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We study strategic resource allocation settings, where jobs correspond to self-interested players who choose resources with
the objective of minimizing their individual cost. Our framework departs from the existing game-theoretic models mainly
in assuming conflicting congestion effects, but also in assuming an unlimited supply of resources. In our model, a job’s
cost is composed of both its resource’s load (which increases with congestion) and its share in the resource’s activation cost
(which decreases with congestion). We provide results for a job-scheduling setting with heterogeneous jobs and identical
machines.
We show that if the resource’s activation cost is shared equally among its users, a pure Nash equilibrium (NE) might
not exist. In contrast, the proportional sharing rule induces a game that admits a pure NE, which can also be computed
in polynomial time. As part of the algorithm’s analysis, we establish a new, nontrivial property of schedules obtained by
the longest processing time algorithm. We also observe that, unlike in congestion games, best-response dynamics (BRD)
are not guaranteed to converge to a Nash equilibrium. Finally, we measure the inefficiency of equilibria with respect to
the minimax objective function, and prove that there is no universal bound for the worst-case inefficiency (as quantified
by the “price of anarchy” measure). However, the best-case inefficiency (quantified by the “price of stability” measure) is
bounded by 5/4, and this is tight. These results add another layer to the growing literature on the price of anarchy and
stability, which studies the extent to which selfish behavior affects system efficiency.
Subject classifications: congestion games; cost sharing games; job scheduling; potential games; price of anarchy; price of
stability; equilibrium existence.
Area of review: Optimization.
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1. Introduction

In this paper we apply noncooperative game theory
to resource allocation applications and study it in jobscheduling terminology. At the heart of the game-theoretic
view is the assumption that the players have strategic considerations and they act to minimize their own cost, rather
than to optimize any global objective. In job-scheduling
settings, this would mean that the jobs1 choose a resource
instead of being assigned to one by a central designer. The
focus in game theory is on the stable outcomes of a given
setting, or the equilibrium points. A Nash equilibrium (NE)
is a profile of the users’ strategies such that no user can
decrease its cost by a unilateral deviation from its current
strategy (given that the strategies of the remaining users do
not change).
Because the users’ cost functions lead them in their decisions, the structure of the cost function is a key component
of any game-theoretic treatment of the problem. The literature is divided into two main approaches with respect
to the cost function. The first class of models (e.g., routing and job scheduling) emphasizes the negative congestion effect, assuming that a resource’s cost increases in the

1.1. Background and Motivation
In resource allocation applications, tasks are assigned to
resources to be performed. For example, in job-scheduling
applications, jobs are assigned to servers to be processed;
similarly, in communication or transportation networks,
traffic is assigned to network links to be routed. These
settings raise many interesting combinatorial optimization
problems, but because they often consist of multiple strategic users, whose individual payoff is affected by the decisions made by others, game theory has become an essential
tool in their analysis.
Indeed, the analysis of many operations research applications (such as job scheduling, supply chain management,
and queuing networks) has applied game-theoretic concepts
and tools. Following the emergence of the Internet, there
has been an explosion of studies employing game-theoretic
analysis to explore Internet applications, such as routing in
computer networks, and the creation and design of Internetlike networks.
529
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load. The second class (e.g., network creation games), in
contrast, emphasizes the positive congestion effects, assuming some fixed activation cost that should be covered and
divided between the users. Although the first class ignores
the positive congestion effects and the second ignores the
negative congestion effects, both effects take place in practice. On the one hand, a heavy-loaded resource might be
less attractive due to negative congestion effects; on the
other hand, a new resource might be too costly to activate.
In almost any resource allocation setting, the consideration
of these two conflicting congestion effects is a more realistic model of real-life situations, where activating a new
“resource” is costly, but at the same time relieves the congestion burden.
A setting where this trade-off naturally occurs is the
creation of unregulated networks such as the Internet.
Autonomous systems (ASs), in their peering and communication agreements, need to take into account both the
hardware cost (i.e., the total cost of laying down the edges)
and the quality of service experienced by their customers
(i.e., the latency experienced by their traffic). Clearly, laying down an edge is costly, but may, at the same time,
pay off in quality of service improvements. While each AS
would act to minimize its own cost, from a social perspective it is reasonable to desire that the outcome should be
such that no individual would incur too high of a cost. This
is a paradigmatic example of the Rawlsian principle (Rawls
1971), which seeks to improve the situation of the weakest
member in the society.
It is well known that decentralized decision making, as
manifested in equilibrium behavior, may lead to suboptimal solutions from the point of view of society as a whole.
In some cases, it may be possible to alleviate the inefficiency through a well-designed incentive scheme (this is
the approach taken by, e.g., Parlakturk and Kumar 2004,
which proposes a scheduling rule for self-interested routing
that achieves performance comparable to the first-best solution). However, in many cases the system rules are already
in place, and quantifying the inefficiency that arises in equilibrium behavior is a major challenge (see, e.g., Cominetti
et al. 2009). In this paper we quantify the inefficiency using
the price of anarchy (Papadimitriou 2001, Koutsoupias and
Papadimitriou 2009) and price of stability (Correa et al.
2004, Anshelevich et al. 2004) measures.
We consider a job-scheduling setting with n jobs of variable lengths, and where the cost of an individual job is
composed of (i) the load on the job’s chosen machine and
(ii) the job’s share in the activation cost of the chosen
machine.2 In particular, each machine is associated with
some fixed activation cost that should be jointly incurred
by the set of jobs using it. Our primary focus is on the proportional sharing rule, where the resource’s cost is shared
among its users in proportion to their size, but we also
provide some analysis with respect to the uniform sharing
rule, where the resource’s cost is shared uniformly among
its users.
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In addition to the consideration of conflicting congestion
effects, our model departs from standard job-scheduling
models in the assumption about the supply of resources.
Although most of the models assume the existence of an
a priori fixed set of resources, in many practical settings a
user controlling a job has the opportunity to utilize a new
resource at its own cost. For example, a user might be able
to purchase a dedicated server for his job if he is willing to
cover its cost. Similarly, a service provider might wish to
invest in new communication lines in order to reduce the
transmission delay of its traffic. Consequently, we consider
settings with no a priori limit on the number of resources.
Even in our simple model, many interesting phenomena
arise. Indeed, the induced game is qualitatively different
from earlier models that consider only either positive or
negative congestion effects. Because the combination of
these effects is so prevalent in resource allocation settings,
we believe this work will inspire future work on conflicting
congestion effects in more complex settings.
1.2. Our Results
We provide results with respect to the following four
themes:
Equilibrium existence (§3): In contrast to previous jobscheduling models, our game in its general form does not
comply with the family of potential games (or congestion
games), for which an NE in pure strategies is known to
exist (Rosenthal 1973, Monderer and Shapley 1996) (note
that the game always admits an NE in mixed strategies
by Nash’s theorem 1951 because it is finite). We find that
under the uniform sharing rule, a pure NE is not guaranteed
to exist. In contrast, the proportional sharing rule, apart
from being natural, induces a game that always admits a
pure NE.
Because the induced game is not a potential game, we
could not establish existence by the standard potential function technique. Instead, we developed two different proofs,
each with its own advantage. The proof that is deferred to
the appendix is simpler, but not computational. The proof
that appears in the body of the paper is technically more
involved, but has two main advantages; namely, it runs in
polynomial time, and it establishes en route a new property
of the LPT algorithm, which may be of interest independently of its game-theoretic interpretation.
Equilibrium inefficiency (§5): The PoA is the worstcase inefficiency of a Nash equilibrium and is defined as the
ratio between the social cost of the worst NE and the optimal solution. The PoS measures the best-case inefficiency
of a Nash equilibrium and is defined as the ratio between
the best NE and the optimal solution. The PoA and PoS
measures should be quantified according to a well-defined
social cost function. Here, we consider the egalitarian function, also known as minimax (Hakimi 1965); i.e., we wish
to minimize the cost of the job with the highest cost.
We provide an analysis of the PoA with respect to the
proportional sharing rule, as a function of the ratio between

Feldman and Tamir: Conflicting Congestion Effects

531

Downloaded from informs.org by [132.67.108.248] on 07 December 2017, at 06:16 . For personal use only, all rights reserved.

Operations Research 60(3), pp. 529–540, © 2012 INFORMS

the longest job and the activation cost. The PoA is 1 if
this ratio is larger than 1. On the other hand, the PoA can
be arbitrarily high as this ratio decreases. This result indicates that the loss due to strategic behavior can be very
severe. In contrast, we show that the PoS is bounded by
5/4, and this is tight. Interestingly, all of the lower bounds
are obtained under the special case of unit-length jobs (for
which the two sharing rules coincide).
Computational complexity (§3): Whereas computing a
NE may be hard even for potential games, it is computationally feasible for models that are closely related to our
model. For example, if a user’s cost is the load of its chosen machine, the longest processing time (LPT) algorithm
always results in an NE (Fotakis et al. 2002). In our model,
LPT is not well defined because the number of machines
is not fixed. However, our existence result is constructive
and shows that an NE can be computed in polynomial time.
We also show, however, that calculating the best NE is an
NP-hard problem.
Convergence to equilibrium (§4): It is known that bestresponse dynamics (BRD) always converge to a pure Nash
equilibrium in congestion games (Monderer and Shapley
1996) and in job-scheduling games that do not take activation costs into account (Even-Dar and Mansour 2005).
As we show, however, in the setting considered in this
paper, under the proportional sharing rule BRD do not
always converge to pure NE, although one is guaranteed to
exist. Only a few natural games possess this property. The
fact that BRD might cycle also implies that our game is
not a potential game.
The results for our model are summarized in Table 1,
where they are also contrasted with the results obtained
with respect to the mini-sum objective (Chen and Gürel
2012). It is interesting to note that whereas the PoA is
Table 1.

Summary of results for our model.
Uniform
sharing

Proportional
sharing

Unit
length

NO
N/A

YES
No

YES
YES

PoA

N/A

1+
√
2 

1+
√
2 

PoS

N/A

5/4

5/4

1+
√
2 
+1
UB:
2
1√
LB: 3 
3

1+
√
2 
+1
UB:
2

NE existence 6∗7
BRD convergence 6∗7
Minimax objective 6∗7

Minisum objective
(Chen and Gürel 2012)
PoA

N/A

PoS

N/A

Notes.  = B/pmax ,  = B/pmin , where B is the activation cost, pmin ,
pmax are the lengths of the shortest and the longest job, respectively.
6∗7: our results.

unbounded in both cases, and is given by the same expression, the PoS is unbounded with respect to the minisum
objective, but is bounded by a small constant with respect
to the minimax objective. In addition, whereas in our case
all of the lower bounds are obtained under the special case
of unit-length jobs, the lower bound obtained by Chen and
Gürel (2012) employs heterogeneous jobs.
1.3. Literature Review
A lot of research has been conducted in the analysis of jobscheduling applications using a game-theoretic approach.
One branch emphasizes the mechanism design approach
and seeks truthful mechanisms (see the seminal paper
by Nisan and Ronen 2001 and the survey by Lavi 2007).
The current work belongs to the other branch, which treats
the jobs as players whose strategy consists of deciding
which machine to choose. The questions that are commonly analyzed under this approach are Nash existence,
Nash quality, and convergence of best-response dynamics.
The different models that have been studied are a highly
diverse group, including, among others, the machine model
(e.g., identical/related/unrelated/restricted), the individual
cost model (e.g., makespan, completion time), the solution
concept (e.g., pure NE, mixed NE, strong equilibrium), the
social objective (e.g., minisum/minimax), and more.
The main Nash quality measures that have been featured in the literature are the PoA (Koutsoupias and
Papadimitriou 2009, Papadimitriou 2001) and the PoS
(Correa et al. 2004, Anshelevich et al. 2004). These metrics
have been studied in a variety of applications, such as selfish routing (see Roughgarden 2007 and references therein,
Cominetti et al. 2009, Parlakturk and Kumar 2004), network formation (Fabrikant et al. 2003, Albers et al. 2006,
Anshelevich et al. 2004) and facility location (Vetta 2002).
For an excellent recent survey on the quality of
equilibrium, with respect to the makespan objective,
in job-scheduling settings on identical machines and
related machines, we refer the reader to Vöcking (2007),
Koutsoupias and Papadimitriou (2009), and Czumaj and
Vöcking (2002). Specifically, it has been shown that the
PoA is bounded by approximately 2 with respect to pure
NE, whereas the PoA with respect to mixed NE can be
as large as O4log m/ log log m5, which is also the PoA on
related machines with respect to pure NE (where m is
the number of machines). When considering a model of
both related machines and mixed strategies, the PoA is
O4log m/ log log log m5. It can be quite easily shown that
the PoA in an unrelated machines setting is unbounded.
However, it has been shown that the PoA with respect to
the strong equilibrium solution concept is (tightly) bounded
by m, whereas the PoS is 1 (Andelman et al. 2009).
A lower bound for related machines has been studied
by Fiat et al. (2007).
Perhaps the closest work to the current paper is a followup paper by Chen and Gürel (2012), who study the exact
same cost model proposed here (including both negative
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and positive congestion effects). This work complements
our work very nicely, by providing parametric bounds on
the PoA and PoS with respect to the mini-sum objective
function. The inefficiency of a Nash equilibrium for this
mini-sum objective (with no activation costs) is considered
also in Correa and Queyranne (2010).
In addition to job-scheduling applications, a gametheoretic analysis has been applied to a large variety of
other applications, with an emphasis on the study of equilibrium existence and quality. Some examples are networkrouting settings (Correa et al. 2007, 2004; Bonifaci et al.
2010; Cominetti et al. 2009, Awerbuch et al. 2005),
network-creation games (Fabrikant et al. 2003, Albers et al.
2006, Anshelevich et al. 2004, Epstein et al. 2007), and
cost-sharing games (see Jain and Mahdian 2007 and references therein). A somewhat different game arises in the
analysis of supply chain management, which focuses on the
mechanism design approach (Cachon and Lariviere 1999)
and on equilibrium existence and inefficiency (Perakis
2007, Perakis and Roels 2007, Bernstein and Federgruen
2001). For a survey on a game-theoretic treatment of supply chain management, see Cachon and Netessine (2004).
Cooperative game theory is extensively used in the analysis
of these applications.
Sharing of joint costs among heterogeneous players is
a common problem for which a large number of sharing
rules have been proposed (Moulin and Shenker 1992, 2001;
Herzog et al. 1997). In a departure from the above literature, which emphasizes the efficiency and fairness properties associated with the different sharing rules, our focus is
on the equilibrium existence and the inefficiency obtained
due to selfish behavior associated with the different sharing
rules.

2. Model and Preliminaries
2.1. Job Scheduling on Identical Machines
Although our setting models many resource allocation
problems, we present it using the terminology of jobscheduling for simplicity of presentation. A job-scheduling
setting with identical machines is characterized by a set
of machines M = 8M1 1 M2 1 0 0 09, and a set of jobs N =
811 0 0 0 1 n9, where a job j ∈ N has a length (i.e., processing time) pj . The set of possible assignments of jobs into
machines is denoted by S. An assignment method produces
an assignment s = 4s1 1 0 0 0 1 sn 5 ∈ S of jobs into machines,
where sj ∈ M denotes the machine that job j is assigned to.
The assignment is referred to as a schedule, profile, joint
action, or configuration (we use all of these terms interchangeably). The load of a machine Mi in a schedule s
is the sum of the processing
times of the jobs assigned to
P
Mi , that is, Li 4s5 = j2 sj =Mi pj . The makespan of a schedule is the load on the most loaded machine; we denote it
Lmax 4s5 = maxi Li 4s5.
Given a job-scheduling setting and an activation cost B,
a job-scheduling game is induced, where the set of players
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corresponds to the set of individual jobs, and the action
space Sj of each player j is the set of individual machines.
The cost function of job j in a given schedule is composed
of the load on the job’s machine and the job’s share in the
machine’s activation cost; i.e., given a profile s in which
sj = Mi , the cost of job j is given by:
cj 4s5 = Li 4s5 + bj 4s51
where Li 4s5 is the total load on machine Mi in s, and bj 4s5
is j’s share in the activation cost of Mi .
A few notes on the cost function are in order. The loadrelated component of the cost function (i.e., total load on
the chosen machine) characterizes systems in which jobs
are processed in parallel, or need to use a shared resource
simultaneously, or share the same pickup time; thus, there
is no significance to the order of the jobs. These problems
have been widely studied in recent years from a gametheoretic perspective by Koutsoupias and Papadimitriou
(2009), Czumaj and Vöcking (2002), Fiat et al. (2007), and
Feldman and Tamir (2009).
The activation cost component in the cost function
depends on the sharing rule. Under the uniform sharing
rule, all the jobs assigned to a particular resource share its
cost uniformly, i.e., the cost of job j such that sj = Mi is
bj 4s5 = B/48k2 sk = Mi 95. Under the proportional sharing
rule, the jobs assigned to a particular resource share its cost
proportionally to their lengths, i.e., the cost of job j such
that sj = Mi is bj 4s5 = 4pj B5/Li 4s5.
As an example, consider an instance with activation cost
B = 12 and two jobs of lengths 1 and 2, respectively. If
both jobs are assigned to the same machine, then their cost
under the uniform sharing rule would be c1 4s5 = c2 4s5 =
3 + 12/2 = 9, whereas their respective costs under the proportional rule would be c1 4s5 = 3 + 12/3 = 7, c2 4s5 = 3 +
2 · 12/3 = 11.
An assignment s ∈ S is a pure Nash equilibrium (NE) if
no job j ∈ N can benefit from unilaterally deviating from
its machine to another machine; i.e., for every j ∈ N and
every sj ∈ M it holds that cj 4s−j 1 sj 5 ¾ cj 4s5.
The social cost function of schedule s, denoted g4s5, is
the highest cost among all the jobs; i.e., g4s5 = maxj cj 4s5.
We denote by OP T the optimal solution; i.e., OP T =
mins∈S g4s5. With this we are ready to define the price of
anarchy and the price of stability.
Definition 1. Let G be a family of games, and let G ∈ G
be some game in this family. Let ê4G5 be the set of Nash
equilibria of the game G. If ê4G5 6= :
• the price of anarchy of the game G is the ratio
between the maximal cost of a Nash equilibrium and the
social optimum of G:
PoA4G5 = max g4s5/OP T 4G51
s∈ê4G5

and the price of anarchy of the family of games G is
PoA4G5 = Sup PoA4G50
G∈G
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• the price of stability of the game G is the ratio
between the minimal cost of a Nash equilibrium and the
social optimum of G:
PoS4G5 = min g4s5/OP T 4G51
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s∈ê4G5

and the price of stability of the family of games G is:
PoS4G5 = Sup PoS4G50
G∈G

2.2. Proportional Sharing Rule—Useful
Observations
We present several claims and observations that provide
some intuition regarding the behavior of jobs under the
proportional sharing rule. These observations shall be used
repeatedly in the sequel.
We first specify the condition under which a job is better off migrating from one machine to another. We distinguish between two types of migrations. In a load-increasing
migration, the resulting load on the target machine is
larger than the load on the original machine, whereas in a
load-decreasing migration, the resulting load on the target
machine is lower than the load on the original machine.
Roughly speaking, a load-increasing (decreasing) migration
might be beneficial if the activation cost is relatively low
(high). The following assertion, which follows from simple
arithmetic, specifies the exact threshold for which each type
of migration is beneficial. Clearly, if the target machine has
the same load as the source machine, then the job’s cost
does not change.
Claim 1. Let s be a schedule in which sj = Mi . It is beneficial for job j to migrate from machine Mi to machine Mi0 if
and only if Li0 4s5 + pj > Li 4s5 and B >  (load-increasing
migration) or Li0 4s5 + pj < Li 4s5 and B <  (loaddecreasing migration), where  = 4Li 4s54Li0 4s5 + pj 55/pj .
The following observations provide lower and upper
bounds for a job’s individual cost.
Observation
p 1. In any joint action s, for every job j,
cj 4s5 ¾ 2 pj B. Additionally, for every j such that pj ¾ B,
cj 4s5 ¾ pj + B.
Proof. The cost of j when assigned together with a (possible empty) set of jobs with total load l is cj 4s5 = pj +
l + pj B/4pj + l5. Simple calculus shows that (i)pif pj ¶ B,
then this term gets p
its minimal value for l = pj B − pj ,
for which cj 4s5 = 2 pj B; and (ii) if pj ¾ B, then cj 4s5 is
minimized for l = 0, for which cj 4s5 = pj + B. 
Because a job of length pj can always migrate to a dedicated machine and incur a cost pj + B, the following observation follows trivially:
Observation 2. In any NE s, for every job j, cj 4s5 ¶
pj + B.

The following observation, which can be easily derived
from Claim 1, provides some insight into beneficial and
nonbeneficial job migrations.
Observation 3. A job j of length pj < B that is assigned
to a machine with load smaller than B cannot reduce its
cost by migrating to a machine with load greater than B or
to a dedicated machine.
Finally, one can easily verify that if the total load of jobs
does not exceed B, assigning all jobs into a single machine
is an NE.
P
Observation 4. If B ¾ j pj , then the schedule s in
which all jobs are scheduled on a single machine is an NE.
2.3. Longest Processing Time (LPT) Rule
LPT is a well-known scheduling heuristic due to Graham
(1969). The LPT rule sorts the jobs in a nonincreasing order
of their lengths and greedily assigns each job to the leastloaded machine. In the traditional load-balancing problem,
where the number of machines is fixed and the incurred
cost includes only the load on the machine, the LPT rule is
known to produce an NE (Fotakis et al. 2002). However, if
the number of machines is not limited by a fixed number,
the standard LPT will simply assign each job to a dedicated
machine, which will not necessarily yield an NE in the
presence of activation costs.
A natural generalization of LPT that assigns each job
to a machine that minimizes its cost (including both the
load and the activation cost components) does not necessarily lead to an NE either, even with unit-length jobs. Consider, for example, a game with four unit-size jobs and with
activation cost B = 4 − . A greedy assignment, trying to
minimize the cost of a newly assigned job will result in a
schedule on two machines with respective loads 3 and 1,
which is not an NE.
In this paper we show that employing LPT with the
“right” number of machines would produce an NE. Establishing the above assertion requires the following nontrivial property of the LPT algorithm. Recall that Lmax 4s5 =
maxi Li 4s5 denotes the makespan of a schedule s.
Lemma 1. Let I be a set of n jobs of sizes p1 1 0 0 0 1 pn , and
let C be some positive
real number satisfying pj < C for
P
every j and C < j pj . Let sk be a schedule of I obtained
from LPT with k machines, and denote by m the minimal
number of machines such that Lmax 4sm 5 ¶ C < Lmax 4sm−1 5.
Then Li 4sm 5 + Li0 4sm 5 > C for every i 6= i0 , i1 i0 ∈ 6m7.
P
Proof. First, note that because C < j pj it must be that
m > 1. For m = 2 the lemma trivially holds: if LPT fails
to assign the jobs on a single machine having makespan at
most C, then the total load of the jobs must be more than C.
Therefore, in the sequel we assume that m > 2. Assume by
way of contradiction that the assertion of the lemma is false
and let I be a minimal (in terms of the number of jobs)
set of jobs contradicting the lemma. That is, there are two
machines in the schedule sm whose total load is at most C.
Let pmin denote the length of the shortest job in I.
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Claim 2. The most-loaded machine in sm has at least
two jobs.
Proof. Assume by way of contradiction that the mostloaded machine in sm has a single job of length pj . It is
easy to see that pj ¾ pj 0 for every j 0 ∈ I.
Consider the schedule sm−1 . We claim that job j must
be assigned in sm−1 with at least one additional job. To see
this, consider the set I 0 = I\8j9. We show that if job j
is assigned in sm−1 with no additional jobs, then I 0 also
contradicts the lemma—contradicting the minimality of the
instance I. Given that j is assigned alone in sm , the assignment of I 0 by LPT on m − 1 machines is identical to its
assignment as part of I in sm , and therefore has makespan
at most C. Similarly, if j is assigned alone in sm−1 , then
the assignment of I 0 on m − 2 machines is identical to
its assignment as part of I in sm−1 and, therefore, it has
makespan larger than C. By the contradiction assumption,
the two most lightly loaded machines in sm have total load
at most C. Given that m > 2, it is feasible to apply LPT
on I 0 and m − 2 machines. Moreover, the machine holding job j, which is the most-loaded machine in sm , is not
one of the two lightly loaded machines in sm . Therefore,
these two machines have exactly the same load as in the
schedule of I 0 on m − 1 machines. Therefore, I 0 contradicts
the lemma, contradicting the minimality of the instance I.
We conclude that job j is not assigned alone in sm−1 .
Given that a second job is assigned to j’s machine in
sm−1 , it must be that all other m − 2 machines have load
at least pj (else, LPT would not add the second job to j 0 -s
machine). Therefore, in sm−1 , the load on every machine
is at least pj . We also know that there exists a machine
of load greater than C. We conclude that sum of the jobs’
sizes, denoted P , must satisfy P > C + 4m − 25pj .
Now consider sm again. By the contradiction assumption,
there exist two machines with total load of at most C and
the makespan is pj . It follows that P ¶ C + 4m − 25pj ,
in contradiction to the above. 
We next establish a lower bound on the makespan of sm .
Because Lmax 4sm−1 5 > C and all the jobs are shorter than C,
the most-loaded machine in sm−1 holds at least two jobs.
Moreover, the most-loaded machine in sm−1 holds the shortest job, of length pmin ; otherwise, by removing from I
the jobs shorter than pmin we get a smaller instance contradicting the minimality of I. By LPT, it holds that for
every machine i, Li 4sm−1 5 ¾ Lmax 4sm−1 5 − pmin > C − pmin .
In addition, there exists a machine with load greater than C.
Therefore, the sum of the jobs’ sizes, P , is greater than
4m − 254C − pmin 5 + C = 4m − 15C − 4m − 25pmin .
On the other hand, by the contradiction assumption, in sm
there are two machines with total load of at most C. Therefore, the total load on the remaining 4m − 25 machines is
at least P − C > 4m − 254C − pmin 5. Thus, there must exist
a machine with load greater than C − pmin . We obtain the
following lower bound:
Lmax 4sm 5 > C − pmin 0

(1)

We next provide a lower bound on the load of any
machine in sm . Let pm denote the length of the mth-longest
job in I, and let l be the last job on the most-loaded
machine in sm . By Claim 2 there exists a job at least as
long as job l on this machine. Because LPT first assigns a
single job on each machine, pl ¶ pm . Moreover, by LPT,
the load on every machine in sm is at least Lmax 4sm 5 − pl .
We obtain the following inequality for every machine i:
Li 4sm 5 ¾ Lmax 4sm 5 − pl
¾ Lmax 4sm 5 − pm > C − pmin − pm 1

(2)

where the last inequality follows from Equation (1).
In sm , the first job on every machine has a load
of at least pm , whereas every other job has a load of
at least pmin . Thus, the load of every machine in sm with
at least two jobs is at least pm + pmin . By the assumption
that there exist two machines in sm with total load of at
most C, the least-loaded machine has a load of at most
C/2. By Equation (2), its load is greater than C −pmin −pm .
This implies that:
pl + pmin > C/20

(3)

Let M1 , M2 denote the least-loaded and the second-leastloaded machine in sm , respectively. Distinguish between
three cases:
Case 1: M1 holds at least two jobs. Recall that the load
of every machine with at least two jobs is at least pm + pmin ,
which is greater than C/2 by Equation (3). Therefore, the
total load on any two machines exceeds C.
Case 2: M1 holds a single job and M2 holds at least
two jobs. In this case, the load of M2 is at least pm +
pmin , and the load on M1 is greater than C − pmin − pm (by
Equation (2)). Summed together, their total load exceeds C.
Case 3: M1 and M2 each hold a single job. We distinguish between two cases:
1. I ¶ 24m − 15: A known property of LPT is that
if the total number of jobs is at most twice the number
of machines, then LPT produces a schedule of minimum
makespan (Graham 1969). Specifically, if I ¶ 24m − 15,
then any schedule of I on m − 1 machines has makespan
0
of at least Lmax 4sm−1 5 > C. Consider the schedule sm−1
,
induced by sm by merging the jobs on M1 and M2 into a
0
0
5 = max8L1 4sm−1
5+
single machine. It holds that Lmax 4sm−1
0
L2 4sm−1 51 Lmax 4sm 59. Because Lmax 4sm 5 ¶ C, it must hold
0
0
that L1 4sm−1
5 + L2 4sm−1
5 > C.
2. I > 24m − 15: Because M1 , M2 each hold a single
job, there are I − 2 > 24m − 25 jobs that are assigned to
the other m − 2 machines, implying that there must exist a
machine holding at least three jobs. The first of these jobs
is of size at least pm , and the second is of size at least pmin .
Given that LPT assigned a third job to this machine and
not to M1 , it must be that the load on M1 at the time of
the assignment was at least pm + pmin , which is greater than
C/2 by Equation (3).
We conclude that the total load on any two machines is
greater than C, in contradiction to the assumption. This
establishes the assertion of the lemma. 
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3. Equilibrium Existence and
Computation
Under the uniform sharing rule, a pure NE might not
exist. Consider, for example, an instance with two jobs
of sizes 1, 10, and with activation cost B = 4. On dedicated machines, the jobs’ costs are 5 and 14, respectively.
If they are assigned together, they both pay 13. Thus, no
schedule is stable: the short job will escape to a dedicated
machine, whereas the long job will always join it. In contrast, under the proportional sharing rule a pure NE always
exists. In what follows, we present an algorithm that computes an NE in polynomial time.
Algorithm LPT∗ :
1. Assign each job j such that pj ¾ B (henceforth long
jobs) to a dedicated machine.
2. Assign the remaining jobs (henceforth short jobs) by
algorithm LPT to m machines, where m is the minimal
number of machines such that LPT produces a schedule
with makespan at most B.
Observe that the number of machines used in the second
step is well defined: because all the participating jobs are
shorter than B, a schedule having makespan less than B
exists. The running time of LPT∗ is O4n log2 n5. In particular, long jobs are identified and scheduled in time O4n5,
the short jobs are sorted in time O4n log n5, and then LPT
is executed at most log n times (binary search for the
right value of m—which is an integer in the range 611 n7).
We next prove that Algorithm LPT∗ produces an NE.
Theorem 5. Every profile obtained by algorithm LPT∗
is an NE.
Proof. Let s be a profile that is obtained by algorithm
LPT∗ . We show that no unilateral migration from s is beneficial. By Observation 1, no long job can benefit from
migration; and by Observation 3, no short job can benefit
from joining a long job or from activating a new machine.
It remains to show that no short job can benefit from
migrating to another LPT machine. If the total load of
short jobs is at most B, then LPT∗ assigns them to a single machine; and no migrations among LPT machines are
possible.
If the total load of short jobs is more than B, then
LPT∗ assigns them to multiple machines. We show that no
migrations among these machines is beneficial. Let j be a
short job assigned to Mi . We show that it cannot benefit
by migrating to some LPT machine Mi0 . A known property of LPT is that the load of Mi0 after the migration
is at least the load of Mi in s; i.e., Li0 4s5 + pj ¾ Li 4s5.
Consequently, only load-increasing migrations should be
considered. By Claim 1, it suffices to show that B ¶
4Li 4s54Li0 4s5+pj 55/pj = 4Li 4s5Li0 4s55/pj +Li 4s5. Because
Li 4s5 ¾ pj , it follows that 4Li 4s5Li0 4s55/pj + Li 4s5 ¾
Li0 4s5 + Li 4s5 ¾ B, where the last inequality follows from
Lemma 1. 

Remark 1. We defer to the appendix a simpler proof for
the existence of a pure NE under the proportional sharing rule. That proof shows that any lexicographically minimal assignment to m machines such that m is the minimal
number of machines for which the lexicographically minimal assignment does not exceed B is an NE. Although
that other proof is simpler, the current algorithm is superior in two ways. First, finding a lexicographically minimal
assignment is an NP-hard problem. Its hardness follows
from the fact that every lexicographically minimal assignment minimizes the makespan, and makespan minimization
is known to be NP-hard (Garey and Johnson 1979). In contrast, as stated above, algorithm LPT∗ computes an NE in
polynomial time. Second, the current result establishes the
new property of the (standard) LPT algorithm, presented in
Lemma 1, which may be of interest independently of its
game-theoretic interpretation.
Remark 2. An instance might have several different Nash
equilibria. For example, for any sufficiently large integer
k, consider an instance with k! unit-length jobs and with
activation cost B = k!. For every number of machines m ∈
811 0 0 0 1 k9, a balanced assignment of k!/m jobs to each of
the machines is an NE. All of the jobs experience the same
cost of k!/m + m. Migrating to a new machine would result
in cost k! + 1 ¾ k!/m + m and is therefore nonbeneficial.
Migrating to another open machine would result in cost
k!/m + 1 + k!/4k!/m + 15 > k!/m + m and is also nonbeneficial. Thus, this game has at least k different NE (corresponding to the different number of machines that are
activated).
Remark 3. Although an NE can be found in polynomial
time, finding a best Nash equilibrium is an NP-hard problem, as we show in §5.1.

4. Convergence of Best-Response
Dynamics
Best-response dynamics (BRD) is a local search method
where in each step some player is chosen and plays its
best-response strategy, given the strategies of the others.
In systems where agents repeatedly perform improvement
steps until they reach a Nash equilibrium, the notion of
a pure NE is well justified. In order to better understand
the behavior of these dynamics, this section explores the
convergence rate of best-response dynamics into a pure NE.
We first show that unlike other job-scheduling games,
in our model BRD do not necessarily converge to a Nash
equilibrium.
Observation 6. Under the proportional sharing rule BRD
might not converge to an NE.
Proof. Consider the instance with four jobs of lengths 10,
10, 10, 20, and B = 72. In a machine with two jobs of
length 10, each of the jobs incurs a cost of 36 + 20 = 56.
In a machine with jobs of lengths 10 and 20, the jobs of
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lengths 10 and 20 cost 24 + 30 = 54 and 48 + 30 = 78,
respectively. In a machine with jobs of lengths 10, 10, 20,
each of the jobs of length 10 incurs a cost of 18 + 40 = 58,
whereas the long job’s cost is 36 + 40 = 76. Consider a
profile in which two jobs of length 10 are assigned to one
machine and jobs of lengths 10, 20 are assigned to a second machine. The long job can reduce its cost by migrating
to the other machine. Then, one of the jobs of length 10
assigned to the machine that the long job joined can benefit
by migrating to the other machine. That brings the system
back to the initial configuration. Thus, BRD are not guaranteed to converge. 
Note that in the last example, BRD will not converge
to an NE under the given initial state, independent of the
order in which the agents respond.
In contrast to the case of heterogeneous jobs, if all the
jobs have the same length, then the induced game is equivalent to a congestion game in which the maximal number
of resources is n (Rosenthal 1973). Without loss of generality, we assume that pj = 1, i.e., the case of unit-length
jobs; the activation cost can be scaled accordingly. In the
case of unit-size jobs, one can easily verify that the funcP
tion ê4s5 = i 4B · Hli + 21 li2 5, where li denotes the number
of jobs on machine i, H0 = 0, and Hk = 1 + 1/2 + · · · + 1/k,
is a potential function for the game. Convergence to an NE
is guaranteed in potential games, but the convergence time
might be exponential.
In many cases, the convergence time depends on the
order in which the players apply their best-response moves.
In a follow-up work (Feldman and Tamir 2012), we study
the convergence time of BRD in the setting introduced in
this work for the case of unit-length jobs. We show that the
convergence of BRD might take ì4n log4n/B55 moves, but
we also introduce a specific form of BRD that converges
faster. In particular, we show that if at every time step, a
job that incurs the highest cost is chosen to perform its best
response, then convergence occurs within a linear number
of moves.

5. Equilibrium Quality
In this section we study the inefficiency caused due to
strategic behavior, as quantified by the price of anarchy
(PoA) and price of stability (PoS) measures. We compute
the PoA and PoS with respect to the objective of minimizing the highest cost among all the jobs; that is, given a
profile s, the social cost of s is given by g4s5 = maxj cj 4s5.
All of the results in this section refer to the proportional
sharing rule.
We provide tight parametric bounds on the PoA and PoS,
which depend on the ratio between the activation cost (B)
and the longest job. Formally, let B be the length of the
longest job in the instance.
We first observe that if there exists a job of length at least
B, then every NE is optimal.

Operations Research 60(3), pp. 529–540, © 2012 INFORMS

Observation 7. If there exists a job j such that pj ¾ B
(i.e.,  ¾ 1), then PoA = 1.
Proof. Let j 0 = arg maxj pj . In particular, pj 0 ¾ B.
By Observation 2, for every NE profile s and every job
j, cj 4s5 ¶ pj + B. Therefore, maxj cj 4s5 ¶ pj + B ¶ pj 0 +
B. On the other hand, in any schedule, and in particular the optimal profile s ∗ , maxj cj 4s ∗ 5 ¾ cj 0 4s ∗ 5 ¾ pj 0 + B,
where the last inequality follows from Observation 1. Thus,
PoA = 1 as required. 
In light of the last observation, the interesting case is
where  < 1, which is the focus of the remainder of this
section. The following theorem provides a tight bound on
the PoA as a function of .
Theorem 8.
√ For every  < 1, it holds that PoA ¶
41 + 5/42 5. In addition, for every 
√< 1, there exists
an instance such that PoA = 41 + 5/42 5.
Proof. We first provide an upper bound for thepPoA.
By Observation 1, the cost of a job j is at least 2 √pj B;
in particular, the cost of the longest job is at least 2 B.
On the other hand, by Observation 2, cj 4s5 ¶ pj + B
for every job
√ s. Therefore, PoA ¶
√ j and NE profile
4B + B5/42 B5 = 41 + 5/42 5.
For the lower bound, consider an instance with B unitlength jobs. That is, √= 1/B. An optimal schedule assigns
the jobs in groups of B jobs to each machine (w.l.o.g., B
is a square of√some integer). In this schedule, the cost of
every job is 2 B. However, a schedule that assigns all the
jobs to a single machine is also an NE, because each job
incurs a cost of B + 1, which cannot be reduced by migrat√
ing to a new
√ machine. We get: PoA ¾ 4B + 15/42 B5 =
41 + 5/42 5. 
The term in the last theorem (which bounds the PoA)
tends to infinity as  gets closer to zero. Thus, there is
no universal bound on the price of anarchy. We note that
the bounds for the PoA are identical for the objective of
minimax and the minisum objective (studied in Chen and
Gürel 2012). This is explained by the fact that the worst NE
is achieved with one machine and identical jobs, in which
case all jobs have the same cost, and therefore the average
and the maximal cost are the same.
In contrast, the following couple of theorems show that
the price of stability is always smaller than 5/4, and this is
tight.
Theorem 9. For every instance of the problem, it holds
that PoS < 5/4.
Proof. Let p = B be the length of the longest job
in the instance, for  < 1. If  > 1/4, then we show
that the Price of Anarchy is less than 5/4. By Obser√
vation 1, the cost
√ of the longest job is at least 2 pB;
thus, OP T ¾ 2 pB. On the other hand, by Observation 2,
cj 4s5 ¶ pj + B ¶ p + B for every √
job j and NE profile
√ s.
It follows that PoA ¶ 4B + p5/42 pB5 = 41 + 5/42 5.
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It is easy to verify that the last expression is smaller than
5/4 for  > 1/4. The assertion follows because PoS ¶
PoA. Note that in this case an NE achieving PoS < 5/4
can be computed by Algorithm LPT∗ .
Otherwise,  ¶ 1/4. Let m be the minimal number of
machines such that algorithm LPT on m machines
produces
√
a schedule whose makespan is at most 24  − 2 5B, and
let s be a profile obtained by LPT on m machines. We distinguish between two cases:
Case 1: The total processing time of the jobs is at most
√
24  − 2 5B. In this case, all the jobs are assigned to a
single machine, i.e., m = 1, and this is an NE by Observation 4. The maximal cost is realized by the longest job (of
length B). Let f 4P 5 = P + 4B 2 5/P denote the cost of the
longest
√ job as a function of the total processing time P . If
P < B, then f 4P 5 decreases in P , and assigning all the
jobs to a single machine
achieves the optimal cost; thus,
√
PoS = 1. If P ¾ B, then f 4P 5 increases in
√ P , and it
suffices to bound the maximal cost for P = 24  − 2 5B.
It follows that
√
√
f 424  − 2 5B5 f 424  − 2 5B5 5
PoS ¶
¶
< 1
√
OP T
4
2 B
√
where the inequality OP T ¾ 2 B follows from Observation 1, and the last inequality holds for every  ¶ 1/4.
Case√2: The total processing time of the jobs is more
than 24  − 2 5B. In this case, m ¾ 2. We first provide a
lower bound for the load of any machine.
Claim 3. The√load on any machine in the profile s is
greater than 4  − /2 − 2 5B.
√
Proof. By Lemma 1 (applied with C = 24  − 2 5B),
the√total load on any two machines must be greater than
that the
24  − 2 5B. Assume by way of contradiction
√
load on some machine is at most 4  − /2 − 2 5B.
Because s is produced by LPT, the gap in the load between
any two machines cannot exceed the length of the longest
job, which is√B. Therefore, the load of any other machine
is at most 4  − /2 − 2 5B + B. We get that
√ the total
load on these two machines is at most 24  − 2 5B,
in contradiction to Lemma 1. 
Next, we show that the profile s is an NE.
Claim 4. The profile s is an NE.
√
Proof. Observe that for any  ¶ 1/4, 24  − 2 5 < 1;
thus, the makespan is less than B. Therefore, by Observation 3, no job will migrate to a dedicated machine. Because
in schedules obtained by LPT unilateral migrations cannot
decrease the load, and because a job is indifferent if its load
does not change, it suffices to show that no load-increasing
deviation is profitable. It also follows from LPT that the
gap between any two machines cannot exceed the length
of the longest
job, i.e., B, and by Lemma 1 (applied with
√
C = 24  − 2 5B),
√ the total load on any two machines
is greater than 24  − 2 5B. Given a lower bound on the

sum of the two loads, and an upper bound on the difference between the two loads, one can obtain the following bound on their multiplication. Specifically, for any two
machines Mi , Mi0 ,
 


√
√


Li 4s5Li0 4s5 ¾
B
B
 − 2 −
 − 2 +
2
2


√ 2
2
4
=  − 2  +  −
B2 0
(4)
4
By Claim 1 a load-increasing migration from load Li 4s5
to load Li0 4s5 is profitable for a job of length pj only if
B > Li 4s54Li0 4s5 + pj 5/pj . However,
Li 4s54Li0 4s5 + pj 5
pj
Li 4s5Li0 4S5
+ Li 4s5
pj




√
√


> 1 − 2  + 3 −
 − − 2 B
B+
4
2


√
3
+ 3 − 2 B1
= 1 − 42 − 15 −
4

=

where the inequality follows from Equation (4) and
Claim 3. The last expression is greater than B for every
 ¶ 1/4. 
Let Mi be the machine on which the maximal cost is
achieved. Because pj ¶ B for every job j,
max cj 4s5 = max cj 4s5 ¶ Li 4s5 +
j

j2 sj =Mi

B 2
0
Li 4s5

2
Let f 4x5 = x +
√4B 5/x. The function f 4x5 decreases√in x
for every x < B and increases
√ in x for every x > B.
Because for every i, Li 4s5√¶ 24 −2 5B (by the construction of s) and Li 4s5 > 4  − /2 − 2 5B (by Claim 3),
it suffices to bound
√ the maximal cost at these two points.
Because OP T ¾ 2 B, it follows that
√
√


f 424  − 2 5B5 f 44  − /2 − 2 5B5
1
0
PoS ¶ max
√
√
2 B
2 B

The assertion of the theorem follows
√ by observing
√that for
every  ¶ 1/4 √
it holds that 4f 424  − √
2 5B55/42 B5 <
5/4, and 4f 44  − /2 − 2 5B55/42 B5 ¶ 101125 <
5/40 
Remark 1. The last proof, in addition to bounding the
PoS, also provides a polynomial-time algorithm for finding an NE with cost less than factor 5/4 from the social
optimum.
Remark 2. The last result should be contrasted with loadbalancing games in which a job’s cost equals its machine’s
load, where there always exists a social optimum that is an
NE (Vöcking 2007), and thus the price of stability is 1.
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We next show that the above upper bound is tight. That
is, for every  > 0, there exists an instance for which the
ratio between the best NE and the social optimum is greater
than 5/4 − . Interestingly, this ratio can be achieved with
unit-length jobs.
Theorem 10. For every  > 0 there exists a job-scheduling
game with unit-length jobs for which PoS > 5/4 − .
Proof. Let b be an integer larger than 2/, and let B = b 2 .
Consider an instance with n = 2b − 2 unit-length jobs.
We claim that the game induced by this instance has a
unique NE in which all the jobs are assigned to a single
machine. Because n < B, it follows from Observation 4
that this is an NE. To prove uniqueness, assume by way
of contradiction that there is an NE schedule s in which
the number of activated machines is at least 2, and let ni
denote the number of jobs assigned to machine Mi in s.
Having unit-length jobs, the cost of a job that is assigned
to a machine with load k is c4k5 = k + B/k. If m = 2, then
for some r > 0, n1 = b − r and n2 = n − n1 = b − 2 + r. It
is easy to verify that for any r > 0, c4b − r5 > c4b − 1 + r5;
thus, jobs on the first machine benefit from migrating to
the second machine, contradicting the assumption that this
is an NE. If m > 2, then because n = 2b − 2, there must
exist at least two machines with at most b − 1 jobs; denote
them i1 i0 . It is easy to verify that for any 0 < ni ¶ ni0 ¶
b − 1 it holds that c4ni 5 > c4ni0 + 15. Therefore, a unilateral
migration from machine Mi to machine Mi0 is beneficial,
in contradiction to s being a Nash equilibrium. It follows
that assigning all the jobs to a single machine is the unique
NE. The cost of each job in this schedule is c42b − 25 =
2b − 2 + B/42b − 25.
Consider next a schedule of this instance with two activated machines, each holding b − 1 jobs. The cost of each
job in this schedule is c4b − 15 = b − 1 + B/4b − 15. It follows that:
PoS ¾

2b − 2 + B/42b − 25 5b 2 − 8b + 4
= 2
0
b − 1 + B/4b − 15
4b − 4b + 2

One can easily verify that the last expression is greater
than 5/4 −  for every b > 2/. This establishes the assertion of the theorem. Note that the ratio approaches 5/4 as
the ratio between the job’s length and the activation cost
increases. 
Remark. Although the focus here is on pure Nash equilibria, our results have direct implications on the price of
anarchy and the price of stability with respect to mixed
Nash equilibria. In the general case, because the PoA is
unbounded already with respect to pure strategies, then it is
trivially unbounded with respect to mixed strategies as well.
In addition, for the special case in which there exists a job
whose length exceeds (or equals) B, it is not too difficult
to extend Observation 7, which shows that the PoA is 1, to
work with respect to mixed strategies as well. Regarding
the price of stability, our positive results (i.e., a tight bound

of 5/4) trivially carry over to mixed NE (because the best
mixed NE is at least as good as the best pure NE, by definition). Finding a tight bound for the price of stability under
mixed equilibria is left as an open problem.
5.1. Computational Hardness of the
Best Nash Equilibrium
Although an NE can be found in polynomial time, finding
a best Nash equilibrium is an NP-hard problem, as derived
from the following theorem.
Theorem 11. Given an instance of our game and some
c ∈ , it is NP-hard to determine whether there exists an
NE that achieves social cost less than or equal to c.
Proof. We show a reduction from the Partition problem.
The input of Partition is a set A of n integers a1 1 0 0 0 1 an
with a total size of 2S for some integer S. The goal is to
decide whether A contains a subset of total size S. Given
A, consider the game instance consisting of n jobs having lengths a1 1 0 0 0 1 an , and machines with activation cost
B = S 2 /amax , where amax is the length of the longest job,
and let c = 2S.
We show that the game admits an NE with a social cost
of at most 2S if and only if A admits a partition. Assume
first that A admits a partition, and consider a schedule s on
two machines, each having a load of S. Because all the jobs
incur the same load, the maximal cost is incurred by the
longest job and is given by S + amax B/S = 2S. It remains
to show that s is an NE. Consider a job j of length aj .
By Claim 1, moving to an empty machine is beneficial
only if B < S; that is, if S < amax , which is false by the
existence of a partition. Moving to the nonempty machine
is beneficial, by Claim 1, only if B > S4S + aj 5/aj ; that is,
if S/amax > 4S + aj 5/aj , which is clearly false. It follows
that s is an NE.
In the other direction, assume that A does not admit a
partition. This implies that in any NE, the longest job is
assigned to a machine with load l 6= S. The cost of the
longest job is given √
by l + amax B/l, which achieves its minimal value for l = amax B = S. Therefore, for any l 6= S,
the cost of the longest job is strictly greater than c. The
assertion of the theorem is established. 
Remark. Note that the proof of Theorem 9 essentially suggests a polynomial-time algorithm for finding an NE that
approximates the social optimum within a factor of 5/4.
Clearly, such an NE also approximates the best NE within
a factor of 5/4. From the lower bound established in Theorem 10, it follows that this is the best approximation to
the social optimum that can be found. The problem of
approximating the best NE within a factor smaller than 5/4
remains open. We also note that the NE schedule computed
by Algorithm LPT∗ , given in §3, as well as the NE schedule produced by a lexicographically minimal assignment,
as described in the appendix, do not approximate the social
welfare well. In particular, for the instance that is used to
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prove the lower bound of the PoA (given in the proof of
Theorem 8), both LPT∗ and the lexicographically minimal
assignment result in the worst NE.
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6. Conclusions and Open Problems
The current work considers job-scheduling settings with
conflicting congestion effects, and establishes results with
respect to NE existence, computation, quality, and convergence. Our results indicate that the new setting of conflicting congestion effects significantly affects the properties of
the obtained game. Our analysis and results suggest several
intriguing open questions for future work.
1. It is desirable to generalize our results to other jobscheduling settings with different machines models, different sharing rules, different cost structures, and different
social choice functions.
2. It would be interesting to provide a characterization of instances or initial states from which best-response
dynamics (or other types of dynamics, such as betterresponse dynamics) are guaranteed to converge to a Nash
equilibrium.
3. It is desirable to study this model with respect to
additional notions of equilibria. In particular, studying the
existence and quality of a strong equilibrium (where stability is guaranteed against coalitional deviations) would be
interesting.
4. We proved that finding the best Nash equilibrium is
an NP-hard problem. The proof of Theorem 9 essentially
suggests a polynomial-time algorithm for finding an NE that
approximates the social optimum, and therefore also the best
NE within a factor of 5/4. The problem of approximating
the best NE within a factor smaller than 5/4 remains open.
Appendix. Equilibrium Existence
In this section we prove that any lexicographically minimal
assignment of the short jobs on m machines, such that m is the
minimal number of machines for which the lexicographically minimal assignment of these jobs does not exceed B, is an NE. We
first define a complete order on the profiles.
Definition 2. A vector 4L1 1 L2 1 0 0 0 Lm 5 is smaller than
4L̂1 1 L̂2 1 0 0 0 L̂m 5 lexicographically if for some i, Li < L̂i and
Lk = L̂k for all k < i. A profile s is smaller than s 0 lexicographically if the vector of machine loads L4s5 = 4L1 4s51 0 0 0 1 Lm 4s55,
sorted in nonincreasing order, is smaller lexicographically than
L4s 0 5, sorted in nonincreasing order.
We use the following property of the lexicographically minimal
assignment.
Claim 5. Let s be a lexicographically minimal assignment, and
suppose that job j is assigned to machine Mi . Then, Li0 4s5 + pj ¾
Li 4s5 for every i0 6= i.
Proof. If Li0 4s5 ¾ Li 4s5, the statement holds trivially. Otherwise (i.e., Li0 4s5 < Li 4s5), suppose by way of contradiction that
Li0 4s5 + pj < Li 4s5; then, the schedule that assigns the job of

length pj to the machine of load Li0 4s5 produces a lexicographically smaller assignment, in contradiction to the minimality
of s. 
Given an instance of jobs I, let Ishort ⊆ I be the subset of jobs
having length less than B. Let ŝk be the lexicographically minimal assignment of Ishort on k machines. Let m be such that the
makespan under ŝm is smaller than B, whereas the makespan under
ŝm−1 is at least B. Note that m is well defined, because all the
participating jobs are shorter than B.
Let ŝ be the profile in which (i) every j s.t. pj ¾ B is assigned
to a dedicated machine and (ii) the jobs of Ishort are assigned
according to ŝm .
Theorem 12. The profile ŝ is an NE.
Proof. We show that none of the possible migrations is beneficial. By Observation 1, no long job can benefit from migration,
and by Observation 3 no short job can benefit from joining a long
job or from activating a new machine. It remains to show that no
short job can benefit from migrating to another machine of ŝm . Let
j be a short job assigned to Mi . By Claim 5, Li0 4ŝ5 + pj ¾ Li 4ŝ5
for every i0 6= i. In other words, only load-increasing migration can
be performed. By Claim 1, such migrations are beneficial for job
j if and only if B > 4Li 4ŝ54Li0 4ŝ5 + pj 55/pj . Assume pj = Li 4ŝ5
for some 0 <  ¶ 1. Then the migration condition can be written
as B > 4Li 4ŝ54Li0 4ŝ5 + Li 4ŝ555/4Li 4ŝ55 = 4Li0 4ŝ55/ + Li 4ŝ5 ¾
Li0 4ŝ5 + Li 4ŝ5. Therefore, to obtain a contradiction, it is sufficient
to show that for every i, i0 , Li 4ŝ5 + Li0 4ŝ5 ¾ B. Assume by way
of contradiction that there exist i, i0 , s.t. Li 4ŝ5 + Li0 4ŝ5 < B. Consider the schedule that is identical to ŝ except the jobs assigned to
machines i and i0 are jointly assigned to a single machine. This
schedule produces a makespan smaller than B on m − 1 machines,
which is a contradiction to the choice of m. 
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Endnotes
1. Jobs, players, and users are used interchangeably throughout
the paper.
2. The concept of activation cost has been studied in a cooperative game-theoretic setting of facility location by Jain and Mahdian (2007). In the facility location game, each facility has an
activation cost, and the cost of each set of players is the sum
of the activation cost of the facilities and the cost of connecting every player to an opened facility. However, facility location
games have been studied mainly within the framework of cooperative game theory, which is very different from ours. Also, the
individual cost of a player is independent of the players sharing
a facility with him.
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