• What	  value	  do	  we	  give	  to	  basic	  blocks	  we	  
haven't	  seen	  yet?	  

•  How	  do	  we	  know	  that	  the	  algorithm	  always	  
terminates?	  
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Semila}ces	  and	  program	  
analysis

•  Semila}ces	  naturally	  solve	  many	  of	  the	  problems	  
we	  encounter	  in	  global	  analysis	  

•  How	  do	  we	  combine	  informaOon	  from	  mulOple	  
basic	  blocks?	  
–  Take	  the	  join	  of	  all	  informaOon	  from	  those	  blocks	  

•  What	  value	  do	  we	  give	  to	  basic	  blocks	  we	  haven't	  
seen	  yet?	  
–  Use	  the	  bosom	  element	  

•  How	  do	  we	  know	  that	  the	  algorithm	  always	  
terminates?	  
–  Actually,	  we	  sOll	  don't!	  More	  on	  that	  later 
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Semila}ces	  and	  program	  
analysis

•  Semila}ces	  naturally	  solve	  many	  of	  the	  problems	  
we	  encounter	  in	  global	  analysis	  

•  How	  do	  we	  combine	  informaOon	  from	  mulOple	  
basic	  blocks?	  
–  Take	  the	  join	  of	  all	  informaOon	  from	  those	  blocks	  

•  What	  value	  do	  we	  give	  to	  basic	  blocks	  we	  haven't	  
seen	  yet?	  
–  Use	  the	  bosom	  element	  

•  How	  do	  we	  know	  that	  the	  algorithm	  always	  
terminates?	  
–  Actually,	  we	  sOll	  don't!	  More	  on	  that	  later 
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A	  general	  framework

•  A	  global	  analysis	  is	  a	  tuple	  (D,	  V,	  7,	  F,	  I),	  where	  
–  D	  is	  a	  direcOon	  (forward	  or	  backward)	  

•  The	  order	  to	  visit	  statements	  within	  a	  basic	  block,	  not	  the	  
order	  in	  which	  to	  visit	  the	  basic	  blocks	  

–  V	  is	  a	  set	  of	  values	  
–  7	  is	  a	  join	  operator	  over	  those	  values	  
–  F	  is	  a	  set	  of	  transfer	  funcOons	  f	  :	  V	  t	  V	  
–  I	  is	  an	  iniOal	  value	  

•  The	  only	  difference	  from	  local	  analysis	  is	  the	  
introducOon	  of	  the	  join	  operator
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Running	  global	  analyses

•  Assume	  that	  (D,	  V,	  7,	  F,	  I)	  is	  a	  forward	  analysis	  
•  Set	  OUT[s]	  =	  z	  for	  all	  statements	  s	  
•  Set	  OUT[entry]	  =	  I	  
•  Repeat	  unOl	  no	  values	  change:	  

–  For	  each	  statement	  s	  with	  predecessors	  
p1,	  p2,	  …	  ,	  pn:	  
•  Set	  IN[s]	  =	  OUT[p1]	  7	  OUT[p2]	  7	  …	  7	  OUT[pn]	  
•  Set	  OUT[s]	  =	  fs	  (IN[s])	  

•  The	  order	  of	  this	  iteraOon	  does	  not	  maser	  
–  This	  is	  someOmes	  called	  chaoOc	  iteraOon 
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For	  comparison

•  Set	  OUT[s]	  =	  z	  for	  all	  
statements	  s	  

•  Set	  OUT[entry]	  =	  I	  
•  Repeat	  unOl	  no	  values	  

change:	  
–  For	  each	  statement	  s	  
with	  predecessors	  
p1,	  p2,	  …	  ,	  pn:	  
•  Set	  IN[s]	  =	  OUT[p1]	  7	  
OUT[p2]	  7	  …	  7	  OUT[pn]	  

•  Set	  OUT[s]	  =	  fs	  (IN[s])	  

•  Set	  IN[s]	  =	  {}	  for	  all	  
statements	  s	  

•  Set	  OUT[exit]	  =	  the	  set	  of	  
variables	  known	  to	  be	  live	  
on	  exit	  

•  Repeat	  unOl	  no	  values	  
change:	  
–  For	  each	  statement	  s	  of	  the	  
form	  a=b+c:	  
•  Set	  OUT[s]	  =	  set	  union	  of	  IN[x]	  
for	  each	  successor	  x	  of	  s	  

•  Set	  IN[s]	  =	  (OUT[s]-‐{a})	  4	  {b,c}	  
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The	  dataflow	  framework

•  This	  form	  of	  analysis	  is	  called	  the	  dataflow	  
framework	  

•  Can	  be	  used	  to	  easily	  prove	  an	  analysis	  is	  
sound	  

• With	  certain	  restricOons,	  can	  be	  used	  to	  
prove	  that	  an	  analysis	  eventually	  
terminates	  
– Again,	  more	  on	  that	  later 
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Global	  constant	  propagaOon

•  Constant	  propagaOon	  is	  an	  opOmizaOon	  
that	  replaces	  each	  variable	  that	  is	  known	  to	  
be	  a	  constant	  value	  with	  that	  constant	  

•  An	  elegant	  example	  of	  the	  dataflow	  
framework
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Global	  constant	  propagaOon
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exit x = 4; 

z = x; 

w = x; 

y = x; z = y; 

x = 6; entry 
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exit x = 4; 

z = x; 

w = x; 

y = x; z = y; 

x = 6; entry 



Global	  constant	  propagaOon

86 

exit x = 4; 

z = x; 

w = 6; 

y = 6; z = y; 

x = 6; entry 



Constant	  propagaOon	  analysis

•  In	  order	  to	  do	  a	  constant	  propagaOon,	  we	  need	  to	  
track	  what	  values	  might	  be	  assigned	  to	  a	  variable	  at	  
each	  program	  point	  

•  Every	  variable	  will	  either	  
–  Never	  have	  a	  value	  assigned	  to	  it,	  
–  Have	  a	  single	  constant	  value	  assigned	  to	  it,	  
–  Have	  two	  or	  more	  constant	  values	  assigned	  to	  it,	  or	  
–  Have	  a	  known	  non-‐constant	  value.	  
–  Our	  analysis	  will	  propagate	  this	  informaOon	  
throughout	  a	  CFG	  to	  idenOfy	  locaOons	  where	  a	  value	  is	  
constant 
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ProperOes	  of	  constant	  
propagaOon

•  For	  now,	  consider	  just	  some	  single	  variable	  x	  
•  At	  each	  point	  in	  the	  program,	  we	  know	  one	  of	  three	  

things	  about	  the	  value	  of	  x:	  
–  x	  is	  definitely	  not	  a	  constant,	  since	  it's	  been	  assigned	  two	  
values	  or	  assigned	  a	  value	  that	  we	  know	  isn't	  a	  constant	  

–  x	  is	  definitely	  a	  constant	  and	  has	  value	  k	  
–  We	  have	  never	  seen	  a	  value	  for	  x	  

•  Note	  that	  the	  first	  and	  last	  of	  these	  are	  not	  the	  same!	  
–  The	  first	  one	  means	  that	  there	  may	  be	  a	  way	  for	  x	  to	  have	  
mulOple	  values	  

–  The	  last	  one	  means	  that	  x	  never	  had	  a	  value	  at	  all 
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Defining	  a	  join	  operator
•  The	  join	  of	  any	  two	  different	  constants	  is	  Not-‐a-‐Constant	  

–  (If	  the	  variable	  might	  have	  two	  different	  values	  on	  entry	  to	  a	  
statement,	  it	  cannot	  be	  a	  constant)	  

•  The	  join	  of	  Not	  a	  Constant	  and	  any	  other	  value	  is	  Not-‐a-‐
Constant	  
–  (If	  on	  some	  path	  the	  value	  is	  known	  not	  to	  be	  a	  constant,	  then	  on	  

entry	  to	  a	  statement	  its	  value	  can't	  possibly	  be	  a	  constant)	  
•  The	  join	  of	  Undefined	  and	  any	  other	  value	  is	  that	  other	  value	  

–  (If	  x	  has	  no	  value	  on	  some	  path	  and	  does	  have	  a	  value	  on	  some	  
other	  path,	  we	  can	  just	  pretend	  it	  always	  had	  the	  assigned	  value) 
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A	  semila}ce	  for	  constant	  propagaOon
•  One	  possible	  semila}ce	  for	  this	  analysis	  is	  
shown	  here	  (for	  each	  variable):

90 

Undefined 

0 -1 -2 1 2 ... ... 

Not-a-constant 

The lattice is infinitely wide



A	  semila}ce	  for	  constant	  propagaOon
•  One	  possible	  semila}ce	  for	  this	  analysis	  is	  
shown	  here	  (for	  each	  variable):
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Undefined 

0 -1 -2 1 2 ... ... 

Not-a-constant 

•  Note:	  
•  The	  join	  of	  any	  two	  different	  constants	  is	  Not-‐a-‐Constant	  
•  The	  join	  of	  Not	  a	  Constant	  and	  any	  other	  value	  is	  Not-‐a-‐Constant	  
•  The	  join	  of	  Undefined	  and	  any	  other	  value	  is	  that	  other	  value



Global	  constant	  propagaOon
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
 

 
y = x; 
 

 
z = y; 
 

 
x = 6; 
 

entry 
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
Undefined 

 
y = x; 
Undefined 
 

 
z = y; 
Undefined 

 
x = 6; 
Undefined 

entry 
Undefined 

x=Undefined	  
y=Undefined
z=Undefined
w=Undefined
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
Undefined 

 
y = x; 
Undefined 
 

 
z = y; 
Undefined 

 
x = 6; 
Undefined 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
Undefined 

 
y = x; 
Undefined 
 

 
z = y; 
Undefined 

Undefined 
x = 6; 
Undefined 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
Undefined 

 
y = x; 
Undefined 
 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6, y=z=w=Ω 

entry 
Undefined 



Global	  constant	  propagaOon
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
Undefined 

 
y = x; 
Undefined 
 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6, y=z=w=Ω 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
Undefined 

x=6 
y = x; 
Undefined 
 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
Undefined 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 



Global	  constant	  propagaOon
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

 
w = x; 
Undefined 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 

y=6	  7	  
y=Undefined	  
gives	  	  what?
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

x=6,y=6 
w = x; 
Undefined 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

x=6,y=6 
w = x; 
Undefined 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

 
z = x; 
Undefined 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

x=y=w=6 
z = x; 
Undefined 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
 
x = 4; 
Undefined 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
Undefined 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
Undefined 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

x=y=w=6 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 

x=6	  7	  x=4	  gives	  	  
what?
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

y=w=6, x=º 
z = x; 
x=y=w=z=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

y=w=6 
z = x; 
y=w=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
x=y=w=z=6 
x = 4; 
x=4, y=w=z=6 
 

y=w=6 
z = x; 
y=w=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
y=w=6  
x = 4; 
x=4, y=w=6  
 

y=w=6 
z = x; 
y=w=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
y=w=6  
x = 4; 
x=4, y=w=6  
 

y=w=6 
z = x; 
y=w=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 

Global	  analysis	  
reached	  fixpoint
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exit 
y=w=6 
x = 4; 
y=w=6  
 

y=w=6 
z = x; 
y=w=6 

x=6,y=6 
w = x; 
x=y=w=6 

x=6 
y = x; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 
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exit 
y=w=6 
x = 4; 
y=w=6  
 

y=w=6 
z = x; 
y=w=6 

x=6,y=6 
w = 6; 
x=y=w=6 

x=6 
y = 6; 
x=6,y=6 

x = 6 
z = y; 
x = 6 

Undefined 
x = 6; 
x = 6 

entry 
Undefined 



Dataflow	  for	  constant	  
propagaOon

•  DirecOon:	  Forward	  
•  Semila}ce:	  Varst	  {Undefined,	  0,	  1,	  -‐1,	  2,	  -‐2,	  …,	  
Not-‐a-‐Constant}	  
–  Join	  mapping	  for	  variables	  point-‐wise	  
{xh1,yh1,zh1}	  7	  {xh1,yh2,zhNot-‐a-‐Constant}	  =	  
{xh1,yhNot-‐a-‐Constant,zhNot-‐a-‐Constant}	  

•  Transfer	  funcOons:	  
–  fx=k(V)	  =	  V|xhk	  (update	  V	  by	  mapping	  x	  to	  k)	  
–  fx=a+b(V)	  =	  V|xhNot-‐a-‐Constant	  (assign	  Not-‐a-‐Constant)	  

•  IniOal	  value:	  x	  is	  Undefined	  
–  (When	  might	  we	  use	  some	  other	  value?) 
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Proving	  terminaOon

•  Our	  algorithm	  for	  running	  these	  analyses	  
conOnuously	  loops	  unOl	  no	  changes	  are	  
detected	  

•  Given	  this,	  how	  do	  we	  know	  the	  analyses	  
will	  eventually	  terminate?	  
–  In	  general,	  we	  don‘t 
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Terminates?	  
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Liveness	  Analysis

•  A	  variable	  is	  live	  at	  a	  point	  in	  a	  program	  if	  
later	  in	  the	  program	  its	  value	  will	  be	  read	  
before	  it	  is	  wrisen	  to	  again	  

125 



Join	  semila}ce	  definiOon

•  A	  join	  semila}ce	  is	  a	  pair	  (V,	  7),	  where	  
•  V	  is	  a	  domain	  of	  elements	  
•  7	  	  is	  a	  join	  operator	  that	  is	  

–  commutaOve:	  x	  7	  y	  =	  y	  7	  x	  
–  associaOve:	  (x	  7	  y)	  7	  z	  =	  x	  7	  (y	  7	  z)	  
–  idempotent:	  x	  7	  x	  =	  x	  

•  If	  x	  7	  y	  =	  z,	  we	  say	  that	  z	  is	  the	  join	  
or	  (Least	  Upper	  Bound)	  of	  x	  and	  y	  

•  Every	  join	  semila}ce	  has	  a	  bosom	  element	  
denoted	  z	  such	  that	  z	  7	  x	  =	  x	  for	  all	  x
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ParOal	  ordering	  induced	  by	  join

•  Every	  join	  semila}ce	  (V,	  7)	  induces	  an	  
ordering	  relaOonship	  b	  over	  its	  elements	  

•  Define	  x	  b	  y	  iff	  x	  7	  y	  =	  y	  
•  Need	  to	  prove	  

–  Reflexivity:	  x	  b	  x	  
– AnOsymmetry:	  If	  x	  b	  y	  and	  y	  b	  x,	  then	  x	  =	  y	  
–  TransiOvity:	  If	  x	  b	  y	  and	  y	  b	  z,	  then	  x	  b	  z 

127 



A	  join	  semila}ce	  for	  liveness

•  Sets	  of	  live	  variables	  and	  the	  set	  union	  operaOon	  
•  Idempotent:	  

–  x	  4	  x	  =	  x	  
•  CommutaOve:	  

–  x	  4	  y	  =	  y	  4	  x	  
•  AssociaOve:	  

–  (x	  4	  y)	  4	  z	  =	  x	  4	  (y	  4	  z)	  
•  Bosom	  element:	  

–  The	  empty	  set:	  Ø	  4	  x	  =	  x	  
•  Ordering	  over	  elements	  =	  subset	  relaOon
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Join	  semila}ce	  example	  for	  liveness
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{} 

{a} {b} {c} 
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Dataflow	  framework

•  A	  global	  analysis	  is	  a	  tuple	  (D,	  V,	  7,	  F,	  I),	  
where	  
– D	  is	  a	  direcOon	  (forward	  or	  backward)	  

•  The	  order	  to	  visit	  statements	  within	  a	  basic	  block,	  
NOT	  the	  order	  in	  which	  to	  visit	  the	  basic	  blocks	  

– V	  is	  a	  set	  of	  values	  (someOmes	  called	  domain)	  
–  7	  is	  a	  join	  operator	  over	  those	  values	  
– F	  is	  a	  set	  of	  transfer	  funcOons	  fs	  :	  V	  t	  V	  
(for	  every	  statement	  s)	  

–  I	  is	  an	  iniOal	  value	  
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Running	  global	  analyses
•  Assume	  that	  (D,	  V,	  7,	  F,	  I)	  is	  a	  forward	  analysis	  
•  For	  every	  statement	  s	  maintain	  values	  before	  	  -‐	  IN[s]	  -‐	  and	  aWer	  

-‐	  OUT[s]	  
•  Set	  OUT[s]	  =	  z	  for	  all	  statements	  s	  
•  Set	  OUT[entry]	  =	  I	  
•  Repeat	  unOl	  no	  values	  change:	  

–  For	  each	  statement	  s	  with	  predecessors	  
PRED[s]={p1,	  p2,	  …	  ,	  pn}	  
•  Set	  IN[s]	  =	  OUT[p1]	  7	  OUT[p2]	  7	  …	  7	  OUT[pn]	  
•  Set	  OUT[s]	  =	  fs(IN[s])	  

•  The	  order	  of	  this	  iteraOon	  does	  not	  maser	  
–  ChaoOc	  iteraOon 
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Proving	  terminaOon

•  Our	  algorithm	  for	  running	  these	  analyses	  
conOnuously	  loops	  unOl	  no	  changes	  are	  
detected	  

•  Problem:	  how	  do	  we	  know	  the	  analyses	  will	  
eventually	  terminate?	  
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A	  non-‐terminaOng	  analysis

•  The	  following	  analysis	  will	  loop	  infinitely	  on	  
any	  CFG	  containing	  a	  loop:	  

•  DirecOon:	  Forward	  
•  Domain:	  ℕ	  
•  Join	  operator:	  max	  
•  Transfer	  funcOon:	  f(n)	  =	  n	  +	  1	  
•  IniOal	  value:	  0
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A	  non-‐terminaOng	  analysis
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start 

end

 
x = y 



IniOalizaOon

135 

start 

end

 
x = y 

0

0



Fixed-‐point	  iteraOon
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start 

end

 
x = y 

0

0



Choose	  a	  block
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start 

end

 
x = y 

0

0



IteraOon	  1
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start 

end

 
x = y 

0

0

0



IteraOon	  1
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start 

end

 
x = y 

1

0

0



Choose	  a	  block
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start 

end

 
x = y 

1

0

0



IteraOon	  2

141 

start 

end

 
x = y 

1

0

0



IteraOon	  2
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start 

end

 
x = y 

1

0

1



IteraOon	  2
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start 

end

 
x = y 

2

0

1



Choose	  a	  block
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start 

end

 
x = y 

2

0

1



IteraOon	  3
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start 

end

 
x = y 

2

0

1



IteraOon	  3
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start 

end

 
x = y 

2

0

2



IteraOon	  3

147 

start 

end

 
x = y 

3

0

2



Why	  doesn’t	  this	  terminate?
•  Values	  can	  increase	  without	  bound	  
•  Note	  that	  “increase”	  refers	  to	  the	  la}ce	  
ordering,	  not	  the	  ordering	  on	  the	  natural	  
numbers	  

•  The	  height	  of	  a	  semila}ce	  is	  the	  length	  of	  the	  
longest	  increasing	  sequence	  in	  that	  semila}ce	  

•  The	  dataflow	  framework	  is	  not	  guaranteed	  to	  
terminate	  for	  semila}ces	  of	  infinite	  height	  

•  Note	  that	  a	  semila}ce	  can	  be	  infinitely	  large	  
but	  have	  finite	  height 	  	  
–  e.g.	  constant	  propagaOon 
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Height	  of	  a	  la}ce

•  An	  increasing	  chain	  is	  a	  sequence	  of	  elements	  
z	  a	  a1	  a	  a2	  a	  …	  a	  ak	  
–  The	  length	  of	  such	  a	  chain	  is	  k	  

•  The	  height	  of	  a	  la}ce	  is	  the	  length	  of	  the	  maximal	  
increasing	  chain	  

•  For	  liveness	  with	  n	  program	  variables:	  
–  {}	  _	  {v1}	  _	  {v1,v2}	  _	  …	  _	  {v1,…,vn}	  

•  For	  available	  expressions	  it	  is	  the	  number	  of	  
expressions	  of	  the	  form	  a=b	  op	  c	  
–  For	  n	  program	  variables	  and	  m	  operator	  types:	  
m$n3	  
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Another	  non-‐terminaOng	  
analysis

•  This	  analysis	  works	  on	  a	  finite-‐height	  
semila}ce,	  but	  will	  not	  terminate	  on	  
certain	  CFGs:	  

•  DirecOon:	  Forward	  
•  Domain:	  Boolean	  values	  true and	  false	  
•  Join	  operator:	  Logical	  OR	  
•  Transfer	  funcOon:	  Logical	  NOT	  
•  IniOal	  value:	  false 
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A	  non-‐terminaOng	  analysis
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start 

end

 
x = y 



IniOalizaOon
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start 

end

 
x = y 
false 

false 



Fixed-‐point	  iteraOon
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start 

end

 
x = y 
false 

false 



Choose	  a	  block
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start 

end

 
x = y 
false 

false 



IteraOon	  1
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start 

end

 
x = y 
false 

false 

false 



IteraOon	  1
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start 

end

 
x = y 
true 

false 

false 



IteraOon	  2
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start 

end

 
x = y 
true 

false 

true 



IteraOon	  2
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start 

end

 
x = y 
false 

false 

true 



IteraOon	  3
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start 

end

 
x = y 
false 

false 

false 



IteraOon	  3
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start 

end

 
x = y 
true 

false 

false 



Why	  doesn’t	  it	  terminate?
•  Values	  can	  loop	  indefinitely	  
•  IntuiOvely,	  the	  join	  operator	  keeps	  pulling	  
values	  up	  

•  If	  the	  transfer	  funcOon	  can	  keep	  pushing	  
values	  back	  down	  again,	  then	  the	  values	  
might	  cycle	  forever
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Why	  doesn’t	  it	  terminate?
•  Values	  can	  loop	  indefinitely	  
•  IntuiOvely,	  the	  join	  operator	  keeps	  pulling	  
values	  up	  

•  If	  the	  transfer	  funcOon	  can	  keep	  pushing	  
values	  back	  down	  again,	  then	  the	  values	  
might	  cycle	  forever	  

•  How	  can	  we	  fix	  this?
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Monotone	  transfer	  funcOons

•  A	  transfer	  funcOon	  f	  is	  monotone	  iff	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  if	  x	  b	  y,	  then	  f(x)	  b	  f(y)	  

•  IntuiOvely,	  if	  you	  know	  less	  informaOon	  about	  a	  
program	  point,	  you	  can't	  “gain	  back”	  more	  
informaOon	  about	  that	  program	  point	  

•  Many	  transfer	  funcOons	  are	  monotone,	  including	  
those	  for	  liveness	  and	  constant	  propagaOon	  

•  Note:	  Monotonicity	  does	  not	  mean	  that	  	  
	  x	  b	  f(x)	  
–  (This	  is	  a	  different	  property	  called	  extensivity)	  
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Liveness	  and	  monotonicity

•  A	  transfer	  funcOon	  f	  is	  monotone	  iff	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  if	  x	  b	  y,	  then	  f(x)	  b	  f(y)	  

•  Recall	  our	  transfer	  funcOon	  for	  a	  =	  b	  +	  c	  is	  
–  fa	  =	  b	  +	  c(V)	  =	  (V	  –	  {a})	  4	  {b,	  c}	  

•  Recall	  that	  our	  join	  operator	  is	  set	  union	  
and	  induces	  an	  ordering	  relaOonship	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  X	  b	  Y	  iff	  X	  `Y	  

•  Is	  this	  monotone?

164 



Is	  constant	  propagaOon	  monotone?
•  A	  transfer	  funcOon	  f	  is	  monotone	  iff	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  if	  x	  b	  y,	  then	  f(x)	  b	  f(y)	  

•  Recall	  our	  transfer	  funcOons	  
–  fx=k(V)	  =	  V|xhk	  (update	  V	  by	  mapping	  x	  to	  k)	  
–  fx=a+b(V)	  =	  V|xhNot-‐a-‐Constant	  (assign	  Not-‐a-‐
Constant)	  

•  Is	  this	  monotone?
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The	  grand	  result

•  Theorem:	  A	  dataflow	  analysis	  with	  a	  finite-‐
height	  semila_ce	  and	  family	  of	  monotone	  
transfer	  func;ons	  always	  terminates	  

•  Proof	  sketch:	  
–  The	  join	  operator	  can	  only	  bring	  values	  up	  
–  Transfer	  funcOons	  can	  never	  lower	  values	  back	  
down	  below	  where	  they	  were	  in	  the	  past	  
(monotonicity)	  

–  Values	  cannot	  increase	  indefinitely	  (finite	  height) 
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An	  “opOmality”	  result

•  A	  transfer	  funcOon	  f	  is	  distribuOve	  if	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  f(a	  7	  b)	  =	  f(a)	  7	  f(b)	  
for	  every	  domain	  elements	  a	  and	  b	  

•  If	  all	  transfer	  funcOons	  are	  distribuOve	  then	  
the	  fixed-‐point	  soluOon	  is	  the	  soluOon	  that	  
would	  be	  computed	  by	  joining	  results	  from	  all	  
(potenOally	  infinite)	  control-‐flow	  paths	  
–  Join	  over	  all	  paths	  

•  OpOmal	  if	  we	  ignore	  program	  condiOons	  
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An	  “opOmality”	  result

•  A	  transfer	  funcOon	  f	  is	  distribuOve	  if	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  f(a	  7	  b)	  =	  f(a)	  7	  f(b)	  
for	  every	  domain	  elements	  a	  and	  b	  

•  If	  all	  transfer	  funcOons	  are	  distribuOve	  then	  the	  
fixed-‐point	  soluOon	  is	  equal	  to	  the	  soluOon	  
computed	  by	  joining	  results	  from	  all	  (potenOally	  
infinite)	  control-‐flow	  paths	  
–  Join	  over	  all	  paths	  

•  OpOmal	  if	  we	  pretend	  all	  control-‐flow	  paths	  can	  be	  
executed	  by	  the	  program	  

•  Which	  analyses	  use	  distribuOve	  funcOons?
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Loop	  opOmizaOons
•  Most	  of	  a	  program’s	  computaOons	  are	  done	  inside	  

loops	  
–  Focus	  opOmizaOons	  effort	  on	  loops	  

•  The	  opOmizaOons	  we’ve	  seen	  so	  far	  are	  independent	  of	  
the	  control	  structure	  

•  Some	  opOmizaOons	  are	  specialized	  to	  loops	  
–  Loop-‐invariant	  code	  moOon	  
–  (Strength	  reducOon	  via	  inducOon	  variables)	  

•  Require	  another	  type	  of	  analysis	  to	  find	  out	  where	  
expressions	  get	  their	  values	  from	  
–  Reaching	  definiOons	  

•  (Also	  useful	  for	  improving	  register	  allocaOon)	  
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Loop	  invariant	  computaOon
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y = t * 
4 
x < y 
+ z end
 
x = x 
+ 1 

start 
y = … 
t = … 
z = … 
 



Loop	  invariant	  computaOon
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y = t * 
4 
x < y 
+ z end
 
x = x 
+ 1 

start 
y = … 
t = … 
z = … 
 t*4	  and	  y+z	  

have	  same	  value	  on	  
each	  iteraOon



Code	  hoisOng
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x < w

end
 
x = x 
+ 1 

start 
y = … 
t = … 
z = … 
y = t * 
4 
w = y 
+ z



What	  reasoning	  did	  we	  use?
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y = t * 
4 
x < y 
+ z end
 
x = x 
+ 1 

start 
y = … 
t = … 
z = … 
 

y	  is	  defined	  inside	  loop	  
but	  it	  is	  loop	  invariant	  
since	  t*4	  is	  loop-‐invariant

Both	  t	  and	  z	  are	  
defined	  only	  outside	  
of	  loop

constants	  are	  trivially	  
loop-‐invariant



What	  about	  now?
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y	  =	  t	  *	  4	  
x	  <	  y	  +	  z

end
	  
x	  =	  x	  +	  1	  
t	  =	  t	  +	  1

start	  

y	  =	  …	  
t	  =	  …	  
z	  =	  …	  
	  

Now	  t	  is	  not	  loop-‐invariant	  
and	  so	  are	  t*4	  and	  y



Loop-‐invariant	  code	  moOon
•  d:	  t	  =	  a1	  op	  a2	  

–  d	  is	  a	  program	  locaOon	  
•  a1	  op	  a2	  loop-‐invariant	  (for	  a	  loop	  L)	  if	  computes	  the	  

same	  value	  in	  each	  iteraOon	  
–  Hard	  to	  know	  in	  general	  

•  ConservaOve	  approximaOon	  
–  Each	  ai	  is	  a	  constant,	  or	  
–  All	  definiOons	  of	  ai	  that	  reach	  d	  are	  outside	  L,	  or	  
–  Only	  one	  definiOon	  of	  of	  ai	  reaches	  d,	  and	  is	  loop-‐invariant	  
itself	  

•  TransformaOon:	  hoist	  the	  loop-‐invariant	  code	  outside	  
of	  the	  loop
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Reaching	  definiOons	  analysis
•  A	  definiOon	  d:	  t	  =	  …	  reaches	  a	  program	  locaOon	  if	  there	  is	  a	  

path	  from	  the	  definiOon	  to	  the	  program	  locaOon,	  along	  which	  
the	  defined	  variable	  is	  never	  redefined	  
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Reaching	  definiOons	  analysis
•  A	  definiOon	  d:	  t	  =	  …	  reaches	  a	  program	  locaOon	  if	  there	  is	  a	  

path	  from	  the	  definiOon	  to	  the	  program	  locaOon,	  along	  which	  
the	  defined	  variable	  is	  never	  redefined	  	  

•  DirecOon:	  Forward	  
•  Domain:	  sets	  of	  program	  locaOons	  that	  are	  definiOons	  `	  
•  Join	  operator:	  union	  
•  Transfer	  funcOon:	  

	  	  	  	  	  	  	  	  	  	  	  	  fd:	  a=b	  op	  c(RD)	  =	  (RD	  -‐	  defs(a))	  4	  {d}	  
	  	  	  	  	  	  	  	  	  	  	  	  fd:	  not-‐a-‐def(RD)	  =	  RD	  
–  Where	  defs(a)	  is	  the	  set	  of	  locaOons	  defining	  a	  (statements	  of	  the	  

form	  a=...)	  
•  IniOal	  value:	  {}
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Reaching	  definiOons	  analysis
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d4: y = t * 4 
 
 d4:x < y + z  

 
d6: x = x + 1 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

start 

 
end
{}



Reaching	  definiOons	  analysis
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d4: y = t * 4 
 
 d4:x < y + z  

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

 
end
{}



IniOalizaOon
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d4: y = t * 4 
 
 d4:x < y + z  

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{}

{}

 
end
{}



IteraOon	  1
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d4: y = t * 4 
 
 d4:x < y + z  

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{}

{}

 
end
{}

{}



IteraOon	  1
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d4: y = t * 4 
 
 d4:x < y + z  

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1}

{d1, d2}

{d1, d2, d3}

 
end
{}

{}

{}



IteraOon	  2
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d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{}

{}
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d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1, d2, d3}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{}

{}
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d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1, d2, d3}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{d2, d3, d4}

{}

{}
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d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1, d2, d3}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{d2, d3, d4}

{d2, d3, d4}

{}
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d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1, d2, d3}

{d2, d3, d4}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{d2, d3, d4}

{d2, d3, d4}

{}
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d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1, d2, d3}

{d2, d3, d4}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{d2, d3, d4}

{d2, d3, d4}

{d2, d3, d4, d5}
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d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1, d2, d3}

{d2, d3, d4}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{d2, d3, d4}

{d2, d3, d4}

{d2, d3, d4, d5}
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d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1, d2, d3, d4, d5}

{d2, d3, d4}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{d2, d3, d4}

{d2, d3, d4}

{d2, d3, d4, d5}



IteraOon	  4

191 

 
d4: y = t * 4 
 
       x < y + z  

 
end

 
d5: x = x + 1 

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1, d2, d3, d4, d5}

{d2, d3, d4}

{}

{d1}

{d1, d2}

{d1, d2, d3}

{d2, d3, d4, d5}

{d2, d3, d4, d5}

{d2, d3, d4, d5}
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end

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d2, d3, d4, d5}

{d1}

{d1, d2}

{d1, d2, d3}

 
d5: x = x + 1 
{d2, d3, d4}

{d2, d3, d4, d5}

 
d4: y = t * 4 
 
       x < y + z  

{d1, d2, d3, d4, d5}

{d2, d3, d4, d5}

{d2, d3, d4, d5}
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end

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d2, d3, d4, d5}

{d1}

{d1, d2}

{d1, d2, d3}

 
d5: x = x + 1 
{d2, d3, d4, d5}

{d2, d3, d4, d5}

 
d4: y = t * 4 
 
       x < y + z  

{d1, d2, d3, d4, d5}

{d2, d3, d4, d5}

{d2, d3, d4, d5}
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t	  is	  defined	  only	  in	  
d2	  –	  outside	  of	  loop

z	  is	  defined	  only	  in	  
d3	  –	  outside	  of	  loop

y	  is	  defined	  only	  in	  d4	  –	  inside	  
of	  loop	  but	  depends	  on	  t	  and	  
4,	  both	  loop-‐invariant

start 

 
d1: y = … 
 
d2: t = … 
 
d3: z = … 

{}

{}

{d1}

{d1, d2}

{d1, d2, d3}

 
end

{d2, d3, d4, d5}

 
d5: x = x + 1 
{d2, d3, d4, d5}

{d2, d3, d4, d5}

 
d4: y = t * 4 
 
       x < y + z  

{d1, d2, d3, d4, d5}

{d2, d3, d4, d5}

{d2, d3, d4, d5}x	  is	  defined	  only	  in	  d5	  –	  
inside	  of	  loop	  so	  is	  not	  a	  
loop-‐invariant



Inferring	  loop-‐invariant	  
expressions

•  For	  a	  statement	  s	  of	  the	  form	  t	  =	  a1	  op	  a2	  
•  A	  variable	  ai	  is	  immediately	  loop-‐invariant	  if	  all	  
reaching	  definiOons	  IN[s]={d1,…,dk}	  for	  ai	  are	  
outside	  of	  the	  loop	  

•  LOOP-‐INV	  =	  immediately	  loop-‐invariant	  variables	  
and	  constants	  
LOOP-‐INV	  =	  LOOP-‐INV	  4	  {x	  |	  d:	  x	  =	  a1	  op	  a2,	  d	  is	  in	  
the	  loop,	  and	  both	  a1	  and	  a2	  are	  in	  LOOP-‐INV}	  
–  Iterate	  unOl	  fixed-‐point	  

•  An	  expression	  is	  loop-‐invariant	  if	  all	  operands	  are	  
loop-‐invariants
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end

start	  

	  
d1:	  y	  =	  …	  
	  
d2:	  t	  =	  …	  
	  
d3:	  z	  =	  …	  

{}

{}

{d2,	  d3,	  d4}

{d1}

{d1,	  d2}

{d1,	  d2,	  d3}

	  
d4:	  y	  =	  t	  *	  4	  
	  
	  	  	  	  	  	  	  x	  <	  y	  +	  z	  	  

	  
d5:	  x	  =	  x	  +	  1	  

{d1,	  d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}
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end

start	  

	  
d1:	  y	  =	  …	  
	  
d2:	  t	  =	  …	  
	  
d3:	  z	  =	  …	  

{}

{}

{d2,	  d3,	  d4}

{d1}

{d1,	  d2}

{d1,	  d2,	  d3}

	  
d4:	  y	  =	  t	  *	  4	  
	  
	  	  	  	  	  	  	  x	  <	  y	  +	  z	  	  

	  
d5:	  x	  =	  x	  +	  1	  

{d1,	  d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

(immediately)	  
LOOP-‐INV	  =	  {t}
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end

start	  

	  
d1:	  y	  =	  …	  
	  
d2:	  t	  =	  …	  
	  
d3:	  z	  =	  …	  

{}

{}

{d2,	  d3,	  d4}

{d1}

{d1,	  d2}

{d1,	  d2,	  d3}

	  
d4:	  y	  =	  t	  *	  4	  
	  
	  	  	  	  	  	  	  x	  <	  y	  +	  z	  	  

	  
d5:	  x	  =	  x	  +	  1	  

{d1,	  d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

(immediately)	  
LOOP-‐INV	  =	  {t,	  z}
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end

start	  

	  
d1:	  y	  =	  …	  
	  
d2:	  t	  =	  …	  
	  
d3:	  z	  =	  …	  

{}

{}

{d2,	  d3,	  d4}

{d1}

{d1,	  d2}

{d1,	  d2,	  d3}

	  
d4:	  y	  =	  t	  *	  4	  
	  
	  	  	  	  	  	  	  x	  <	  y	  +	  z	  	  

	  
d5:	  x	  =	  x	  +	  1	  

{d1,	  d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

(immediately)	  
LOOP-‐INV	  =	  {t,	  z}
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end

start	  

	  
d1:	  y	  =	  …	  
	  
d2:	  t	  =	  …	  
	  
d3:	  z	  =	  …	  

{}

{}

{d2,	  d3,	  d4}

{d1}

{d1,	  d2}

{d1,	  d2,	  d3}

	  
d4:	  y	  =	  t	  *	  4	  
	  
	  	  	  	  	  	  	  x	  <	  y	  +	  z	  	  

	  
d5:	  x	  =	  x	  +	  1	  

{d1,	  d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

(immediately)	  
LOOP-‐INV	  =	  {t,	  z}
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end

start	  

	  
d1:	  y	  =	  …	  
	  
d2:	  t	  =	  …	  
	  
d3:	  z	  =	  …	  

{}

{}

{d2,	  d3,	  d4}

{d1}

{d1,	  d2}

{d1,	  d2,	  d3}
LOOP-‐INV	  =	  {t,	  z,	  4}

	  
d4:	  y	  =	  t	  *	  4	  
	  
	  	  	  	  	  	  	  x	  <	  y	  +	  z	  	  

	  
d5:	  x	  =	  x	  +	  1	  

{d1,	  d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

CompuOng	  LOOP-‐INV
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d4:	  y	  =	  t	  *	  4	  
	  
	  	  	  	  	  	  	  x	  <	  y	  +	  z	  	  

	  
end

	  
d5:	  x	  =	  x	  +	  1	  

start	  

	  
d1:	  y	  =	  …	  
	  
d2:	  t	  =	  …	  
	  
d3:	  z	  =	  …	  

{}

{}

{d1,	  d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4}

{d1}

{d1,	  d2}

{d1,	  d2,	  d3}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

{d2,	  d3,	  d4,	  d5}

LOOP-‐INV	  =	  {t,	  z,	  4,	  y}
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while (i < x) { 
   j = a + 4 * i 
   a[j] = j 
   i = i + 1 
} 

i	  is	  incremented	  by	  a	  loop-‐
invariant	  expression	  on	  each	  
iteraOon	  –	  this	  is	  called	  an	  
inducOon	  variable

j	  is	  a	  linear	  funcOon	  of	  
the	  inducOon	  variable	  
with	  mulOplier	  4



Strength-‐reducOon
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j = a + 4 * i  
while (i < x) { 
   j = j + 4 
   a[j] = j 
   i = i + 1 
} 

Prepare	  iniOal	  
value

Increment	  by	  
mulOplier
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Enabled	  Op;miza;onsAnalysis
Common-‐subexpression	  eliminaOon	  
Copy	  PropagaOon

Available	  Expressions

Constant	  foldingConstant	  PropagaOon
Dead	  code	  eliminaOonLive	  Variables
Loop-‐invariant	  code	  moOonReaching	  DefiniOons
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RunOme	  Environment	  
•  Mediates	  between	  the	  OS	  and	  the	  programming	  language	  
•  Hides	  details	  of	  the	  machine	  from	  the	  programmer	  

–  Ranges	  from	  simple	  support	  funcOons	  all	  the	  way	  to	  a	  full-‐fledged	  
virtual	  machine	  

•  Handles	  common	  tasks	  	  
–  RunOme	  stack	  (acOvaOon	  records)	  
–  Memory	  management	  

•  RunOme	  type	  informaOon	  
–  Method	  invocaOon	  
–  Type	  conversions	  
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Memory	  Layout	  
stack	  	  grows	  down	  	  

(towards	  lower	  addresses)	  

heap	  grows	  up	  	  
(towards	  	  higher	  

addresses)	  

Heap	  
	  
	  
	  

stack	  

code	  

staOc	  data	  
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Memory	  Layout	  
stack	  	  grows	  down	  	  

(towards	  lower	  addresses)	  

heap	  grows	  up	  	  
(towards	  	  higher	  

addresses)	  

Heap	  
	  
	  
	  

stack	  

code	  

staOc	  data	  

RunOme	  type	  informaOon	  
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Object	  Oriented	  Programs	  

•  Simula,	  Smalltalk,	  Modula	  3,	  C++,	  Java,	  C#,	  Python	  	  

•  Objects	  (usually	  of	  type	  called	  class)	  	  
–  Code	  
–  Data	  

•  Naturally	  supports	  Abstract	  Data	  Type	  
implementaOons	  

•  InformaOon	  hiding	  
•  EvoluOon	  &	  reusability	  
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A	  Simple	  Example	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    position = position + x ; 
  } 
} 
 
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 
 
class Car extends Vehicle { 
  int passengers = 0; 
  void await(vehicle v){ 
    if (v.pos < pos)   
      v.move(pos - v.pos); 
    else  
      this.move(10); 
  } 
} 

class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 
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A	  Simple	  Example	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    position = position + x ; 
  } 
} 
 
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 
 
class Car extends Vehicle { 
  int passengers = 0; 
  void await(vehicle v){ 
    if (v.pos < pos)   
      v.move(pos - v.pos); 
    else  
      this.move(10); 
  } 
} 

class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

pos	  =10	  

Truck	  
t	  
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A	  Simple	  Example	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
     pos = pos + x ; 
  } 
} 
 
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 
 
class Car extends Vehicle { 
  int passengers = 0; 
  void await(vehicle v){ 
    if (v.pos < pos)   
      v.move(pos - v.pos); 
    else  
      this.move(10); 
  } 
} 

class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

pos=10	  

Truck	  
t	  

posiOon=10	  

Car	  

c	   passengers=0	  
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A	  Simple	  Example	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    pos = pos + x ; 
  } 
} 
 
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 
 
class Car extends Vehicle { 
  int passengers = 0; 
  void await(vehicle v){ 
    if (v.pos < pos)   
      v.move(pos - v.pos); 
    else  
      this.move(10); 
  } 
} 

class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

t	  

v,c	  

pos=10	  

Truck	  

posiOon=10	  

Car	  

passengers=0	  
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A	  Simple	  Example	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
     pos = pos + x; 
  } 
} 
 
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 
 
class Car extends Vehicle { 
  int passengers = 0; 
  void await(vehicle v){ 
    if (v.pos < pos)   
      v.move(pos - v.pos); 
    else  
      this.move(10); 
  } 
} 

class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

t	  

v,c	  

pos=10	  

Truck	  

posiOon=70	  

Car	  

passengers=0	  
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A	  Simple	  Example	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    position = position + x ; 
  } 
} 
 
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 
 
class Car extends Vehicle { 
  int passengers = 0; 
  void await(vehicle v){ 
    if (v.pos < pos)   
      v.move(pos - v.pos); 
    else  
      this.move(10); 
  } 
} 

class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

t	  

v,c	  

pos=10	  

Truck	  

posiOon=140	  

Car	  

passengers=0	  
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A	  Simple	  Example	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    position = position + x ; 
  } 
} 
 
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 
 
class Car extends Vehicle { 
  int passengers = 0; 
  void await(vehicle v){ 
    if (v.pos < pos)   
      v.move(pos - v.pos); 
    else  
      this.move(10); 
  } 
} 

class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

t	  

v,c	  

pos=10	  

Truck	  

posiOon=140	  

Car	  

passengers=0	  
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A	  Simple	  Example	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    position = position + x ; 
  } 
} 
 
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 
 
class Car extends Vehicle { 
  int passengers = 0; 
  void await(vehicle v){ 
    if (v.pos < pos)   
      v.move(pos - v.pos); 
    else  
      this.move(10); 
  } 
} 

class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

t	  

v,c	  

pos=10	  

Truck	  

posiOon=140	  

Car	  

passengers=0	  
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TranslaOon	  into	  C	  (Vehicle)	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    pos = pos + x ; 
  } 
} 

struct Vehicle { 
  int pos; 
} 
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TranslaOon	  into	  C	  (Vehicle)	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    pos = pos + x ; 
  } 
} 

typedef struct Vehicle { 
  int pos; 
} Ve; 
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TranslaOon	  into	  C	  (Vehicle)	  
class Vehicle extends object { 
  int pos = 10; 
  void move(int x) {  
    pos = pos + x ; 
  } 
} 

typedef struct Vehicle { 
  int pos; 
} Ve; 
 
void NewVe(Ve *this){ 
  this→pos = 10; 
} 
 
void moveVe(Ve *this, int x){ 
  this→pos = this→pos + x; 
} 
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TranslaOon	  into	  C	  (Truck)	  
class Truck extends Vehicle { 
  void move(int x){ 
    if (x < 55)   
      pos = pos + x; 
  } 
} 

typedef struct Truck { 
  int pos; 
} Tr; 
 
void NewTr(Tr *this){ 
  this→pos = 10; 
} 
 
void moveTr(Ve *this, int x){ 
  if (x<55) 
    this→pos = this→pos + x; 
} 
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Naïve	  TranslaOon	  into	  C	  (Car)	  
class Car extends Vehicle { 
 int passengers = 0; 
 void await(vehicle v){ 
  if (v.pos < pos)   
    v.move(pos – v.pos); 
  else  
    this.move(10); 
 } 
} 

typedef struct Car{ 
  int pos; 
  int passengers; 
} Ca; 
 
void NewCa (Ca *this){ 
  this→pos = 10; 
  this→passengers = 0; 
} 
 
void awaitCa(Ca *this, Ve *v){  
  if (v→pos < this→pos) 
    moveVe(this→pos - v→pos) 
  else  
    MoveCa(this, 10) 
} 
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Naïve	  TranslaOon	  into	  C	  (Main)	  
class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

void mainMa(){ 
  Tr *t = malloc(sizeof(Tr)); 
  Ca *c = malloc(sizeof(Ca)); 
  Ve *v = (Ve*) c; 
  moveVe(Ve*) c, 60); 
  moveVe(v, 70); 
  awaitCa(c,(Ve*) t); 
} 
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Naïve	  TranslaOon	  into	  C	  (Main)	  
class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

void mainMa(){ 
  Tr *t = malloc(sizeof(Tr)); 
  Ca *c = malloc(sizeof(Ca)); 
  Ve *v = (Ve*) c; 
  moveVe(Ve*) c, 60); 
  moveVe(v, 70); 
  awaitCa(c,(Ve*) t); 
} 

void moveCa() ? 
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Naïve	  TranslaOon	  into	  C	  (Main)	  
class main extends object { 
  void main() { 
    Truck t = new Truck(); 
    Car c = new Car(); 
    Vehicle v = c; 
    c.move(60); 
    v.move(70); 
    c.await(t); 
  } 
} 

void mainMa(){ 
  Tr *t = malloc(sizeof(Tr)); 
  Ca *c = malloc(sizeof(Ca)); 
  Ve *v = (Ve*) c; 
  moveVe(Ve*) c, 60); 
  moveVe(v, 70); 
  awaitCa(c,(Ve*) t); 
} 

void moveCa() ? 

void moveVe(Ve *this, int x){ 
  this→pos = this→pos + x; 
} 
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Compiling	  Simple	  Classes	  

•  Fields	  are	  handled	  as	  records	  
• Methods	  have	  unique	  names	  

class	  A	  {	  
	  	  	  	  field	  a1;	  
	  	  	  	  field	  a2;	  
	  	  	  	  method	  m1()	  {…}	  
	  	  	  	  method	  m2(int	  i)	  {…}	  
}	  

a1	  
a2	  

RunOme	  object	  

m1A	  
m2A	  

Compile-‐Time	  Table	  

void	  m2A(classA	  	  *this,	  int	  i)	  {	  
	  	  	  	  //	  Body	  of	  m2	  with	  any	  object	  	  
	  	  	  	  //	  field	  f	  as	  this→f	  
	  	  	  …	  
}	  
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Compiling	  Simple	  Classes	  

•  Fields	  are	  handled	  as	  records	  
• Methods	  have	  unique	  names	  

class	  A	  {	  
	  	  	  	  field	  a1;	  
	  	  	  	  field	  a2;	  
	  	  	  	  method	  m1()	  {…}	  
	  	  	  	  method	  m2(int	  i)	  {…}	  
}	  

a1	  
a2	  

RunOme	  object	  

m1A	  
m2A	  

Compile-‐Time	  Table	  

void	  m2_A(classA	  	  *this,	  int	  i)	  {	  
	  	  	  	  //	  Body	  of	  m2	  with	  any	  object	  	  
	  	  	  	  //	  field	  f	  as	  this→f	  
	  	  	  …	  
}	  

a.m2(5)	  

m2A(a,5)	   //m2A(&a,5)	  
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Features	  of	  OO	  languages	  

•  Inheritance	  
• Method	  overriding	  
•  Polymorphism	  
•  Dynamic	  binding	  
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Handling	  Single	  Inheritance	  
•  Simple	  type	  extension	  
•  Type	  checking	  module	  checks	  consistency	  
•  Use	  prefixing	  to	  assign	  fields	  in	  a	  consistent	  way	  

class A { 
    field a1; 
    field a2; 
    method m1() {…} 
    method m2() {…} 
} 

class B extends A { 
    field b1; 
    method m3() {…} 
} 
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Method	  Overriding	  
•  Redefines	  funcOonality	  

–  More	  specific	  
–  Can	  access	  addiOonal	  fields	  
class A { 
    field a1; 
    field a2; 
    method m1() {…} 
    method m2() {…} 
} 

class B extends A { 
    field b1; 
    method m2() { 
        … b1 … 
    } 
    method m3() {…} 
} 
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Method	  Overriding	  
•  Redefines	  funcOonality	  

–  More	  specific	  
–  Can	  access	  addiOonal	  fields	  
class A { 
    field a1; 
    field a2; 
    method m1() {…} 
    method m2() {…} 
} 

class B extends A { 
    field a3; 
    method m2() { 
        … a3 … 
    } 
    method m3() {…} 
} 

m2	  is	  declared	  and	  defined	  

m2	  is	  redefined	  
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Method	  Overriding	  
•  Redefines	  funcOonality	  
•  Affects	  semanOc	  analysis	  
	  

a1	  
a2	  

RunOme	  object	  

m1A_A	  
m2A_A	  

Compile-‐Time	  Table	   a1	  
a2	  

RunOme	  object	  

b1	  

m1A_A	  
m2A_B	  

Compile-‐Time	  Table	  

m3B_B	  

class A { 
    field a1; 
    field a2; 
    method m1() {…} 
    method m2() {…} 
} 

class B extends A { 
    field a3; 
    method m2() { 
        … a3 … 
    } 
    method m3() {…} 
} 
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Method	  Overriding	  
•  Redefines	  funcOonality	  
•  Affects	  semanOc	  analysis	  
	  

a1	  
a2	  

RunOme	  object	  

m1A_A	  
m2A_A	  

Compile-‐Time	  Table	   a1	  
a2	  

RunOme	  object	  

b1	  

m1A_A	  
m2A_B	  

Compile-‐Time	  Table	  

m3B_B	  

class A { 
    field a1; 
    field a2; 
    method m1() {…} 
    method m2() {…} 
} 

class B extends A { 
    field b1; 
    method m2() { 
        … b1 … 
    } 
    method m3() {…} 
} 
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Method	  Overriding	  

a1	  
a2	  

RunOme	  object	  

m1A_A	  
m2A_A	  

Compile-‐Time	  Table	   a1	  
a2	  

RunOme	  object	  

b1	  

m1A_A	  
m2A_B	  

Compile-‐Time	  Table	  

m3B_B	  

class A { 
    field a1; 
    field a2; 
    method m1() {…} 
    method m2() {…} 
} 

class B extends A { 
    field b1; 
    method m2() { 
        … b1 … 
    } 
    method m3() {…} 
} 

a.m2(5)  // class(a) = A 

m2A_A(a, 5) 

b.m2(5)  // class(b) = B 

m2A_B(b, 5) 
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Method	  Overriding	  

a1	  
a2	  

RunOme	  object	  

m1A_A	  
m2A_A	  

Compile-‐Time	  Table	   a1	  
a2	  

RunOme	  object	  

b1	  

m1A_A	  
m2A_B	  

Compile-‐Time	  Table	  

m3B_B	  

class A { 
    field a1; 
    field a2; 
    method m1() {…} 
    method m2() {…} 
} 

class B extends A { 
    field b1; 
    method m2() {  
     … b1 … 
    } 
    method m3() {…} 
} 

typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void  m2A_B(B* this) {…} 
void  m3B_B(B* this) {…} 
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Method	  Overriding	  

a1	  
a2	  

RunOme	  object	  

m1A_A	  
m2A_A	  

Compile-‐Time	  Table	   a1	  
a2	  

RunOme	  object	  

b1	  

m1A_A	  
m2A_B	  

Compile-‐Time	  Table	  

m3B_B	  

a.m2(5)	  	  //	  class(a)	  =	  A	  

m2A_A(a,	  5)	  

b.m2(5)	  	  //	  class(b)	  =	  B	  

m2A_B(b,	  5)	  

typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(B* this) {…} 
void m3B_B(B* this) {…} 
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Abstract	  Methods	  

•  Declared	  separately	  	  
– Defined	  in	  child	  classes	  	  
–  E.g.,	  Java	  abstract	  classes	  

• Abstract	  classes	  cannot	  be	  instanOated	  	  
	  

•  Handled	  similarly	  
•  Textbook	  uses	  “virtual”	  for	  abstract	  
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Handling	  Polymorphism	  

•  When	  a	  class	  B	  extends	  a	  class	  A	  
–  variable	  of	  type	  pointer	  to	  A	  may	  actually	  refer	  to	  
object	  of	  type	  B	  

•  UpcasOng	  from	  a	  subclass	  to	  a	  superclass	  
•  Prefixing	  guarantees	  validity	  

class	  B	  *b	  =	  …;	  

class	  A	  *a	  =	  b	  ;	  

a1	  
a2	  
b1	  

Pointer	  to	  B	  
Pointer	  to	  A	  inside	  B	  

(also)	  

classA	  *a	  =	  convert_ptr_to_B_to_ptr_A(b)	  ;	  

A
B
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Dynamic	  Binding	  

•  An	  object	  (“pointer”)	  o	  declared	  to	  be	  of	  class	  A	  can	  
actually	  be	  (“refer”)	  to	  a	  class	  	  B	  

•  What	  does	  ‘o.m()’	  mean?	  
–  StaOc	  binding	  	  
–  Dynamic	  binding	  	  

•  Depends	  on	  the	  programming	  language	  rules	  	  	  

•  How	  to	  implement	  dynamic	  binding?	  
–  The	  invoked	  funcOon	  is	  not	  known	  at	  compile	  Ome	  
–  Need	  to	  operate	  on	  data	  of	  the	  B	  and	  A	  in	  consistent	  way	  
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Conceptual	  Impl.	  of	  Dynamic	  Binding	  

a1	  
a2	  

RunOme	  object	  

m1A_A	  
m2A_A	  

Compile-‐Time	  Table	   a1	  
a2	  

RunOme	  object	  

b1	  

m1A_A	  
m2A_B	  

Compile-‐Time	  Table	  

m3B_B	  

class A { 
    field a1; 
    field a2; 
    method m1() {…} 
    method m2() {…} 
} 

class B extends A { 
    field b1; 
    method m2() {  
     … a3 … 
    } 
    method m3() {…} 
} 

typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(B* this) {…} 
void m3B_B(B* this) {…} 

245



Conceptual	  Impl.	  of	  Dynamic	  Binding	  

a1	  
a2	  

RunOme	  object	  

m1A_A	  
m2A_A	  

Compile-‐Time	  Table	   a1	  
a2	  

RunOme	  object	  

b1	  

m1A_A	  
m2A_B	  

Compile-‐Time	  Table	  

m3B_B	  

switch(dynamic_type(p))	  {	  
	  	  	  case	  Dynamic_class_A:	  m2_A_A(p,	  3);	  
	  	  	  case	  Dynamic_class_B:m2_A_B(convert_ptr_to_A_to_ptr_B(p),	  3);	  
}	  

typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(B* this) {…} 
void m3B_B(B* this) {…} 
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Conceptual	  Impl.	  of	  Dynamic	  Binding	  

a1	  
a2	  

RunOme	  object	  

m1A_A	  
m2A_A	  

Compile-‐Time	  Table	   a1	  
a2	  

RunOme	  object	  

b1	  

m1A_A	  
m2A_B	  

Compile-‐Time	  Table	  

m3B_B	  

switch(dynamic_type(p))	  {	  
	  	  	  case	  Dynamic_class_A:	  m2_A_A(p,	  3);	  
	  	  	  case	  Dynamic_class_B:m2_A_B(convert_ptr_to_A_to_ptr_B(p),	  3);	  
}	  

?	  

typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(B* this) {…} 
void m3B_B(B* this) {…} 
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More	  efficient	  implementaOon	  

•  Apply	  pointer	  conversion	  in	  sublasses	  
–  Use	  dispatch	  table	  to	  invoke	  funcOons	  
–  Similar	  to	  table	  implementaOon	  of	  case	  	  
	  
	  void	  m2A_B(classA	  *this_A)	  {	  

	  	  	  	  	  Class_B	  *this	  =	  convert_ptr_to_A_ptr_to_A_B(this_A);	  
	  	  	  	  …	  
}	  
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More	  efficient	  implementaOon	  
typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this, int x){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(A* thisA, int x){ 
  Class_B *this = 
    convert_ptr_to_A_to_ptr_to_B(thisA); 
    … 
  } 
 
void m3B_B(B* this){…}   
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More	  efficient	  implementaOon	  
typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this, int x){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(A* thisA, int x){ 
  Class_B *this = 
    convert_ptr_to_A_to_ptr_to_B(thisA); 
    … 
  } 
 
void m3B_B(B* this){…}   

  

a1	  

a2	  

RunOme	  object	  
m1A_A	  

m2A_A	  

(RunOme)	  Dispatch	  Table	  

vtable	  p	  

classA	  *p;	  
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More	  efficient	  implementaOon	  
typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this, int x){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(A* thisA, int x){ 
  Class_B *this = 
    convert_ptr_to_A_to_ptr_to_B(thisA); 
    … 
  } 
 
void m3B_B(B* this){…}   

  

a1	  

a2	  

RunOme	  object	  
m1A	  

m2A	  

(RunOme)	  Dispatch	  Table	  

vtable	  p	  

classA	  *p;	  

m1A_A	  

m2A_A	  

Code	  
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More	  efficient	  implementaOon	  
typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this, int x){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(A* thisA, int x){ 
  Class_B *this = 
    convert_ptr_to_A_to_ptr_to_B(thisA); 
    … 
  } 
 
void m3B_B(B* this){…}   

  

p.m2(3);	   p→dispatch_table→m2A(p,	  3);	  

a1	  

a2	  

RunOme	  object	  
m1A_A	  

m2A_A	  

(RunOme)	  Dispatch	  Table	  

vtable	  p	  

classA	  *p;	  
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More	  efficient	  implementaOon	  
typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this, int x){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(A* thisA, int x){ 
  Class_B *this = 
    convert_ptr_to_A_to_ptr_to_B(thisA); 
    … 
  } 
 
void m3B_B(B* this){…}   

  

a1	  

a2	  

RunOme	  object	  

b1	  

m1A_A	  

m2A_B	  

(RunOme)	  Dispatch	  Table	  

m3B_B	  

vtable	  p	  

classB	  *p;	  
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More	  efficient	  implementaOon	  
typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this, int x){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(A* thisA, int x){ 
  Class_B *this = 
    convert_ptr_to_A_to_ptr_to_B(thisA); 
    … 
  } 
 
void m3B_B(B* this){…}   

  

p.m2(3);	  

a1	  

a2	  

RunOme	  object	  

b1	  

vtable	  p	  

classB	  *p;	  

m1A_A	  

m2A_B	  

(RunOme)	  Dispatch	  Table	  

m3B_B	  
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More	  efficient	  implementaOon	  
typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this, int x){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(A* thisA, int x){ 
  Class_B *this = 
    convert_ptr_to_A_to_ptr_to_B(thisA); 
    … 
  } 
 
void m3B_B(B* this){…}   

  

p.m2(3);	   p→dispatch_table→m2A(p,	  3);	  

a1	  

a2	  

RunOme	  object	  

b1	  

vtable	  p	   m1A_A	  

m2A_B	  

(RunOme)	  Dispatch	  Table	  

m3B_B	  
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More	  efficient	  implementaOon	  
typedef struct  { 
    field a1; 
    field a2; 
} A; 
 
void m1A_A(A* this){…} 
void m2A_A(A* this, int x){…} 

typedef struct  { 
    field a1; 
    field a2; 
    field b1; 
} B; 
 
void m2A_B(A* thisA, int x){ 
  Class_B *this = 
    convert_ptr_to_A_to_ptr_to_B(thisA); 
    … 
  } 
 
void m3B_B(B* this){…}   

  

p.m2(3);	   p→dispatch_table→m2A(	  	  ,	  3);	  

a1	  

a2	  

RunOme	  object	  

b1	  

vtable	  p	  

convert_ptr_to_B_to_ptr_to_A(p)	  

m1A_A	  

m2A_B	  

(RunOme)	  Dispatch	  Table	  

m3B_B	  
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MulOple	  Inheritance	  
class C { 
    field c1; 
    field c2; 
    method m1(){…} 
    method m2(){…} 
} 

class D { 
    field d1; 
 
    method m3() {…} 
    method m4(){…} 
} 

class E extends C, D { 
    field e1; 
 
    method m2() {…}        
    method m4() {…} 
    method m5(){…} 
} 
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MulOple	  Inheritance	  	  

•  Allows	  unifying	  behaviors	  
•  But	  raises	  semanOc	  difficulOes	  

– Ambiguity	  of	  classes	  
–  Repeated	  inheritance	  

•  Hard	  to	  implement	  
–  SemanOc	  analysis	  
–  Code	  generaOon	  

• Prefixing	  no	  longer	  work	  
• Need	  to	  generate	  code	  for	  downcasts	  

•  Hard	  to	  use	  
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A	  simple	  implementaOon	  

• Merge	  dispatch	  tables	  of	  superclases	  	  
•  Generate	  code	  for	  upcasts	  and	  downcasts	  
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A	  simple	  implementaOon	  	  
class C { 
    field c1; 
    field c2; 
    method m1(){…} 
    method m2(){…} 
} 

class D { 
    field d1; 
 
    method m3() {…} 
    method m4(){…} 
} 

class E extends C, D { 
    field e1; 
 
    method m2() {…}        
    method m4() {…} 
    method m5(){…} 
} 

a1	  

a2	  

RunOme	  object	  

m3D_D	  

m4D_E	  

(RunOme)	  Dispatch	  Table	  

m5E_E	  

vtable	  

a1	  

a2	  

vtable	  

Pointer	  to	  	  	  
	  -‐	  E	  
	  -‐	  C	  inside	  E	  

Pointer	  to	  	  	  
	  -‐	  D	  inside	  E	  

m1C_C	  

m2C_E	  
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DowncasOng	  (EàC,D)	  
class C { 
    field c1; 
    field c2; 
    method m1(){…} 
    method m2(){…} 
} 

class D { 
    field d1; 
 
    method m3() {…} 
    method m4(){…} 
} 

class E extends C, D { 
    field e1; 
 
    method m2() {…}        
    method m4() {…} 
    method m5(){…} 
} 

a1	  

a2	  

RunOme	  object	  

vtable	  

a1	  

a2	  

vtable	  

Pointer	  to	  	  	  
	  -‐	  E	  
	  -‐	  C	  inside	  E	  

Pointer	  to	  	  	  
	  -‐	  D	  inside	  E	  

convert_ptr_to_E_to_ptr_to_C(e)	  =	  e;	  

convert_ptr_to_E_to_ptr_to_D(e)	  =	  e	  +	  sizeof(C);	  

m3D_D	  

m4D_E	  

(RunOme)	  Dispatch	  Table	  

m5E_E	  

m1C_C	  

m2C_E	  
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UpcasOng	  (C,DàE)	  
class C { 
    field c1; 
    field c2; 
    method m1(){…} 
    method m2(){…} 
} 

class D { 
    field d1; 
 
    method m3() {…} 
    method m4(){…} 
} 

class E extends C, D { 
    field e1; 
 
    method m2() {…}        
    method m4() {…} 
    method m5(){…} 
} 

a1	  

a2	  

RunOme	  object	  

vtable	  

a1	  

a2	  

vtable	  

Pointer	  to	  	  	  
	  -‐	  E	  
	  -‐	  C	  inside	  E	  

Pointer	  to	  	  	  
	  -‐	  D	  inside	  E	  

convert_ptr_to_C_to_ptr_to_E(c)	  =	  c;	  

convert_ptr_to_D_to_ptr_to_E(d)	  =	  d	  -‐	  sizeof(C);	  

m3D_D	  

m4D_E	  

(RunOme)	  Dispatch	  Table	  

m5E_E	  

m1C_C	  

m2C_E	  
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MulOple	  Inheritance	  

class C extends A { 
    field c1; 
    field c2; 
    method m1(){…} 
    method m2(){…} 
} 

class D extends A { 
    field d1; 
 
    method m3(){…} 
    method m4(){…} 
} 

class E extends C, D { 
    field e1; 
 
    method m2() {…}        
    method m4() {…} 
    method m5(){…} 
} 

class A{ 
    field a1; 
    field a2; 
    method m1(){…} 
    method m3(){…} 
} 
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MulOple	  Inheritance	  

class C extends A { 
    field c1; 
    field c2; 
    method m1(){…} 
    method m2(){…} 
} 

class D extends A { 
    field d1; 
 
    method m3(){…} 
    method m4(){…} 
} 

class E extends C, D { 
    field e1; 
 
    method m2() {…}        
    method m4() {…} 
    method m5(){…} 
} 

class A{ 
    field a1; 
    field a2; 
    method m1(){…} 
    method m3(){…} 
} 
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Dependent	  MulOple	  Inheritance	  

class C extends A { 
    field c1; 
    field c2; 
    method m1(){…} 
    method m2(){…} 
} 

class D extends A { 
    field d1; 
 
    method m3(){…} 
    method m4(){…} 
} 

class E extends C, D { 
    field e1; 
 
    method m2() {…}        
    method m4() {…} 
    method m5(){…} 
} 

class A{ 
    field a1; 
    field a2; 
    method m1(){…} 
    method m3(){…} 
} 
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Dependent	  Inheritance	  

•  The	  simple	  soluOon	  does	  not	  work	  
•  The	  posiOons	  of	  nested	  fields	  do	  not	  agree	  

266



Independent	  Inheritance	  

• MulOple	  copies	  of	  shared	  superclasses	  

class C  
    extends A{ 
  field c1; 
  field c2; 
  method m1(){…} 
  method m2(){…} 
} 

class D  
    extends A{ 
  field d1; 
 
  method m3(){…} 
  method m4(){…} 
} 

class E  
    extends C,D{ 
  field e1; 
 
  method m2() {…}        
  method m4() {…} 
  method m5(){…} 
} 

class A{ 
  field a1; 
  field a2; 
  method m1(){…} 
  method m3(){…} 
} 

e1	  

RunOme	  E	  object	  

m2C_E	  

m1A_A	  

(RunOme)	  Dispatch	  Table	  

m3A_D	  

d1	  

Pointer	  to	  	  	  
	  -‐	  E	  
	  -‐	  C	  inside	  E	  

Pointer	  to	  	  	  
	  -‐	  D	  inside	  E	  

m1A_C	  

m3A_A	  

a2	  

a2	  

c1	  

a1	  

vtable	  

c2	  

a1	   m4D_E	  

m5E_E	  

vtable	  
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ImplementaOon	  

•  Use	  an	  index	  table	  to	  access	  fields	  
•  Access	  offsets	  indirectly	  
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ImplementaOon	  
class C  
    extends A{ 
  field c1; 
  field c2; 
  method m1(){…} 
  method m2(){…} 
} 
 

class D  
    extends A{ 
  field d1; 
 
  method m3(){…} 
  method m4(){…} 
} 
 

class E  
    extends C,D{ 
  field e1; 
 
  method m2() {…}        
  method m4() {…} 
  method m5(){…} 
} 

class A{ 
  field a1; 
  field a2; 
  method m1(){…} 
  method m3(){…} 
} 
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d1	  

e1	  

RunOme	  E	  object	  

m2C_E	  

m1A_A	  

(RunOme)	  Dispatch	  Table	  

m3A_D	  

Index	  tab	  

Pointer	  to	  	  	  
	  -‐	  E	  
	  -‐	  C	  inside	  E	  

Pointer	  to	  	  	  
	  -‐	  D	  inside	  E	  

m1A_C	  

m3A_A	  

vtable	  

a1	  

a2	  

Index	  tab	  

vtable	  

c1	  

c2	  

2	   3	   4	   5	   8	   9	   -‐4	   -‐3	   2	  

m4D_E	  

m5E_E	  
Index	  
tables	  
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Class	  Descriptors	  

•  RunOme	  informaOon	  associated	  with	  
instances	  

•  Dispatch	  tables	  
–  Invoked	  methods	  

•  Index	  tables	  
•  Shared	  between	  instances	  of	  the	  same	  class	  

•  Can	  have	  more	  (reflecOon)	  
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Interface	  Types	  
•  Java	  supports	  limited	  form	  of	  mulOple	  inheritance	  
•  Interface	  consists	  of	  several	  methods	  but	  no	  fields	  

•  A	  class	  can	  implement	  mulOple	  interfaces	  
Simpler	  to	  implement/understand/use	  	  

•  ImplementaOon:	  record	  with	  2	  pointers:	  
–  A	  separate	  dispatch	  table	  per	  interface	  	  
–  A	  pointer	  to	  the	  object	  

public	  interface	  Comparable	  {	  
	  	  	  	  	  	  	  public	  int	  compare(Comparable	  o);	  
}	  
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Dynamic	  Class	  Loading	  
•  Supported	  by	  some	  OO	  languages	  (Java)	  
•  At	  compile	  Ome	  	  

–  	  the	  actual	  class	  of	  a	  given	  object	  at	  a	  given	  program	  point	  
may	  not	  be	  known	  

•  Some	  addresses	  have	  to	  be	  resolved	  at	  runOme	  
•  Compiling	  c.f()	  when	  f	  is	  dynamically	  loaded:	  

–  Fetch	  the	  class	  descriptor	  d	  at	  offset	  0	  from	  c	  
–  Fetch	  the	  address	  of	  the	  method-‐instance	  f	  from	  
(constant)	  f	  offset	  at	  d	  into	  p	  

–  Jump	  to	  the	  rouOne	  at	  address	  p	  (saving	  return	  address)	  
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Other	  OO	  Features	  

•  InformaOon	  hiding	  
–  private/public/protected	  fields	  
–  SemanOc	  analysis	  (context	  handling)	  

•  TesOng	  class	  membership	  
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OpOmizing	  OO	  languages	  

•  Hide	  addiOonal	  costs	  
–  Replace	  dynamic	  by	  staOc	  binding	  when	  possible	  
–  Eliminate	  runOme	  checks	  
–  Eliminate	  dead	  fields	  

•  Simultaneously	  generate	  code	  for	  mulOple	  
classeså	  

•  Code	  space	  is	  an	  issue	  
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Summary	  

•  OO	  is	  a	  programming/design	  paradigm	  
•  OO	  features	  complicates	  compilaOon	  

–  SemanOc	  analysis	  
–  Code	  generaOon	  
–  RunOme	  	  
– Memory	  management	  	  

•  Understanding	  compilaOon	  of	  OO	  can	  be	  
useful	  for	  programmers	  

275



The	  End	  


