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Abstract
We study online multi-unit auctions in which each agent’s private type consists of
the agent’s arrival and departure times, valuation function and budget. Similarly to
secretary settings, the different attributes of the agents’ types are determined by an
adversary, but the arrival process is random. We establish a general framework for
devising truthful random sampling mechanisms for online multi-unit settings with
budgeted agents. We demonstrate the applicability of our framework by applying it to
different objective functions (revenue and liquid welfare), and a range of assumptions
about the agents’ valuations (additive or general) when selling identical divisible
items. Our main result is the design of mechanisms for additive bidders with budget
constraints that extract a constant fraction of the optimal revenue (under a standard
large market assumption). We also show a mechanism that extracts a constant fraction
of the optimal liquid welfare for general valuations.
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1 Introduction

In a typical setting of sales of online ad slots, advertisers arrive at different times, each
with her own preferences. The auctioneer (e.g., cnn.com) decides about the allocation
of the ad slots to the advertisers and how much to charge them. Scenario of this type
have inspired the study of mechanism design in online settings, and random sampling
has been proposed as a useful approach for the design of truthful mechanisms in
online settings [23].

The random sampling framework was first introduced in the context of selling
identical items in offline settings [22]. The basic idea of random sampling is to divide
the agents into two sets of roughly equal size. Then, sell half of the items to each set
at a price calculated according to the counterpart set. Random sampling mechanisms
differ from each other in the allocation and pricing functions they apply, but they
all operate according to the principle described above. The use of random sampling
became widespread due to its desired properties: It is simple, trivially truthful and
achieves good guarantees for a wide variety of settings. Our goal in this paper is to
generalize the random sampling approach to settings in which agents arrive in an
online fashion and have budgets.

Random sampling mechanisms have been previously proposed for online settings
without budgets and for offline settings with budgets. Hajiaghayi et al. [23] applied
the random sampling approach to online settings without budgets, and devised truth-
ful mechanisms that approximate the auctioneer’s revenue and the social welfare up
to constant factors. While this was a major progress in the applicability of random
sampling, their techniques are restricted to unit-demand valuations and quasi-linear
utilities.

Borgs et al. [8] applied the random sampling approach to offline settings with
budgets. Budget constraints impose major challenges on auction design since utilities
are no longer quasi-linear. For example, the seminal VCG mechanism cannot work
in non quasi-linear settings. In fact, it was shown that no truthful mechanism can
give a non-trivial approximation to the social welfare in such settings [15].1 Borgs
et al. [8] were able to overcome these challenges in offline settings, and designed a
truthful mechanism that gives constant approximation to revenue in offline settings
with budgets (under a standard large market assumption).

The scenarios described above address either the budget constraints or the online
nature of arrival. It might seem that we already have all the necessary ingredients
to address the combination of both. Not surprisingly, however, it is not at all clear
how to combine the existing techniques for our setting. First, some of the tech-
niques above are tailored to unit-demand valuations, whereas we are interested in
mechanisms for additive (or even general) valuations. Like in other problems in the
literature on revenue approximation, the transition from unit-demand valuations to
additive valuations requires entirely new techniques (e.g., pricing mechanisms for
revenue maximization, [5, 10, 12]). Second, the combination of online arrival and

1This impossibility holds even if budgets are public.
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budgets imposes new challenges that require new ideas. In what follows, we present
our model followed by our results and techniques.

1.1 Model

We consider a setting with a set N = {1, . . . , n} of n agents, who arrive in an online
fashion. Each agent i has a private type, represented by the following parameters: (i)
ai and di : The respective arrival and departure times of agent i (clearly, di ≥ ai). The
interval [ai, di] is referred to as agent i’s time frame. (ii) ti = (vi, bi): The utility
type of the agent, which contains the agent’s valuation function vi : R≥0 → R

≥0

(which maps a given [possibly fractional] amount of items to a non-negative value)
and the agent’s budget, bi . We consider a setting with m identical and divisible items.
An allocation function determines an allocation xi for agent i. The utility of agent i

for obtaining an allocation xi within her real time frame for a payment of pi is:

ui(xi, pi) =
{

vi(xi) − pi pi ≤ bi

−∞ pi > bi
. (1)

If allocated outside her time frame, the agent incurs the payment but gains no
value. We note that the value an agent gets from an allocation within her time frame
is the same, no matter at which point in the timeframe the allocation is being made.
This fits common situations where the items might expire (e.g., ad slots) and is also
the case in the [23]. There are scenarios where it is perfectly reasonable to assume the
value might decrease at later stages of the time frame, or that the agent can sell the
item acquired after his timeframe ends. We leave extensions of the model to future
works.

We consider an online auction with a secretary flavor. An adversary states a vector
of time frames ([a1, d1] , [a2, d2] , . . . , [an, dn]) such that ai < aj for every i < j ,
and a vector of utility types (t1, t2, . . . , tn). A random permutation is used to match
time frames with utility types. That is, a permutation π : N �→ N is sampled uni-
formly at random and agent i’s type is given by the tuple

(
ai, di, tπ(i)

)
. As in [23],2

we assume that arrival times are distinct, but the results also extend to non-distinct
arrival times if agents cannot bid before their real arrival times.3

Agents report their type upon arrival, and can manipulate any component of it.
In particular, they can report earlier or later arrival and departure times, and arbi-
trary utility types. We consider mechanisms that satisfy the following properties: (i)
Feasibility: The mechanism does not sell more items than are available. (ii) Ex-ante
Individual Rationality: An agent’s expected utility from an allocation and payment is
non-negative. (iii) Incentive Compatibility: An agent’s expected utility is maximized
when she reports her true type.

2Based on personal communication with the authors, this is essentially what is assumed for the correctness
of Mechanism RMk in Section 6 in [23].
3We refer to Appendix B for a description of the tie-breaking rule for this case.
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1.2 Previous Techniques and Their Limitations

Hajiaghayi et al. [23] suggested the following scheme for online settings with unit-
demand valuations (and no budget constraints): Set the first (roughly) half of the
arriving agents as the sampling set, and the remaining ones as the performance set.
All the revenue guarantees are obtained from the agents in the performance set; the
agents in the sampling set are used merely for learning the valuations in the mar-
ket. Induce the agents in the sampling set to reveal their true type by applying the
VCG mechanism,4 and use this information to extract revenue from the agents in the
performance set. The proposed mechanism is truthful and obtains a constant factor
approximation to revenue for unit-demand agents. Borgs et al. [8] devised allocation
and payment functions that, when applied to a random sampling scheme, give good
approximation to the revenue obtained in offline settings with budgets.

A natural approach for devising mechanisms for our setting is to combine the
techniques of Hajiaghayi et al. [23] and Borgs et al. [8]. In particular, use the scheme
of the former (to address the online nature of arrival) with the allocation and payments
of the latter (to handle budgets). However, there are several obstacles to such an
approach. First, the scheme proposed by [23] is restricted to agents with unit-demand
valuations. In particular, agents cannot benefit from reporting a later arrival time
(thereby being considered in the performance set) since the scheme ensures that the
price in the sampling set never exceeds the price in the performance set. This is
indeed sufficient for unit-demand agents, but does not extend beyond this class of
valuations (in particular, to additive valuations). Second, while VCG can be used
to encourage truthfulness in settings without budgets, it is well known that VCG is
limited to quasi-linear settings, thus cannot work for settings with budgets.

1.3 Our Results and Techniques

We establish a general framework for devising truthful random sampling mechanisms
for online multi-unit settings with budgeted agents. We demonstrate the applicability
of our framework by applying it to different objective functions (revenue and liquid
welfare), and a range of assumptions about the agents’ valuations (additive or gen-
eral). While we apply our framework to settings with budgets, it is general enough to
be applied to other non quasi-linear settings.

Our framework splits the agents into sampling and performance sets of roughly
the same size, based on the arrival time. In order to induce agents in the sampling
set to report their type truthfully, we invoke random sampling at the time where the
last agent in the sampling set arrives (recall VCG cannot be used due to budget con-
straints). In order to ensure that an agent cannot gain by delaying her arrival time, we
use an impersonation technique. Namely, we treat an agent in the performance set as

4While VCG is defined and analyzed for offline settings, it is shown in [23] that it can also be applied
in online settings by invoking it at the time where last agent arrives, serving only the agents that haven’t
departed yet. While this method does not give any revenue guarantees, it is only used to extract truthful
information from agents in the sampling set.
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if she were in the sampling set. In particular, an agent in the performance set receives
at most the allocation she would have received had she been in the sampling set, and
at the same price. The impersonation techniques guarantees truthfulness; it remains
to design the allocation and payment functions so that they do not lead to a high loss
in revenue. We devise such functions for two cases of interest. Our main result is the
following:
Theorem: We devise truthful mechanisms for budgeted agents with additive valu-
ations in online settings. These mechanisms give a constant approximation to the
optimal revenue, under a large market assumption.

The proposed mechanism combines our general framework with the allocation
and payment functions of [8]. We first show that the impersonation technique does
not lead to a high loss in revenue. In particular, we have to prove that when the
allocation of an agent from the performance set is limited by the allocation she would
have gotten in the sampling set, the approximation guarantee is not significantly hurt.
As in [8], we apply a large market assumption. Without this assumption, no truthful
mechanism can achieve a constant approximation to the optimal revenue.

In addition to the setting above, we demonstrate the applicability of our framework
in a different setting with budgets:
Theorem:We devise a truthful mechanism for budgeted agents with general (mono-
tone) valuation functions in online settings. This mechanism gives a constant
approximation to the optimal liquid welfare.

This setting imposes new challenges, since the valuations are general and no large
market assumption is invoked.

1.4 Additional RelatedWork

Online auctions have been the subject of a vast body of work. Lavi and Nisan [26]
introduced an online model in which agents have decreasing marginal valuations
over identical indivisible items. While in their model the agent’s value is private,
her arrival time is public. A wide variety of additional online auction settings, such
as digital goods [6, 7] and combinatorial auctions [2], have been studied under the
assumption of private values and public arrival times.

Similarly to our model and the model of [23], online settings in which agents arrive
in a random order were also considered in [4, 25]. Friedman et al. [20] considered the
case where an agent’s arrival time is also part of her private information, and thus can
also be manipulated. Additional auction settings were studied under the assumption
that an agent’s arrival and departure times are private [24, 27, 31]. The reader is
referred to [30] for an overview of online mechanism design (Fig. 1).

Offline mechanisms for budgeted agents have been considered, both for revenue
maximization and welfare maximization. In the context of revenue maximization,
Abrams et al. [1] also considered the model of Borgs et al. [8] where indivisible and
identical items are sold to additive agents with hard budget constrains. Abrams estab-
lishes the relation between the revenue achieved by an optimal uniform-price mech-
anism and an optimal mechanism with heterogeneous prices. Maximizing revenue
was also considered in Bayesian settings [11] and with the goal of approximating the
optimal envy free revenue [13, 17].
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Fig. 1 The different steps of Online-RS

As stated above, in general budgeted settings it is impossible to approximate the
optimal social welfare using a truthful mechanism. Therefore, previous works that
seeks to maximizing efficiency ensure that the outcome is Pareto Optimal [14, 18,
21]. In [13] the authors focus on approximating the welfare of the optimal envy free
mechanism. The most related works to our model are [8, 15, 23, 28], which are
discussed in great detail throughout the paper.

2 Online Implementation of Random Sampling BasedMechanisms

In this section, we present a general framework for adjusting offline random sampling
based mechanisms to online settings. Our template mechanismOnline-RS is specified

Fig. 2 A template online random sampling mechanism
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in Fig. 2. It receives as input a set of agents N , number of items m, an offline pricing
function P , and an offline allocation function Allocation.

The price function P receives a set of agents S and computes a per-item price.
The allocation function Allocation receives a set of agents S, a per-item price p,
total number of items k, and a cap per agent � (where the cap per agent limits the
number of items an individual agent can get). It outputs an allocation vector, where
Allocationi denotes the number of items allocated to agent i.

Before we give a formal definition of Mechanism Online-RS, we provide a non-
formal description.

Step (a) [splitting]: We split the agents into two sets A and B, such that roughly
the first n/2 arriving agents are placed in set A and the rest in set B (see Fig. 1a).

Step (b) [sampling set]: We apply an (offline) random sampling mechanism on
set A. In particular, once the last agent of set A arrives, we divide the agents into
two sets, A1 and A2, uniformly at random. We set a per-item price p1 by applying P
on set A1 and sell m/4 items to agents in A2. We apply an analogous procedure to
agents in set A2 (see Fig. 1b).

Step (c) [performance set]: Upon the arrival of an agent in set B, she is placed in
one of sets B1 or B2 uniformly at random. An agent i in B1 is treated as if she were
in A1, with the additional limitation determined by the actual number of remaining
items. Therefore, the price is calculated based on A2. An agent in B2 is treated anal-
ogously, with allocation and payments according to sets A2 and A1, respectively (see
Fig. 1c).

The repositioning of an agent from set B in set A pushes the last agent in A toward
B, thereby altering the set A. This issue is addressed by a careful specification of the
sets by which the allocation and price are determined to agents from B. Let j denote
the last agent to arrive to A (as defined in Online-RS) and let N ′ = N − {j}. The
following observation is useful in our analysis.

Observation 1 Sets A1, A2 − j , B1 and B2 form a uniform partition of the agents in
N ′.

Proof Observe that |N ′| = n−1 and |A−j | is distributed according to the Binomial
distribution B(n − 1, 1/2). Since the agents of N ′ arrive in a random order, the sets
A − j and B form a uniform random partition of N ′. Moreover, agents in A − j are
divided into sets A1 and A2 − j uniformly at random, and agents in set B are divided
into sets B1 and B2 in a similar manner.

Recall that while ai and di are the real arrival and departure times of agent i, an
agent may misreport its type. We denote the reported arrival and departure times of
agent i by âi , d̂i , respectively. We next provide a formal definition of Mechanism
Online-RS.

2.1 Truthfulness and Feasibility

An allocation is said to be feasible if the total number of allocated items does not
exceed the limitation and the number of items allocated to every individual agent
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does not exceed the cap per agent. Consider the offline mechanism M, that deter-
mines allocation based on Allocation and payment based on price per item P(·). An
allocation function is said to be cap monotone if the expected utility of an agent in
mechanism M is non-decreasing in the cap per agent.

The main result in this section is that mechanismOnline-RS is truthful and feasible
as long as mechanismM satisfies incentive compatibility (IC),5 individual rationality
(IR), feasibility and cap monotonicity.

Theorem 1 Mechanism Online-RS is truthful and feasible if: (i) Mechanism M is
IC, IR, feasible and cap monotone. (ii) Agents’ valuations are monotonically non-
decreasing.

Proof First we prove that mechanism Online-RS is truthful. We consider some agent
i and show that her expected utility cannot increase when misreporting her type.
Recall that the type of the agent is comprised of her utility type ti and her time frame
[ai, di].

Misreporting ti Agents in sets A and B cannot change their price or the set of agents
they compete with by misreporting their utility type ti , and the mechanism allocates
items only within the reported time frame of the agent. In addition, from the IR and IC
properties ofM, we get that given a fixed price and set of agents, an agent maximizes
her utility function when reporting her true type.

Misreporting di Agents inB are being allocated upon arrival. Hence, misreporting di

has no effect. Agents in A are being allocated at time t0 (the arrival time of agent j ).
Therefore, by reporting an earlier departure time, agent i might not be allocated. By
delaying her departure time, agent i might receive the items outside her time frame.

Misreporting ai We analyze the following cases.

1. The mechanism places agent i in set B according to both her true arrival time and
reported arrival time: Recall that agents in B are being allocated upon arrival.
By reporting an earlier arrival time, agent i receives the items outside her time
frame. By delaying her arrival time the number of real items will not increase (it
might decrease, since other agents might be allocated before agent i). Hence, by
the cap monotonicity property ofM, the agent’s expected utility might decrease.

2. The mechanism places agent i in set B according to her true arrival time and
in set A according to her reported arrival time: Since agent i is placed in set B

according to her true arrival time, ai > t0. Hence, when agent i is placed in set
A she receives the items outside her time frame.

5A mechanism is IC if every agent’s expected utility is maximized when reporting her true valuation. A
mechanism is IR if every agent’s expected utility is non-negative when reporting her true valuation.
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3. The mechanism places agent i in set A according to both her true arrival time
and reported arrival time: Since set A is the same in both cases, so is the expected
allocation she receives (recall that the allocation function is offline).

4. The mechanism places agent i in set A according to her true arrival time and
in set B according to her reported arrival time: Note that by moving to set B,
agent i caused agent j to move to set A. If agent i had been reporting her true
arrival time, with probability 1/2 she would have been placed in set A1 and
be allocated according to Allocation

({A1 ∪ i},P(A2 − j), m
4 , ∞)

, and with
probability 1/2 she would have been placed in set A2 and be allocated according
to Allocation

({A2 ∪ i} − j,P(A1),
m
4 , ∞)

.
By moving to set B, with probability 1/2 the agent is allocated according to

Allocation
({A1 ∪ i},P(A2 − j), m

4 , α1
)
, and with probability 1/2 she is allo-

cated according to Allocation
({A2 ∪ i} − j,P(A1),

m
4 , α2

)
. Since α1 and α2

are at most m/4, by the cap monotonicity property of M, we get that the agent’s
expected utility only decreased by moving to set B.

Next we show that Online-RS returns a feasible allocation whenever M is feasible.
First note that sinceM is feasible, agents in set A1 receive at most m/4 items and the
same constraint applies to agents in set A2. Next, note that the cap limitation used by
M to allocate items to the agents in set B1 guarantee that they receive at most m/4
items and the same guarantee applies to agents in set B2.

3 RevenueMaximization for Additive Agents with Budgets

In this section, we study a mechanism for agents with hard budget constraints and
additive valuation functions. The utility of agent i for obtaining an allocation xi

within her time frame for a payment of pi is:

ui(xi, pi) =
{

vi · xi − pi pi ≤ bi

−∞ pi > bi
. (2)

Our goal in this section is to devise a truthful mechanism that approximates the
optimal revenue.

Let S be a set of agents and k a number of items. We define Pk(S) to be the
price that maximizes the revenue of selling at most k items to agents in S at a uni-

form price: Pk(S) = argmaxp min
(∑

i∈S,vi≥p
bi

p
, k

)
· p. Let OPT (S, k) be the

optimal revenue from selling at most k items to agent in S at a uniform price:

OPT (S, k) = min
(∑

i∈S,vi≥Pk(S)
bi

p
, k

)
· Pk(S). Let OPT ∗(S, k) be the optimal

revenue from selling at most k items to agents in S at non-uniform prices (i.e., where
the seller can discriminate between the agents).

The following lemma of Abrams [1] implies that it is sufficient to bound the
performance of our mechanism with respect to OPT ∗(S, k).
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Fig. 3 The allocation function used for the revenue maximizing mechanism Rev-RS

Lemma 1 [1] For every set of agents S and k items, OPT (S, k) ≥ OPT ∗(S,k)
2 .

3.1 TheMechanism

Our mechanism, Rev-RS is an implementation of mechanism Online-RS with the
following allocation and payment functions. The allocation function, Rev-Allocation
(see Fig. 3) approaches the agents sequentially, allocates the items in a greedy man-
ner, and verifies that none of the agents exceeds the cap limitation. The payment
function is Pm/4(·).

Recall that without a large market assumption, no truthful mechanism can achieve
a constant approximation to the revenue [8]. Adopting the parameter used in Borgs et
al. [8], we define ε(S, k) = max{bi }i∈S

OPT (S,k)
. Intuitively, a smaller ε implies a larger market.

The main result of this section is:

Theorem 2 Rev-RS is a truthful mechanism that gives an 8-approximation to the
optimal revenue as ε tends to 0.

In Section 3.4 we prove the above theorem.

3.2 A Constant Loss Due to the Impersonation Technique

Our mechanism uses an impersonation technique. Specifically, it calculates the allo-
cation for each agent in set B1 as if she were in a random permutation in set A1, and
for each agent in B2 as if she were in A2−j . According to Observation 1, the sets A1
and B1 are equally distributed. Therefore, one can view the impersonation technique
as follows. We are given a set N1 = A1∪B1. Then, the sets are partitioned uniformly
at random into sets A1 and B1, and each agent in B1 gets the price and allocation as
if she were placed in set A1. The same holds for N2 = (A2 − j) ∪ B2. With this
interpretation in mind, we prove that we lose at most a factor 2 in the revenue due to
the impersonation technique.

Let Offline-Sale(S, p, k) be a mechanism that allocates k items to agents in set
S according to the allocation returned by Rev-Allocation(S, p, k, ∞), and charges a
price p per item. Impersonation-Sale(S, p, k) (see Fig. 4) is a mechanism that sells
according to the impersonation technique described above. I.e., it divides S into sets
S1 and S2 uniformly at random. It then sells items to agents in set S1 in a random
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Fig. 4 A mechanism defined for the analysis of the impersonation technique

order at a fixed price p per item. The allocation for each agent is calculated as if the
agent was in a random permutation in set S2.

Observation 2 Let T and S be two sets of agents such that T ⊆ S and let k

be a number of items. For every agent i ∈ T , E[Rev-Allocationi (T , p, k, ∞)] ≥
E[Rev-Allocationi (S, p, k, ∞)].

Proof Let i be some agent in T ∩ S. For a given permutation π determined by the
random renaming of agent (the first step ofOnline-RS), it is clear that the set of agents
getting allocated before agent i in Rev-Allocation(T , p, k, ∞) is a subset of the agents
getting allocated before agent i in Rev-Allocation(S, p, k, ∞). Since every agent gets
as much as her budget allows, we get that agent i has less items available to her when
getting allocated in Rev-Allocation(S, p, k, ∞), and the lemma follows.

Lemma 2 For every set S, price p and a (possibly fractional) number of items k, the
expected revenue from mechanism Impersonation-Sale(S, p, k) is at least half of the
expected revenue from mechanism Offline-Sale(S, p, k).

Proof Let r be the expected revenue from mechanism Offline-Sale(S, p, k). For the
sake of the analysis, assume that Offline-Sale begins by placing each agent i ∈ S

in S1 and S2 uniformly at random. Since each agent has a probability of 1
2 to be

placed in S1, the expected revenue extracted from agents in S1 is r
2 . Therefore, it

is sufficient to show that for each partition of S into S1 and S2, the expected rev-
enue Impersonation-Sale(S, p, k) extracts from agents in S1 is at least the expected
revenue Offline-Sale(S, p, k) extracts from agents in S1. There are two cases. If
Impersonation-Sale(S, p, k) allocates the entire fraction of the item, then it col-
lects the maximal revenue possible from price p from agents in S1 and the claim is
obviously true.

Otherwise, for each agent i ∈ S1, xi < �, where xi is the allocation agent i receives
in Impersonation-Sale. Therefore, the allocation of every agent i ∈ S1 is not bounded
by � in Rev-Allocation(S2∪{i}, p, k, �), i.e., the agent receives the same allocation she
would receive in Rev-Allocation(S2 ∪ {i}, p, k, ∞). Let x̄ be the allocation returned
by Rev-Allocation(S, p, k, ∞). According to Observation 2, E[xi] ≥ E[x̄i]. Since the
revenue extracted out of agent i in Impersonation-Sale is xi · p while the revenue
extracted out of agent i in Offline-Sale is x̄i · p, we get the desired result.
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Therefore, it is sufficient to bound the performance of Offline-Sale(S, p, k).

3.3 Useful Lemmas from Borgs et al. [8]

We use lemmas from Borgs et al. [8] to bound the performance of Offline-Sale
(S, p, k). Their mechanism, which we refer to as Offline-Rev-Maximization divides
the agents into two sets S1 and S2 uniformly at random. Then it calculates the opti-
mal uniform price for selling at most k/2 items to agents in sets S1 and S2, denoted
by p1 and p2, respectively. As a final step, the mechanism sells k/2 items to agents
in S1 at a price per item p2, and k/2 items to agents in S2 at a price per item p1.

The following lemmas follow directly from the proofs in [8].6 For the sake of
completeness, we include the full proofs of these lemmas in Appendix A.

Lemma 3 [8] Let rS1 , rS2 be the revenue from selling at most k/2 items to sets S1,
S2, respectively, at a price of Pk(S) per item. For any δ ∈ [0, 1], the probability that
both that both rS1 and rS1 are greater than or equal to 1−δ

2 OPT (S, k) is at least

1 − 2e−δ2/(4ε(S,k)).

Lemma 4 [8] For any δ ∈ [0, 1
3 ], the probability that the revenue of mech-

anism Offline-Rev-Maximization from agents in set S1 greater than or equal to
1−3δ
2 OPT (S, k), is at least 1 − 2e−δ2/(4ε(S,k)).

The above lemmas hold even when mechanism Offline-Rev-Maximization sell
items in an arbitrary order, in particular, according to the online arrival order. More-
over, our mechanism partitions the agents into sets A and B in an equivalent way to
mechanism Offline-Rev-Maximization (see Observation 1). Therefore, we can use the
above theorems in our analysis.

3.4 Analysis Of Our Mechanism

Theorem 3 Mechanism Rev-RS is a truthful and feasible mechanism.

Proof It is sufficient to show that Rev-Allocation maintains all the properties stated
in Theorem 1.

– IR, IC: Rev-Allocation only allocates items to agents with value per item that
exceeds the price. Moreover, each agent gets the maximal amount of available
items, subject to its budget constraint. By the additive nature of the agents, the
properties follow.

– Feasibility: Trivially follows from the definition of Rev-Allocation.
– Cap Monotonicity: Let α1 < α2. For a given order of agents in Rev-Allocation,

the amount of items allocated to an agent when α2 is the cap per agent is bigger

6Lemmas 3 and 4 follow from the respective proofs of Lemma 5.2 and Theorem 5.1 in [8]. While these
are stronger statements than the ones that appeared in [8], they are implied by the proofs in [8].
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than the amount of items allocated to an agent when α1 is the cap per agent. The
property again follows by the additive nature of the agents.

Recall thatN ′ = N−j and letOPT = OPT (N,m) andOPT ′ = OPT (N ′, m).

Lemma 5 Pr
[
OPT ′ ≥ OPT/2

] ≥ 1 − 1/n.

Proof There can be at most a single agent from set N that may contribute more then
OPT/2 to the optimal revenue. Since agent j is chosen uniformly at random from
set N , the probability that such an agent is not in N − j is at most 1/n.

Let N1 = B1 ∪ A2 − j , N2 = B2 ∪ A1, OPT1 = OPT (N1, m/2), OPT2 =
OPT (N2, m/2), ε′ = ε(N ′, m). The following lemma proves that both N1 and N2
contain a significant fraction of N ′.

Lemma 6 Pr
[
OPT1 ≥ 1

4OPT ′, OPT2 ≥ 1
4OPT ′

]
≥ 1 − 2e−1/16ε′

.

Proof According to Observation 1,N1 andN2 form a uniform partition ofN ′. Hence,
by applying Lemma 3 with δ = 1

2 , S = N ′, S1 = N1, S2 = N2, k = m we
get that OPT1 ≥ rN1 ≥ 1

4OPT ′ and OPT2 ≥ rN2 ≥ 1
4OPT ′ with probability

1 − 2e−1/16ε′
.

The following is the main technical lemma of this section.

Lemma 7 For every δ ∈ [0, 1
3 ], the probability that the expected revenue

obtained from mechanism Rev-RS(N, m) is greater than (1−3δ)OPT ′
8 is at least(

1 − 2e−1/16ε′) (
1 − 4e−δ2/(16ε′)

)
.

Proof Let ε1 = ε(N1, m/2), ε2 = ε(N2, m/2). We calculate the expected rev-
enue under the event that OPT1 ≥ 1

4OPT ′ and OPT2 ≥ 1
4OPT ′ (and therefore

also ε1 ≤ 4ε′, ε2 ≤ 4ε′). Let r be the expected revenue obtained by mechanism
Offline-Sale(B1, Pm

4
(A2−j), m

4 ). Since each agent i ∈ N1 is randomly and indepen-
dently placed in either B1 or A2 − j with equal probability, we can apply Lemma 4
with S1 = B1, S2 = A2 − j and get that the probability that r ≥ 1−3δ

2 OPT1 is

at least 1 − 2e−δ2/(4ε1) ≥ 1 − 2e−δ2/(16ε′). Since OPT1 ≥ 1
4OPT ′, this implies

that the probability that r ≥ 1−3δ
8 OPT ′ is also at least 1 − 2e−δ2/(16ε′). Since

B1 ∪ A1 ⊇ B1 we have the same guarantees on the expected revenue obtained by
mechanism Offline-Sale(B1 ∪ A1, Pm

4
(A2 − j), m

4 ).
By applying Lemma 2 with S = B1 ∪ A1, S1 = B1, S2 = A1, p =

Pm
4
(A2 − j) and k = m

4 , we get that the probability that the expected revenue from

Impersonation-Sale(B1 ∪ A1, Pm
4
(A2 − j), m

4 ) is greater than 1−3δ
16 OPT ′ is at least

1 − 2e−δ2/(16ε′). From a symmetric argument we get that the probability that the
expected revenue from mechanism Impersonation-Sale(B2 ∪ A2 − j, Pm

4
(A1),

m
4 ) is

greater than 1−3δ
16 OPT ′ is at least 1 − 2e−δ2/(16ε′). Using a union bound we get that
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the probability that the expected revenue obtained from both mechanisms is greater
than 1−3δ

8 OPT ′ is at least 1 − 4e−δ2/(16ε′). Note that Lemma 2 can be used despite
the additional restrictions of OPT1 ≥ 1

4OPT ′ and OPT2 ≥ 1
4OPT ′ (which implies

restrictions on N1 = B1 ∪ A2−j and N2 = B2 ∪ A1), since these conditions are
symmetric.

We complete the proof by observing that the revenue obtained from agents of B1
in Rev-RS is exactly the revenue obtained from mechanism Impersonation-Sale(B1∪
A1, Pm

4
(A2 − j), m

4 ). Indeed, in Rev-RS every agent in A1 ∪ B1 is placed in A1 or
B1 with probability 1/2, and the agents in B1 arrive in a random order (the random
permutation that determines the players types). Every incoming agent i ∈ B1 is allo-
cated and charged according to Rev-Allocation(A1∪{i}, Pm

4
(A2−j), m

4 , α), where α

is the number of remaining items, the same as in Impersonation-Sale. Similarly, the
revenue obtained from the agents of B2 in Rev-RS is exactly the revenue obtained
from mechanism Impersonation-Sale(B2 ∪ A2 − j, Pm

4
(A1),

m
4 ). Combining the last

statement with Lemma 6 yields the desired result.

Let OPT ∗ = OPT ∗(N, m) and ε = ε(N,m). We now use Lemma 1 and
Lemma 5, to bound the expected revenue from mechanism Rev-RS with respect to
OPT ∗.

Corollary 1 For every δ ∈ [0, 1
3 ], the probability that the expected revenue

obtained from mechanism Rev-RS(N, m) is greater than (1−3δ)OPT ∗
32 is at least

(1 − 1/n)
(
1 − 2e−1/32ε

) (
1 − 4e−δ2/(32ε)

)
.

The proof of Theorem 2 follows.

Proof of Theorem 2 By definition, when ε tends to 0, OPT ′ approaches OPT .
Therefore, the bound from Lemma 7 becomes: for every δ ∈ [0, 1

3 ], the probability
that the expected revenue obtained from mechanism Rev-RS(N, m) is greater than
(1−3δ)OPT ∗

16 is at least
(
1 − 2e−1/32ε

) (
1 − 4e−δ2/(32ε)

)
. When ε tends to 0, for every

δ this probability tends to 1. Therefore, the current analysis gives a 16-approximation.
We can further improve the approximation factor to be arbitrarily close to 8. This

improvement can be achieved by applying Lemma 3 using an arbitrarily small con-
stant δ in the proof of Lemma 6. By doing so, we get that OPT1 and OPT2 can be
arbitrarily close to OPT ′/2 (and therefore, ε1 and ε2 are bounded from above by a
value arbitrarily close to 2ε′) with probability that still tends to 1 as ε tends to 0. This
improves the guarantee of Lemma 3 by a constant arbitrarily close to 2, and yields an
8-approximation as ε tends to 0.

4 LiquidWelfare Maximization for Budgeted Agents

In this section, we design a mechanism for agents with hard budget constraints and
monotonically non-decreasing valuation functions. Our goal is to devise a truthful
mechanism that approximates the optimal liquid welfare, defined below.
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Budget constraints impose challenges also with respect to the social welfare objec-
tive function. It is well known that if budgets are private, no truthful mechanism can
give a non-trivial approximation (better than n) to the social welfare, even for the
case of a single item. This is because any such mechanism must allocate the item to
an agent with a high value relative to all other agents, for any budget she reports. To
make things worse, even if budgets are public, it has been shown in [15] that no truth-
ful auction among n agents can achieve a better than n approximation to the optimal
social welfare.

This problem was addressed by Dobzinski and Paes Leme [15], who introduced
the liquid welfare objective function. A natural interpretation of the social welfare
function is the maximum revenue an omniscient auctioneer can extract. Applying this
interpretation to budgeted settings gives rise to the liquid welfare objective function,
defined as follows: For every agent, consider the minimum between her value for the
allocation (i.e., her willingness to pay) and her budget (i.e., her ability to pay), and
take the sum of this minimum over all agents (we formally define this below). Using
this interpretation of welfare in budgeted settings has become commonly used and
led to many positive results [3, 9, 15, 16, 19, 28, 29] that are unattainable when one
considers the standard social welfare objective.

In our settings, the items are identical and divisible. Therefore, it is without loss
of generality to consider a single divisible item. The valuation function of an agent
i, vi : [0, 1] → R

+ is a non-decreasing valuation function of the agent, and bi is
the agents’ budget. The liquid welfare of an agent i from allocation xi is defined
as the minimum between her valuation for xi and her budget, and is denoted by
vi(xi) = min(vi(xi), bi).

We refer to vi(1) as the liquid value of agent i (i.e., the liquid welfare of the
agent from receiving the entire item). The liquid welfare of an allocation vector x is
W(x) = ∑

i vi(xi). Let OPT = maxx W(x) be the optimal liquid welfare. We use
the following lemma from Lu and Xiao [28].

Lemma 8 [28] For every truthful and individually rational mechanism, the liquid
welfare is greater than or equal to the revenue.

4.1 High-Level Overview of theMechanism

We refer to an agent whose liquid value is a constant fraction of OPT as a dominant
agent. A large market can be interpreted as a market without dominant agents. Since
we do not assume a large market, we device several mechanisms, each of then deals
with a different “state” of the market.

A Single Dominant Agent In this case, it is sufficient to sell the entire item to the
dominant agent. In an offline setting without budgets we can use the second price
auction. Nevertheless, Lu and Xiao [28] showed that this is not truthful in an offline
settings with budget constraints. They overcome the problem by setting the price
slightly above the second highest liquid value. Our mechanism, SP-One-Dominant
(see Section 4.2) is an adaptation of their mechanism to online settings.
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At Least Two Dominant Agents In this case, one cannot use the mechanism from
the previous section since it requires a gap between the two agents with the highest
liquid values. Nevertheless, since there are at least two dominant agents, if one uses
random sampling, then with a constant probability there will be a dominant agent in
both the sampling and the performance sets. In this case, if we sell the item using
a price that is computed according to the liquid welfare of the dominant agent in
the sampling set, we get a high liquid welfare. Our mechanism, RS-Many-Dominant
(see Section 4.3) is an implementation of mechanism Online-RS with an allocation
function that allocates the entire item to a single agent and with a suitable pricing
function.

NoDominant Agent Our mechanism, RS-No-Dominant (see Section 4.4) is an imple-
mentation of mechanism Online-RS with suitable pricing and allocation functions.
Since all agents are relatively small compared to OPT , random sampling techniques
guarantee that the agents are (roughly) equally divided between the sampling and
performance sets. It remains to prove that we only lose a constant factor in the per-
formance due to the impersonation technique. The main challenge here is the fact
that agents’ valuations are general (as opposed to the additive valuations considered
in Section 3).

Our mechanism, LW, is a probabilistic combination of the above three Mecha-
nisms. It applies the three aforementioned mechanisms with constant probabilities
λ1, λ2 and λ3, respectively. These constants will be determined later. To prove that
LW achieves a constant factor approximation, we show that each of the mechanisms
achieves a constant factor approximation with respect to its corresponding scenario.

Let N ′ = N − {j}. Let OPT ′ = OPT (N ′). To simplify the analysis, we normal-
ize OPT ′ to equal 1. While OPT ′ depends on the choice of j , the fraction of OPT ′
guaranteed by our mechanism holds for every j , therefore this normalization is valid.

The following lemma shows that we do not lose much by disregarding a random
agent j in the analysis.

Lemma 9 Pr
[
OPT ′ ≥

(
1 − 1

k+1

)
OPT

]
≥ 1 − k

n
for every k ≤ n.

Proof Let x∗ be an optimal allocation. Let Ik be the set of the k agents with the
highest liquid welfare under x∗. Note that for every agent � ∈ (N \ Ik), we have
that v�(x∗

� ) ≤ OPT
k+1 ; otherwise,

∑
i∈(Ik+�) vi(x∗

i ) > (k + 1)OPT
k+1 = OPT for some

� ∈ (N \ Ik). Since agent j is chosen uniformly at random from set N (recall that
the agents arrive in a random order), the probability that j ∈ Ik is k

n
. In case that

j ∈ (N \ Ik), we get that

OPT ′ ≥
∑

i∈N−j

vi(x∗
j ) ≥ OPT − OPT

k + 1
=

(
1 − 1

k + 1

)
OPT .
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As stated above, each of the mechanisms described above is guaranteed to perform
well for a certain input type. Let i(1) and i(2) be the agents in N ′ with the respective
highest and second highest liquid value. Let β = 1

200 and γ = 200
201 . We distinguish

between three types of inputs:

1. No-Dominant: maxi∈N ′ vi(1) ≤ β.
2. Many-Dominant: vi(1)(1) ≥ β and vi(2)(1) > γ · v1(1).
3. One-Dominant: input: vi(1)(1) ≥ β and vi(2)(1) ≤ γ · v1(1).

In Section 4.2, we present Mechanism SP-One-Dominant which yields a con-
stant approximation for a One-Dominant input (see Lemma 11). In Section 4.3, we
present Mechanism RS-Many-Dominant which yields a constant approximation for
a Many-Dominant input (see Lemma 14). In Section 4.4, we present Mechanism
RS-No-Dominantwhich yields a constant approximation to the optimal liquid welfare
for a No-Dominant input (see Lemma 19). Finally, in Section 4.5, we analyze mecha-
nism LW and conclude it obtains a constant factor approximation to the optimal liquid
welfare.

4.2 Mechanism SP-One-Dominant

Mechanism SP-One-Dominant (see Fig. 5) achieves a good approximation in the case
of only one dominant agent.

Lemma 10 Mechanism SP-One-Dominant is truthful and feasible.

Proof It is clear that the mechanism is feasible, since it never allocates more than
one item. As for truthfulness, most cases have a similar proof as in mechanism to the
proof of truthfulness ofOnline-RS (Theorem 1). We describe only the cases where the
proofs differ. Consider an agent i. We prove that agent i’s utility can only decrease
by misreporting her type.

Misreporting vi , bi Agents in set B cannot change their price or position by misre-
porting their value or budget. Since given a fixed price and a position the mechanism

Fig. 5 Mechanism SP-One-Dominant
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allocates the best possible allocation, agents do not have the incentive to misreport
their bids.

For an agent i ∈ A, if vi(1) ≥ 1
γ

· vi2(1) then the agent has a probability of 1
2

to receive the item at a price of 1
γ

· vi2(1). Agent i cannot affect the price or the

probability to win the item by misreporting vi(1). If vi(1) < 1
γ

·vi2(1), then in order
to get the item, agent i has to exceed her budget or value.

Misreporting ai We analyze the following case (analogous to case 4 of misreporting
ai in Theorem 1).

The mechanism places agent i in set A according to her true arrival time and in
set B according to her reported arrival time. Let vi1(1) ≥ vi2(1) ≥ . . . ≥ vi n

2
(1)

be the agents in set A ordered according to their liquid value, assuming that agent i

reported her real arrival time. If vi(1) < 1
γ

· vi2(2), agent i will not receive the good

whether she is in set A or in set B. If vi(1) ≥ 1
γ

· vi2(1), then the agent receives the

item at price 1
γ

· vi2(1) with probability 1/2 whether she is in set A or in set B (note
that in this case, if agent i is placed in set B then agent i2 becomes the agent with the
highest liquid value in set A).

Lemma 11 For a One-Dominant input, the expected liquid welfare in mechanism
SP-One-Dominant is at least 1

1600 .

Proof We inspect the case where agent i(2) ∈ A and agent i(1) ∈ B. In this case, with
probability 1/2, the item is allocated to agent i(1) and the liquid welfare is at least
1/200. Since this case happens with probability 1/4, we get that the expected liquid
welfare is at least 1

1600 .

4.3 MechanismRS-Many-Dominant

Mechanism RS-Many-Dominant described below achieves a good approxima-
tion in the case of at least two dominant agents. We first describe mechanism
RS-Many-Dominant′ which is an instance of mechanism Online-RS and sells m = 4
items. It uses the pricing function γ ·OPT and an allocation function Allocate-TIOLI
(see Fig. 6). The allocation function orders the agents according to the random
renaming, and sells the entire good to the first agent with a liquid value at least
p. Mechanism RS-Many-Dominantinf eas is not feasible since we have a single
divisible item for sale, while RS-Many-Dominantinf eas sells an item to each of

Fig. 6 Allocation function Allocate-TIOLI
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the sets A1, A2, B1 and B2.7 To overcome this problem, we devise mechanism
RS-Many-Dominant which chooses one of the sets uniformly at random and sells the
item in this set. Thus it is feasible and obtains 1

4 of the liquid welfare guaranteed by
RS-Many-Dominantinf eas.

Lemma 12 Mechanism RS-Many-Dominant is truthful and feasible.

Proof We first analyze mechanism RS-Many-Dominant’. By Theorem 1, it is suffi-
cient to verify the following properties for Allocate-TIOLI:

– IR and IC: The agents are ordered randomly, and each agent is offered a take-it-
or-leave-it price. Therefore, it is trivially IR and IC.

– Cap Monotonicity: � is either 0 or 1. If � = 0 then no agent is allocated and her
utility is 0; otherwise, her utility is non-negative.

– Feasibility: The allocation function is feasible since only one item is allocated
and only if there exists an actual item.

Now we analyze mechanism RS-Many-Dominant. Inspecting the proof of Theo-
rem 1, one can notice that if the agent gets the allocation with probability 1/4, her
expected utility is still maximized when reporting her true value. Hence, mechanism
RS-Many-Dominant is truthful and feasible.

The following lemma shows that whenever we have a dominant agent in the per-
formance set, then the item is sold with a high probability to an agent in this set. Let
XB1 and XB2 be the events that at least one of the agents i(1) and i(2) is in set B1 and
B2, respectively.

Lemma 13 Whenever XB1 occurs, RS-Many-Dominantinf eas sells an item to
an agent in B1 with probability at least 1/2; Similarly, whenever XB2 occurs,
RS-Many-Dominantinf eas sells an item to an agent in B2 with probability at least
1/2.

Proof We prove the claim for the case where event XB1 occurs (the proof for the case
that XB2 happens is symmetric). Let p be the price offered to set B1, let N1(p) =
{i′ ∈ N1 : vi′(1) ≥ p} be the set of agents that might get allocated in Allocate-TIOLI if
no agent is allocated prior to them, and let S = B1∩N1(p) and S̄ = (N1\B1)∩N1(p).
Let r : N → {1, . . . , n} be a function that for every agent i returns its order in the
random renaming (first step of Online-RS). Notice that the item is sold to an agent in
B1 whenever N1(p) is non-empty and

min
i′∈S

r(i′) < min
i′∈S̄

r(i′). (3)

That is, a potential agent in B1 is offered the item before other potential agents in
N1 \ B1. Let � ∈ {i(1), i(2)} be the agent in B1. If N1(p) − � is empty, (3) holds

7Selling an entire item to each set is needed, since selling a fraction of item to a dominant agent does not
give any guarantee on the liquid welfare.
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with probability 1. Otherwise, let E be the event r(�) > mini′∈(N1(p)−�) r(i′). The
probability that (3) holds is:

Pr

[
min

i′∈(S−�)
r(i′) < min

i′∈S̄
r(i′) | E

]
· Pr [E] + Pr [¬E] ≤

Pr

[
min

i′∈(S−�)
r(i′) < min

i′∈S̄
r(i′) | E

]
.

Since the agents in B1 − � and N1 \ (B1 − �) are a uniformly sampled partition of
N1 − �, by symmetry,

Pr

[
min

i′∈(S−�)
r(i′) < min

i′∈S̄
r(i′) | E

]
= 1

2
.

Therefore, (3) holds with probability greater than 1/2.

Lemma 14 For a Many-Dominant input, the expected liquid welfare in mechanism
RS-Many-Dominant is at least 1

6480 .

Proof We first analyze the expected revenue obtained by mechanism
RS-Many-Dominantinf eas. We analyze the case where one of the following occurs:

– Agent i(1) ∈ B1 and agent i(2) ∈ (A2 − j); or
– Agent i(2) ∈ B1 and agent i(1) ∈ (A2 − j)

In these cases, vi(2)(1) > γ · vi(1)(1) ≥ P(A2 − j) ≥ γ · vi(2)(1) ≥ γ 2 ·β ≥ 200
2012

>
1

202.5 . By Lemma 13 the item is sold with probability of at least 1/2. Therefore, we
get that the expected revenue in this case is at least 1

405 . Similarly, consider the case
where one of the following occurs:

– i(1) ∈ B1 and i(2) ∈ (A2 − j); or
– i(2) ∈ B1 and i(1) ∈ (A2 − j).

In this case, the expected revenue is at least 1
405 as well.

Since the two events are disjoint, and the probability of each one of them is 1/8,
we get that the expected revenue obtained by mechanism RS-Many-Dominant’ is at
least 1

1620 . Since the expected revenue obtained by mechanism RS-Many-Dominant
is a quarter of the expected revenue obtained by RS-Many-Dominant’, we get that
the revenue in RS-Many-Dominant is at least 1

6480 , and by Lemma 8, we get that the
expected liquid welfare is at least 1

6480 as well.

4.4 MechanismRS-No-Dominant

Mechanism RS-No-Dominant is an instance of mechanism Online-RS that achieves
a good approximation in the case of no dominant agent. It uses the pricing function
P(S) = OPT (S)

4 , where given a set S ⊆ N of agents, OPT (S) = maxx

∑
i∈S vi(xi)

(the optimal liquid welfare of set S). The allocation function is Allocate-Demand (see
Fig. 7).
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Fig. 7 The allocation function for mechanism RS-No-Dominant

We define the demand of agent i for a price p and fraction k of the item:

Di(p, k) = argmaxx≤k{ui(x)}.
In case of multiple solutions for Di(p, k), we choose the largest x. The allocation
function Allocate-Demand orders the agents according to the random renaming, and
sells the fraction of the item to the agents. Then the allocation of each agent is
bounded according to the cap per agent.

Lemma 15 Mechanism RS-No-Dominant is truthful and feasible.

Proof Feasibility holds trivially. By Theorem 1, it is sufficient to show that
Allocate-Demand satisfies the following properties:

– IR, IC and Cap Monotonicity: Allocate-Demand allocates the utility maximizing
fraction of the good to an agent under the constraint that the allocation does not
exceed the total number of items and the cap per agent; Therefore, the IR and IC
properties hold.

– Cap Monotonicity: Note that, when an agent receives her utility maximizing
fraction she does not exceeds her budget. Hence, the utility of an agent i from
receiving a fraction x of the item at a total price p is exactly vi(xi)−p. Recall that
Allocate-Demand orders the agents according to the random permutation sam-
pled by mechanism Online-RS, and sells the contrived items to the agents. Then
the allocation of each agent is bounded according to the actual number of items.
Hence, it is clear that the allocation is monotone in the number of actual items.

Note that we analyze Mechanism RS-No-Dominant only for a No-Dominant input.
The next lemma shows that in this case, with a high probability sets A1 and (A2 −
j)∪B2 are relatively large. This is crucial since we collect revenue from set B2 based
on the number of items allocated to the contrived set A1, and the price calculated
according to set A2 − j .

Lemma 16 For a No-Dominant input,

Pr

[
OPT (A1) >

3

16
∧ OPT ((A2 − j) ∪ B2) >

3

8

]
≥ 0.74.
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Proof To prove this lemma, we use the following variant of the multiplicative Cher-
noff bound. Let χ1, . . . , χk be k independent random variables such that χi ∈ [0, B]
for some B > 0. Let E[χi] = μi for every i, and let μ = ∑

i μi . For every δ ∈ (0, 1],
the following holds:

Pr

[
n∑

i=1

χi < (1 − δ)μ

]
< exp

(
−δ2 · μ

2B

)
. (4)

Let x∗ be an optimal allocation vector for N ′. For every i ∈ N ′, let Xi be a random
variable defined by:

Xi =
{

vi(x∗
i ) i ∈ (A2 − j) ∪ B2

0 otherwise
, (5)

and let Yi be a random variable defined by:

Yi =
{

vi(x∗
i ) i ∈ A1

0 otherwise
. (6)

By Observation 1, we have that E
[∑

i Xi

] = 1
2 and E

[∑
i Yi

] = 1
4 . Using (4) and a

union bound, we get that

Pr

[∑
i

Xi ≥ 3

8
∧

∑
i

Yi ≥ 3

16

]
≥ 0.74.

Since {x∗
i }i∈(A2−j)∪B2 is some feasible allocation for the agents in (A2 − j)∪B2, we

have that
∑

i Xi ≤ OPT ((A2−j)∪B2). Similarly,
∑

i Yi ≤ OPT (A1). Combining
this with the above equation, we get the desired result.

The following definition and claims are based on theones presented in [28]. We define:

Di(p) = argmaxx≤1{vi(x) − p · x}.
In case of multiple solutions for Di(p) we choose the largest one. Di(p) is useful
in our analysis as it gives a lower bound on the demand of agent i when there is a
sufficiently large fraction of the item.

Lemma 17 [28]

– For any p > 0 and x < Di(p), Di(p) ≤ bi

p
and vi(x) < bi .

– For every p > 0 and for every k ≥ bi

p
, Di(p, k) ≥ Di(p).

Mechanism RS-No-Dominant uses an impersonation technique. In Section 3, we
showed that we lose only a constant fraction of the revenue due to this technique.
Therefore, we were able to analyze the performance of the mechanism without the
impersonation. In this section, agent’s valuation functions are general (monotoni-
cally non-decreasing). Hence, decoupling the proof is much more complicate, and
we use the following lemma which calculates the performance of a mechanism with
the impersonation.

Mechanism Impersonation-Allocate-Demand(S, p, k) (see Fig. 8) takes a set of
agents S, and partitions them into two sets S1 and S2 uniformly at random. Then it
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Fig. 8 A mechanism defined solely for the analysis of the liquid welfare maximization mechanism

sells a fraction of the good k to agents in set S1 in a random order at a price p for the
entire good. The allocation to each agent is calculated as if the agent were in a random
permutation in set S2. Note that mechanism Impersonation-Allocate-Demand(S, p, k)

uses the impersonating technique. For a set S of bidders, we define vS(1) =
maxi∈S vi(1).

Lemma 18 Let p ≤ 1 and let 0 < OPT (S) < 1. The expected liquid welfare out
the agents in S1 in procedure Impersonation-Allocate-Demand(S, p, k) is at least

min

(
OPT (S) − p

2
,
k · p − vS(1)

2

)
.

Proof We begin by analyzing the performance of Allocate-Demand(S, p, k, ∞). Let
αi be the amount of good available for agent i in Allocate-Demand(S, p, k, ∞),
let x and x̃ be the allocation vectors returns by Allocate-Demand(S, p, k, ∞) and
Impersonation-Allocate-Demand(S, p, k), respectively. Note that for every i ∈ S and
k, Di(p, k) ≤ vS(1)

p
, otherwise, agent i would exceed her budget. We distinguish

between the following 2 cases:

1. αi ≥ vS(1)
p

for every agent i: In this case, every agent gets her utility maximizing
fraction of the good, and at most a k-fraction is sold. The liquid welfare achieved
by Allocate-Demand(S, p, k, ∞) is at least:

∑
i∈S

vi(xi) ≥
∑
i∈S

vi
(
Di (p)

)

≥
∑
i∈S

vi
(
Di (p)

) − Di (p) · p

≥
∑
i∈S

vi(x∗
i ) − x∗

i · p

≥ OPT (S) − p,

where the first inequality is due to the second property of Lemma 17, and the
third inequality follows from the definition of Di (p).
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Impersonation-Allocate-Demand places every agent from S in set S1 with
independent probability of 1

2 . Therefore, we have that:

EAllocate-Demand(S,p,k,∞)

⎡
⎣∑

i∈S1

vi(xi)

⎤
⎦ ≥ OPT (S) − p

2
.

Let x be the output vector of Allocate-Demand(S2 ∪ {j}, p, k, �) in
Impersonation-Allocate-Demand. We show by induction on the ordering of the
agents in S1 (by πS1 ) that xj = xj for every agent j . For the first agent j in
the ordering, since � = k, it is clear that in Allocate-Demand(S2 ∪ {j}, p, k, ∞)

every agent in S2 ∪ {j} got her utility maximizing share, and therefore xj = xj .
Let us assume the claim is true for all agents in S1 that are ordered before agent
j , and let S<j

1 and S
>j

1 denote the respective sets of agents in S1 before and after
agent j in the ordering. We have that:

� = k −
∑

i∈S
<j
1

xi ≥ k −
∑

i∈S
<j
1

xi −
∑

i∈S
>j
1

xi

≥
∑
i∈S

xi −
∑

i∈S
<j
1

xi −
∑

i∈S
>j
1

xi =
∑

i∈(S2∪{j})
xi .

We get that every agent in S2 ∪ {j} can get her utility maximizing share, and the
overall fraction allocated is at most �. Therefore, it is clear that xj = xj for this
agent j , and

EImpersonation-Allocate-Demand(S,p,k,z)

⎡
⎣∑

i∈S1

vi(̃xi)

⎤
⎦ ≥ OPT (S) − p

2
.

2. There exists an agent i such that αi >
vS(1)

p
: let j denote the first such

agent. We perform the following transformation on the allocation returned by
Allocate-Demand(S, p, k, ∞):

yi =
{

xi · k− vS(1)
p

k−αj
π(i) < π(j)

0 otherwise
.

We have that:

∑
i

yi =
∑

i:π(i)<π(j)

yi =
∑

i:π(i)<π(j)

xi ·
k − vS(1)

p

k − αj

=(
k−αj

)·k − vS(1)
p

k − αj

=k−vS(1)

p
.

Since every agent in S is placed with independent probability 1
2 in S1 in

Impersonation-Allocate-Demand, we have that E
[∑

i∈S1
yi

] = k− vS(1)
p

2 . We now

show that
∑

i∈S1
x̃i ≥ ∑

i∈S1
yi . Let k̃i be the amount of good left for agent i ∈

S1 when allocated in Impersonation-Allocate-Demand(S, p, k). If there is some
agent i for which k̃i <

vS(1)
p

, then
∑

i∈S1
x̃i > k − vS(1)

p
= ∑

i yi ≥ ∑
i∈S1

yi .
Otherwise, for every i ∈ S1, x̃i = xi , and since xi ≥ yi , the claim follows. We
get that the expected revenue in Impersonation-Allocate-Demand(S, p, k) is at
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least p · E [∑
i∈S1

x̃i

] ≥ p · k− vS(1)
p

2 = pk−vS(1)
2 . By Lemma 8, we get that the

expected liquid welfare is at least pk−vS(1)
2 as well.

It follows that for every random ri’s, either the expected liquid welfare is at least
OPT (S)−p

2 , or at least kp−vS(1)
2 ; Therefore, the expected liquid welfare is at least the

minimum between them.

We conclude that:

Lemma 19 For a No-Dominant input, mechanism RS-No-Dominant achieves an
expected liquid welfare of at least 1/400.

Proof We analyze the case where OPT (A1) > 3
16 and OPT ((A2 − j) ∪ B2) >

3
8 . In this case, 3

64 ≤ P(A1) ≤ 1
4 . According to Lemma 18,

the expected liquid welfare of the agents in A2 in procedure

Impersonation-Allocate-Demand
(
(A2 − j) ∪ B2, P (A1),

1
4 ,

1
2

)
in this case is at

least:

min

(
OPT ((A2 − j) ∪ B2) − P(A1)

2
,
P(A1)/4 − 1/200

2

)
≥

min

(
3/8 − 1/4

2
,
3/256 − 1/200

2

)
≥ 1/298.

Notice that in RS-No-Dominant(N, m), the expected liquid welfare of the agents in

B2 is the same as in Impersonation-Allocate-Demand
(
(A2 − j) ∪ B2,P(A1),

1
4 ,

1
2

)
,

since every agent in (A2 − j) ∪ B2 is either in A2 − j or in B2 with probability 1/2
(Observation 1), and the agents in B2 arrive in random order. By Lemma 16, we get
that the expected liquid welfare is at least 0.74/298 > 1/400

4.5 Approximation Ratio of LW

Given all the above components, we can devise a constant approximation mechanism
to the optimal liquid welfare in our setting.

Theorem 4 Mechanism LW is a truthful and feasible mechanism that achieves an
expected liquid welfare of OPT/10412.

Proof Truthfulness and feasibility follow since the mechanism is a probabilistic
combination of 3 truthful and feasible mechanisms. It remains to establish the
approximation guarantee. According to Lemma 9, OPT ′ ≥ 0.9 · OPT with proba-
bility of at least 91/100. Therefore, OPT ≤ 100

91 · 10
9 E[OPT ′] = 1000

819 . Combining
the facts that mechanism LW invokes each of the mechanisms RS-No-Dominant,
RS-Many-Dominant and SP-One-Dominant with a constant probability, in each of the
three possible scenarios, one of them achieves a constant fraction of OPT ′. Setting
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λ1 = 0.19, λ2 = 0.76 and λ3 = 0.05, we get that the expected liquid welfare of our
mechanism is at least

min

{
λ1

1600
,

λ2

6480
,

λ3

400

}
≥ 1

8527
≥ 1

8527
· 819

1000
OPT ≥ OPT/10412.

Appendix A: Proofs of the Theorems from Borgs et al.

Recall that Pk(S) is the optimal price for selling k items to a set S of agents and that
ε = ε(S, k). Let r∞

S (p) denote the revenue achieved by selling an unlimited number
of items (digital goods) to set S of agents at price per item p. In order to show the
proofs of the lemmas in Section 3.3, we need the following lemma from [8]:

Lemma 20 [8] For any δ > 0 and for any p ≥ Pk(S), the probability that∣∣∣r∞
S1

(p) − r∞
S2

(p)

∣∣∣ ≤ δ · OPT (S, k) is at least 1 − 2e−δ2/4ε .

We now turn to prove the lemmas stated in Section 3.3.

Proof of Lemma 3 Since the revenue obtained from selling items at a given price per
item is either bounded by the agents’ budgets or by the number of items for sale, we
get that OPT (S, k) = min

{
Pk(S) · k, r∞

S (Pk(S))
}
. Therefore, we get

OPT (S, k) ≤ Pk(S) · k, (7)

and

OPT (S, k) ≤ r∞
S (Pk(S)). (8)

When unrestricted by the number of items, we have that

r∞
S1

(Pk(S)) + r∞
S2

(Pk(S)) = r∞
S (Pk(S)) ≥ OPT (S, k). (9)

Whenever
∣∣∣r∞

S1
(Pk(S)) − r∞

S2
(Pk(S))

∣∣∣ ≤ δ · OPT (S, k), then

r∞
S2

(Pk(S)) ≤ r∞
S1

(Pk(S)) + δ · OPT (S, k), (10)

and

r∞
S1

(Pk(S)) ≤ r∞
S2

(Pk(S)) + δ · OPT (S, k). (11)

Combining (10) with (9) yields r∞
S1

(Pk(S)) ≥ 1−δ
2 OPT (S, k). Similarly, combin-

ing (11) with (9) yields r∞
S2

(Pk(S)) ≥ 1−δ
2 OPT (S, k). By (7) we clearly have

Pk(S) · k
2 ≥ OPT (S, k)/2. Since both rS1 = min

{
r∞
S1

(Pk(S)), Pk(S) · k
2

}
and rS2 =

min
{
r∞
S2

(Pk(S)), Pk(S) · k
2

}
we get that whenever

∣∣∣r∞
S1

(Pk(S)) − r∞
S2

(Pk(S))

∣∣∣ ≤
δ · OPT (S, k) it holds that rS1 ≥ 1−δ

2 OPT (S, k) and rS2 ≥ 1−δ
2 OPT (S, k). The

proof is now concluded by Lemma 20.
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In order to prove Lemma 4, we also need the following lemma from [8].8

Lemma 21 [8] For all δ, p > 0 both r∞
S1

(p) ≥
min

{
r∞
S2

(p) − δ · OPT (S, k), 1−δ
2 · OPT (S, k)

}
and r∞

S2
(p) ≥

min
{
r∞
S1

(p) − δ · OPT (S, k), 1−δ
2 · OPT (S, k)

}
with probability at least

1 − 2e−δ2/4ε .

Proof Assuming
∣∣∣r∞

S1
(Pk(S)) − r∞

S2
(Pk(S))

∣∣∣ ≤ δ · OPT (S, k) we get that both

r∞
S2

(p) ≥ r∞
S1

(p) − δ · OPT (S, k) and r∞
S1

(p) ≥ r∞
S2

(p) − δ · OPT (S, k) with

probability greater than 1 − 2e−δ2/4ε for p ≥ Pk(S).
Recall that in the proof of Lemma 3, we showed that both

r∞
S1

(Pk(S)) ≥ 1−δ
2 OPT (S, k) and r∞

S2
(Pk(S)) ≥ 1−δ

2 OPT (S, k) whenever∣∣∣r∞
S1

(Pk(S)) − r∞
S2

(Pk(S))

∣∣∣ ≤ δ · OPT (S, k). Since with an unlimited supply of

items, r∞
S (p1) ≥ r∞

S (p2) whenever p1 < p2 (only more agents exhaust their
budget), we get that for every p ≤ Pk(S) both r∞

S1
(p) ≥ 1−δ

2 OPT (S, k) and

r∞
S2

(p) ≥ 1−δ
2 OPT (S, k).

To conclude, we recall that according to Lemma 20,
∣∣∣r∞

S1
(Pk(S)) − r∞

S2
(Pk(S))

∣∣∣ ≤
δ · OPT (S, k) occurs with probability at least 1 − 2e−δ2/4ε .

We now proceed to show the proof of Lemma 4.

Proof of Lemma 4We first assume that
∣∣∣r∞

S1
(Pk(S)) − r∞

S2
(Pk(S))

∣∣∣ ≤ δ ·OPT (S, k).

By definition, OPT (S1, k/2) ≥ rS1 . In this case, as shown in the proof of Lemma 3,
OPT (S1, k/2) ≥ 1−δ

2 OPT (S, k). Therefore, it is clear that both

Pk/2(S1) · k

2
≥ 1 − δ

2
OPT (S, k), (12)

and

r∞
S1

(Pk/2(S1)) ≥ 1 − δ

2
OPT (S, k). (13)

Combining the last inequality with Lemma 21, we get that

r∞
S2

(Pk/2(S1)) ≥ 1 − 3δ

2
OPT (S, k). (14)

Since in Offline-Rev-Maximization either the agents of S2 exhaust their budget, or
k/2 items are sold, we get that the revenue of mechanism Offline-Rev-Maximization

from agents in set S2 is not smaller than: min
{
r∞
S2

(Pk/2(S1)), Pk/2(S1) · k
2

}
≥

1−3δ
2 OPT (S, k). To conclude, we note that according to Lemma 20,

8This lemma is stated quite differently in [8].
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∣∣∣r∞
S1

(Pk(S)) − r∞
S2

(Pk(S))

∣∣∣ ≤ δ · OPT (S, k) occurs with probability at least

1 − 2e−δ2/4ε .

Appendix B: Tie Breaking

In this section, we show how to perform tie breaking when an agents is allowed to
report the same arrival time as another agent, but cannot report an earlier arrival time
than her real arrival time. The tie breaking rule we present is as follows. Whenever
an agent i arrives at time ai , the mechanism chooses a uniformly at random value
ãi ∼ [0, 1] and sets agent i’s arrival time to be 〈ai, ãi〉. The mechanism orders the
agents according to the following rule: Agent i precedes agent j if ai < aj or if
ai = aj and ãi < ãj .

We change mechanisms Online-RS and SP-One-Dominant according to the above
rule. We claim that these mechanisms are truthful. The only problematic case is when
an agent reports an earlier arrival time such that she is placed in set A instead of
being placed in set B (the proof of all the other cases is similar to the proof of Theo-
rem 1). Since an agent cannot affect the random value assigned to her, and since we
specifically prevent an agent from reporting an earlier arrival time, this is impossible.
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