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Abstract
A Nash Equilibriun (NE) is a strategy profile that is resilient to unilateral deviations,
and is predominantly used in analysis of competitive games. A downside of NE is that it
is not necessarily stable against deviations by coalitions. Yet, as we show in this paper, in
some cases, NE does exhibit stability against coalitional deviations, in that the benefits from
a joint deviation are bounded. In this sense, NE approximates strong equilibrium (SE) [6].
We provide a framework for quantifying the stability and the performance of various
assignment policies and solution concept in the face of coalitional deviations. Within this
framework we evaluate a given configuration according to three measurements: (i) IRmin :
the maximal number α, such that there exists a coalition in which the minimum improvement
ratio among the coalition members is α (ii) IRmax : the maximum improvement ratio among
the coalition’s members. (iii) DRmax : the maximum possible damage ratio of an agent
outside the coalition.
This framework can be used to study the proximity between different solution concepts,
as well as to study the existence of approximate SE in settings that do not possess any such
equilibrium. We analyze these measurements in job scheduling games on identical machines.
In particular, we provide upper and lower bounds for the above three measurements for both
NE and the well-known assignment rule Longest Processing Time (LPT) (which is known
to yield a NE). Most of our bounds are tight for any number of machines, while some are
tight only for three machines. We show that both NE and LPT configurations yield small
constant bounds for IRmin and DRmax . As for IRmax , it can be arbitrarily large for NE
configurations, while a small bound is guaranteed for LPT configurations. For all three
measurements, LPT performs strictly better than NE.
With respect to computational complexity aspects, we show that given a NE on m ≥ 3
identical machines and a coalition, it is NP-hard to determine whether the coalition can
deviate such that every member decreases its cost. For the unrelated machines settings, the
above hardness result holds already for m ≥ 2 machines.
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Introduction

We consider job scheduling problems, in which n jobs are assigned to m identical machines and
incur a cost which is equal to the total load on the machine they are assigned to1 . These problems
have been widely studied in recent years from a game theoretic perspective [20, 3, 10, 11, 14].
In contrast to the traditional setting, where a central designer determines the allocation of jobs
into machines and all the participating entities are assumed to obey the protocol, in distributed
settings, the situation may be different. Different machines and jobs may be owned by different
strategic entities, who will typically attempt to optimize their own objective rather than the
global objective. Game theoretic analysis provides us with the mathematical tools to study such
situations, and indeed has been extensively used in recent years by computer scientists. This
trend is motivated in part by the emergence of the Internet, which is composed of distributed
computer networks managed by multiple administrative authorities and shared by users with
competing interests [23].
Most game theoretic models applied to job scheduling problems, as well as other network
games (e.g., [13, 2, 24, 4]), use the solution concept of Nash equilibrium (NE), in which the
strategy of each agent is a best response to the strategies of all other agents. While NE is
a powerful tool for predicting outcomes in competitive environments, its notion of stability
applies only to unilateral deviations.
However, even when no single agent can profit by a
unilateral deviation, NE might still not be stable against a group of agents coordinating a joint
deviation, which is profitable to all the members of the group. This stronger notion of stability
is exemplified in the strong equilibrium (SE) solution concept, coined by Aumann (1959). In
a strong equilibrium, no coalition can deviate and improve the utility of every member of the
coalition.
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Figure 1: An example of a configuration (a) that is a Nash equilibrium but is not resilient against
coordinated deviations, since the jobs of load {5, 5, 2, 2} all profit from the deviation demonstrated in
(b).

As an example, consider the configuration depicted in Figure 1(a). It is a NE since no job
can reduce its cost through a unilateral deviation (recall that the cost of each job is defined
to be the load on the machine it is assigned to, as assumed in many job scheduling models).
One may think that a NE on identical machines is also sustainable against joint deviations.
1

This cost function characterizes systems in which jobs are processed in parallel, or when all jobs on a particular
machine have the same single pick-up time, or need to share some resource simultaneously.
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Yet, as was already observed in [3], this may not be true2 . For example, the configuration
above is not resilient against a coordinated deviation of the coalition Γ = {5, 5, 2, 2} deviating
to configuration (b), where the jobs of load 5 decrease their costs from 10 to 8, and the jobs of
load 2 improve from 5 to 4. Note that the cost of the two jobs of load 3 (which are not members
of the coalition) increases.
In the example above, every member of the coalition improves its cost by a (multiplicative)
factor of 54 . By how much more can a coalition improve? Is there a bound on the improvement
ratio? As it will turn out, this example is in fact the most extreme one in a sense that will be
clarified below. Thus, while NE is not completely stable against coordinated deviations, in some
settings, it does provide us with some notion of approximate stability to coalitional deviations
(or approximate strong equilibrium).
In this paper we provide a framework for studying the notion of approximate stability to
coalitional deviations. In our analysis, we consider three different measurements. The first two
measure the stability of a configuration, and the third measures the worst possible effect on the
non-deviating jobs.
1. Minimum Improvement Ratio: This notion is discussed in Section 3, and refers to
configurations from which no coalition of agents can deviate such that every member of the
coalition improves by a large factor 3 . Formally, the improvement ratio of a job in the coalition
is the ratio between its pre- and post-deviation cost. We say that a configuration s forms an
α-SE if there is no coalition in which each agent can improve by a factor of more than α. This
notion was also studied by [1] in the context of SE existence. There, the author showed that
for a sufficiently large α, an α-SE always exists. The justification behind this concept is that
agents may be willing to deviate only if they improve by a sufficiently high factor (due to, for
example, some overhead associated with the migration).
For three machines, we show that every NE is a 54 -SE. That is, there is no coalition that
can deviate such that every member improves by a factor larger than 45 . For this case, we also
provide a matching lower bound (recall Figure 1 above), that holds for any m ≥ 3. For arbitrary
2
m, we show that every NE is a (2 − m+1
)-SE. Our proof technique draws a connection between
4
makespan approximation and approximate stability.
We also consider a subclass of NE, produced by the Longest Processing Time (LPT) rule
[17]. The LPT rule sorts the jobs in a non-increasing order of their loads and greedily assigns
each job to the least loaded machine. It is easy to verify that every configuration produced by
LPT is a NE [16]. Is it also a SE? Note that for the instance depicted in Figure 1, LPT would
2

This statement holds for m ≥ 3. For 2 identical machines, every NE is also a SE [3].
Throughout this paper, we define approximation by a multiplicative factor. Since the improvement and
damage ratios for all the three measurements presented below are constants greater than one (as will be shown
below), the additive ratios are unbounded. Formally, for any value a it is possible to construct instances (by
scaling the instances we provide for the multiplicative ratio) in which the cost of all jobs is reduced, or the cost
of some jobs is increased, by at least an additive factor of a.
4
makespan is defined as the maximum load on any machine in the configuration.
3

2

have produced a SE. However, as we show, this is not always the case. Yet, for m = 3, every
2
LPT-based configuration is a √34−4
-SE (≈ 1.092), and we also provide a matching lower bound,
1
that holds for any m ≥ 3. For arbitrary m, we show an upper bound of 43 − 3m
. These results
indicate that LPT is more stable than NE with respect to coalitional deviations.

2. Maximum Improvement Ratio: In Section 4 we study an alternative notion of approximate stability, in which there is no coalition such that some agent improves by a factor of more
than α. This notion is similar in spirit to stability against a large total improvement. Interestingly, we find out that given a NE configuration, the improvement ratio of a single agent may
not be bounded, for any m ≥ 3. In contrast, for LPT-based configurations on three machines,
no agent can improve by a factor of 35 or more and this bound is tight. Thus, with respect to
maximum IR, the relative stability of LPT compared to NE is significant. For arbitrary m, we
1
provide a lower bound of 2 − m
, which we believe to be tight.
3. Maximum Damage Ratio: As is the case for the jobs of load 3 in Figure 1, some jobs
might be hurt from a coalitional deviation. The third measurement that we consider is the
worst possible effect of a deviation on these naive jobs. Formally, the maximum damage ratio
is the maximal ratio between the pre- and post-deviation cost of a job. Note that it does not
measure the stability of a configuration – we assume that an agent’s motivation to deviate is not
influenced by the potential damage it will cause others. However, this measurement is important
since it guarantees a bound on the maximal damage that any agent can experience. In Section 5,
we prove that the maximum damage ratio is less than 2 for any NE configuration, and less than
3
2 for any LPT-based configuration. Both bounds hold for any m ≥ 3, and for both we provide
matching lower bounds. Note that the minimum damage ratio is of no practical interest.
In summary, our results in Sections 3-5 (see Table 1) indicate that NE-based configurations
are approximately stable with respect to the IRmin measurement. Moreover, the performance
of jobs outside the coalition would not be hurt by much as a result of a coalitional deviation.
It would be interesting to study in what families of games NE are guaranteed to provide approximate SE. As for IRmax , our results provide an additional benefit of the LPT rule, which is
already known to possess attractive properties (with respect to, e.g., makespan approximation
and stability against unilateral deviations).

NE
LPT

IRmin
upper bound
m=3
m≥3
5
2
2 − m+1
4
4
1
√ 2
3 − 3m
34−4

IRmax
upper
lower
bound bound
unbounded
5
1
2− m
3 (m=3)

lower
bound
5
4
√ 2
34−4

DRmax
upper lower
bound bound
2
2
3
2

3
2

Table 1: Our results for the three measurements. Unless specified otherwise, the results hold
for arbitrary m.
In Section 6, we study computational complexity aspects of coalitional deviations. We find
3

that it is NP-hard to determine whether a NE configuration on m ≥ 3 identical machines is a SE.
Moreover, given a particular configuration and a set of jobs, it is NP-hard to determine whether
this set of jobs can engage in a coalitional deviation. For unrelated machines (i.e., where each
job incurs a different load on each machine), the above hardness results hold already for m = 2
machines. These results might have implications on coalitional deviations with computationally
restricted agents.
Related work: NE is shown in this paper to provide approximate stability against coalitional
deviations. A related body of work studies how well NE approximates the optimal outcome
of competitive games. The Price of Anarchy was defined in [23, 20] as the ratio between the
worst-case NE and the optimum solution, and has been extensively studied in various settings,
including job scheduling [20, 10, 11], network design [2, 4, 5, 13], network routing [24, 7, 9], and
more.
The notion of strong equilibrium (SE) [6] expresses stability against coordinated deviations.
The downside of SE is that most games do not admit any SE, in contrast to NE which always
exists (in mixed strategies). Various recent works have studied the existence of SE in particular
families of games. [3] showed that in every job scheduling game and (almost) every network
creation game, a SE exists. In addition, [12, 18, 19, 25] provided a topological characterization for the existence of SE in different congestion games, including routing and cost-sharing
connection games. The vast literature on SE [18, 19, 22, 8] concentrate on pure strategies and
pure deviations, as is the case in our paper. In job scheduling settings, [3] showed that if mixed
deviations are allowed, it is often the case that no SE exists. When a SE exists, aside from its
robustness, it has other appealing preoperties. For example, in many cases, the price of anarchy
with respect to SE (denoted the strong price of anarchy in [3]) is significantly better than the
price of anarchy with respect to NE [3, 14, 21].

2

Model and Preliminaries

In our job scheduling setting there is a set of m identical machines, M = {M1 , . . . , Mm }, and
n jobs, N = {1, . . . , n}, where job j has load pj , and is controlled by a single agent (in the
remainder of the paper, we use agents and jobs interchangeably). A schedule s ∈ S : N → M
(also denoted a configuration) is an assignment of jobs into machines. The load of a machine Mi
in a configuration s ∈ S, denoted Ci (s), is the sum of the loads of the jobs assigned to Mi , that
P
is Ci (s) = {j|s(j)=Mi } pj . In our model, the individual cost of player j ∈ N , denoted cj (s), is
the total load on the machine job j is assigned to, i.e., cj (s) = Ci (s), where s(j) = Mi . Note
that the internal order of the jobs on a particular machine does not affect the jobs’ individual
costs.
A configuration s ∈ S is a pure Nash Equilibrium if no player j ∈ N can benefit from
unilaterally migrating to another machine. A configuration s ∈ S is a pure Strong Equilibrium
if no coalition Γ ⊆ N can form a coordinated deviation in a way that every member of the
coalition reduces its cost.

4

Recall that Ci (s) denotes the load on machine i in configuration s. Let s0 denote the postdeviation configuration. Then, Ci (s0 ) denotes the load on machine i after the deviation. When
clear in the context, we abuse notation and denote the load on machine i before and after the
deviation by Ci and Ci0 , respectively. In addition, we let Pi1 ,i2 be a binary indicator whose value
is 1 if some job in the coalition migrates from Mi1 to Mi2 , and 0 otherwise. Since jobs in the
coalition improve their cost by definition, Pi1 ,i2 = 1 implies that Ci02 < Ci1 . The improvement
ratio of a job j ∈ Γ, migrating from machine Mi1 (with initial load Ci1 ) to machine Mi2 (with
post-deviation load Ci02 ), is IR(j) = Ci1 /Ci02 . Clearly, for any job j in the coalition, IR(j) > 1.
The damage ratio of a job j 6∈ Γ, assigned on machine Mi is DR(j) = Ci0 /Ci . Clearly, for
any job j not in the coalition, IR(j) ≤ 1 (else j is part of the coalition). Finally, we refer to
coalitions deviating from NE or LPT-based configurations as NE-based and LPT-based coalitions,
respectively.
Definition 2.1 A configuration s is an α-strong equilibrium (α-SE) if for any deviation and
any coalition Γ, it holds that minj∈Γ IR(j) ≤ α. We also say that for any Γ, IRmin (s, Γ) ≤ α.
For the maximum improvement ratio, we say that IRmax (s, Γ) ≤ α if for any deviation of a
coalition Γ, it holds that maxj∈Γ IR(j) ≤ α.
For the maximum damage ratio, we say that DRmax (s, Γ) ≤ α if for any deviation of a
coalition Γ, it holds that maxj6∈Γ DR(j) ≤ α.
We next provide several useful observations and claims that prove useful in our analysis
below.
Observation 2.2 At least one job leaves any machine participating in an NE-based coalition.
Proof: Suppose that there exists a machine to which a job migrates but no job leaves. Then, the
job that migrates to it would also migrate alone, contradicting the original schedule is a NE. ¤
Definition 2.3 Assume w.l.o.g that M1 is the most loaded machine in a given configuration.
We say that a coalition obeys the flower structure if for all i > 1, P1,i = Pi,1 = 1 and for all
i, j > 1, Pi,j = 0 (See Figure 2).
M2

M3
M1

M5

M4

Figure 2: A graph representation of a coalition on 5 machines obeying the flower structure. There is an
edge from Mi to Mj if and only if Pi,j = 1.

In particular, for m = 3, a coalition obeys the flower structure if P1,2 = P2,1 = P1,3 = P3,1 = 1
and P2,3 = P3,2 = 0.
Claim 2.4 Any NE-based coalition on three machines obeys the flower structure.
Proof: Let M1 be the most loaded machine. We first show that P2,3 = P3,2 = 0. Assume first
5

that both P2,3 = P3,2 = 1. Thus, C20 < C3 and C30 < C2 . Clearly, since jobs only migrate among
P
P
the machines, i Ci = i Ci0 . Therefore, it must be that C10 > C1 . However, in any action of
a coalition the load on the most loaded machine does not increase. A contradiction. Therefore,
at most one of P2,3 , P3,2 can be 1. Assume w.l.o.g that P2,3 = 1. By Observation 2.2 some job
leaves M3 , and by the above it cannot be to M2 . Thus, it must be that P3,1 = 1. Similarly, some
job leaves M1 . If P1,2 = 1, then we get that C10 < C3 , C20 < C1 , and C30 < C2 , contradicting
P
P 0
then we get that C10 < C3 , C20 < C2 (no job is added to M2 ),
i Ci =
i Ci . If P1,3 = 1 P
P
0
and C3 < C1 , contradicting i Ci = i Ci0 again. Thus, P2,3 = 0. The proof of P3,2 = 0 is
symmetric.
In order to get the flower structure we need to show P1,2 = P1,3 = P2,1 = P3,1 = 1. We know
that all three machines participate in the coalition action. By the above P2,3 = P3,2 = 0. By
Claim 2.2 some job leaves each of M2 , M3 , therefore, P2,1 = P3,1 = 1. Also, some job leaves M1 ,
thus at least one of P1,2 , P1,3 equals 1. Assume w.l.o.g that P1,2 = 1. We show that also P1,3 = 1.
In particular, we show that C30 > C3 , and since P2,3 = 0 it must be that P1,3 = 1. Assume the
opposite, that is C30 ≤ C3 . We already know that P1,2 = P2,1 = 1. Thus, C20 < C1 , C10 < C2 ,
P
P
¤
and by our assumption C30 ≤ C3 . That is, i Ci0 < i Ci . A contradiction.
It is known [3] that any NE-schedule on two identical machines is also a SE. By the above
claim, at least four jobs participate in any coalition on three machines. Clearly, at least four
jobs participate in any coalition on m > 3 machines. Therefore,
Corollary 2.5 For every NE-based coalition Γ, it holds that |Γ| ≥ 4.

3

α-Strong Equilibrium

In this section, the stability of configurations is measured by min∈Γ IR(j). We first provide a
complete analysis (i.e. matching upper and lower bounds) for m = 3 for both NE and LPT. For
arbitrary m, we provide an upper bound for NE and LPT, and show that the lower bounds for
m = 3 hold for any m.
Theorem 3.1 Any NE schedule on three machines is a 45 -SE.
Proof: Given a NE configuration s on 3 machines, let Γ be a coalition, and r = IRmin (s, Γ). By
Claim 2.4, Γ obeys the flower structure. Therefore: C10 ≤ C2 /r ; C10 ≤ C3 /r ; C20 ≤ C1 /r ; and
P
C30 ≤ C1 /r. Let P = j pj (also = C1 + C2 + C3 ).
Summing up the above inequalities we get r ≤ (C1 + P )/(C10 + P ).
Claim 3.2 C1 ≤ P/2.
Proof: Let g be the larger between C1 − C2 and C1 − C3 . By the flower structure, there are at
least two jobs on M1 , thus g ≤ C1 /2 - since otherwise some job would benefit from leaving M1 ,
contradicting the NE. By definition of g, we know that 2C1 ≤ C2 + C3 + 2g, and since 2g ≤ C1 ,
we get that C1 ≤ P/2.
¤
Distinguish between two cases:
6

1. C10 ≥ P/5: in this case r ≤ (C1 + P )/(C10 + P ) ≤ (3P/2)/(6P/5) = 5/4.
2. C10 < P/5: It means that C20 + C30 > 4P/5 (M2 and M3 have the rest of the load), that
is, at least one of C20 , C30 > 2P/5. W.l.o.g. let it be M2 . By the flower structure some job
from M1 migrates M2 . This job’s improvement ratio is C1 /C20 , which, by Claim 3.2, is less
than (P/2)/(2P/5) = 5/4. Thus, again, r < 5/4.
¤
The above analysis is tight as shown in Figure 1. Moreover, this lower bound can be extended
to any m > 3 by adding m − 3 machines and m − 3 heavy jobs assigned to these machines. Thus,
Theorem 3.3 For m ≥ 3, there exists a NE schedule s and a coalition Γ s.t. IRmin (s, Γ) = 54 .
For LPT-based configurations, the bound on the minimum improvement ratio is lower:
2
Theorem 3.4 Any LPT-based schedule on three machines is a ( √34−4
≈ 1.0924)-SE.

Proof: Let M1 be the most loaded machine in the schedule. Let x be the lightest (also last) job
assigned to M1 (we also denote its load by x). Let ` denote the load on M1 before x is assigned
to it, that is ` = C1 − x. For a give LPT-based schedule s and a coalition Γ let r = IRmin (s, Γ).
By Claim 2.4, Γ obeys the flower structure. Therefore: C10 ≤ C2 /r; C10 ≤ C3 /r; C20 ≤
P
C1 /r; and C30 ≤ C1 /r. Let P =
j pj (also = C1 + C2 + C3 ). Summing up the above
inequalities we get
r≤

C1 + P
2` + 2x + C2 + C3
4` + 2x
≤ 0
≤ 0
.
C10 + P
C1 + ` + x + C2 + C3
C1 + 3` + x

(1)

The last inequality is due to the fact that C2 + C3 ≥ 2` (by the LPT rule, else x would not have
been assigned to M1 ), and since the middle term is decreasing with C2 + C3 (since C10 < ` + x).
We know that C20 + C30 = P − C10 (M2 and M3 have the rest of the load), thus, at least one of
C20 , C30 has load at least (P − C10 )/2. W.l.o.g. let it be M2 . Summing up C10 ≤ C2 /r; C10 ≤ C3 /r
+C3
we get C10 ≤ C22r
. Also, as explained above C2 + C3 ≥ 2`. Therefore, since some job migrates
from M1 to M2 we can bound r as follows.
r≤

C1
`+x
2` + 2x
2` + 2x
≤
=
≤
0
0
0
C2
(P − C1 )/2
P − C1
C1 + C2 + C3 −

C2 +C3
2r

≤

2` + 2x
` + x + 2`(1 −

1 .
2r )

Therefore, `r+xr+2`r−` ≤ 2`+2x. Implying r ≤ 3`+2x
3`+x . Note that this bound for r is decreasing
with ` and independent of C10 , while the bound 1 for r is increasing with ` and decreasing with
3`+2x
C10 . Therefore, the maximal possible value for r is achieved when C4`+2x
0 +3`+x = 3`+x . That is,
3`2 + `x − 3`C10 − 2xC10 = 0, or C10 =

3`2 +`x
3`+2x .

1

Distinguish between two cases:
√

2

2

+72`
1. C10 ≥ 3x: In this case we get 6x2 + 8`x − 3`2 ≤ 0 implying x ≤ −8`+ 64`
. That is,
12
√
`
3`+2x
2
x ≤ 6 ( 34 − 4). Therefore, r ≤ 3`+x ≤ √34−4 . Note that r is increasing with x.
√
2`+2x
√ 2
2. C10 < 3x: In this case we get x > 6` ( 34 − 4). Therefore, r ≤ 3`+x−y
≤ 2`+2x
.
3`−2x ≤
34−4
Note that r is decreasing with x.
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Figure 3: An LPT-based coalition on 3 machines in which all migrating jobs improve by

√ 2
.
34−4

The above analysis is tight as shown in Figure 3. Moreover, as for NE, this lower bound can
be extended to any m > 3 by adding dummy jobs and machines. Thus,
Theorem 3.5 For any m ≥ 3, there exists an LPT schedule s and a coalition Γ s.t. IRmin (s, Γ) =
√ 2
.
34−4
We next provide upper bounds for arbitrary m.
Definition 3.6 Let I = hN, M i be an instance of job scheduling with machines M and jobs N .
For a given M 0 ⊆ M , let N 0 ⊆ N be the set of jobs scheduled on M 0 , and consider the instance
I 0 = hN 0 , M 0 i. An assignment method is said to be subset-preserving if for any I, and M 0 , it
produces the same schedule on M 0 with input I and with input I 0 .
Claim 3.7 LPT is a subset-preserving method.
Proof: The proof is by induction on the order of the jobs in I 0 . Note that since N 0 is a sublist
of N , the jobs in N 0 are in the same order as in N . The first job is scheduled on the first empty
machine. For any other job j ∈ N 0 , by the induction hypothesis, when j is scheduled, the load
on each of the machines is identical to the load of the corresponding machines at the time j was
scheduled as a member of N . This load is generated only by jobs in N 0 that come before j in
N . Therefore, by LPT, j is scheduled on the least loaded machine among the machines M 0 . ¤
Also, note that NE has the subset-preserving property, that is, if a schedule on M machines
is NE, then the sub-schedule on any subset of M 0 ⊆ M of the machines is also NE.
Lemma 3.8 Let A be an assignment method that is (i) subset-preserving, (ii) yields Nash equilibrium, and (iii) approximates the minimum makespan within a factor of r, where r is nondecreasing in m. Then, A produces an r-SE.
Proof: Assume towards contradiction that there exists an instance I for A on m machines, such
that in the schedule of I produced by A, there exists a coalition in which the improvement ratio
of every member is greater than r. Let Γ be such a coalition of minimum size. For every machine
from which a job Jj migrates, there must exists a job migrating to it, otherwise, Γ \ {Jj } is also
a coalition having IRmin > r, in contradiction to the minimality of Γ. Let M 0 denotes the
set of machines that are part of the coalition, let N 0 ⊆ N be the set jobs assigned to M 0 by
A, and let m0 = |M 0 |. Consider the instance I 0 = hN 0 , M 0 i. Since A is subset-preserving, the
8

jobs of N 0 are scheduled by A on M 0 in I 0 exactly as their schedule on M 0 when scheduled as
part of I. In particular, when I 0 is scheduled by A, the coalition Γ exists, and all the machines
M 0 take part in it. Moreover, each of the jobs improves by a factor of more than r. In other
Ci
0
words, for any pair of machines i, j, such that Pi,j = 1, we have C
0 > r(m) ≥ r(m ), where
j

r(m) is the approximation ratio of A on m machines. On the other hand, since A produces an
r(m0 )-approximation, for any machine i, Ci ≤ r(m0 )OP T (I 0 ), where OP T (I 0 ) is the minimum
r(m0 )OP T (I 0 )
Ci
possible makespan of I 0 on M 0 machines. Therefore, if Pi,j = 1 then r(m0 ) < C
.
0 ≤
C0
j

j

In other words, for any machine j that receives at least one job, Cj0 < OP T (I 0 ).

However, since at least one job has migrated to each of the m0 participating machines, after
the deviation the machines M 0 are assigned all the jobs of N 0 and they all have load less than
OP T (I 0 ). A contradiction.
¤
The following two results are direct corollaries of Lemma 3.8, Claim 3.7, the observation that
NE has the subset preserving property, and the fact that LPT and NE provide the respective
1
2
approximation ratios of 43 − 3m
[17] and 2 − m+1
[15, 26] to the minimum makespan. These
bounds are not tight, but the gap between the lower and upper bounds is only a small constant.
We believe that the tight upper bound provided for m = 3 is a tight bound for arbitrary m for
both NE and LPT.
Corollary 3.9 Any schedule produced by LPT on m identical machines is a ( 34 −
Corollary 3.10 Any NE schedule on m identical machines is a (2 −

4

2
m+1 )

1
3m )

− SE.

− SE.

Maximum Improvement Ratio

In this section, the stability of a configuration is measured by max∈Γ IR(j). We provide a
complete analysis for NE configurations and any m ≥ 3, and for LPT configurations on three
machines. The lower bound for LPT on three machines can be extended to arbitrary m. Our
results show a significant difference between NE in general and LPT. While the improvement
ratio of NE-based coalition can be arbitrarily high, for LPT-based coalition, the highest possible
improvement ratio of any participating job is less than 53 .
Theorem 4.1 For any m ≥ 3 machines, the maximum improvement ratio of a NE-based coalition on m machines is not bounded.
Proof: Given r, consider the NE-schedule on 3 machines given in 4(a). The coalition consists
of {1, 1, 2r, 2r}. Their improved schedule is given in Figure 4(b). The improvement ratio of the
jobs of load 1 is 2r/2 = r. For m > 3, dummy machines and jobs can be added.
¤
In contrast to NE-based deviations, for LPT-based deviations we are able to bound the
maximum improvement ratio by a small constant:
Theorem 4.2 For any LPT schedule on three machines, the maximum improvement ratio of
any coalition is less than 53 .
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Figure 4: An NE-based coalition in which the jobs of load 1 have improvement ratio r.
Proof: Assume, w.l.o.g, that M1 is the most loaded machine. Let x be the lightest (also last)
job assigned to M1 (we also denote its load by x). Denote by Si the set (and also the total load)
of jobs that remain on Mi and do not participate in the coalition. Denote by pi,j the set (and
also total load) of jobs migrating from Mi to Mj . For i = 1, we consider x as a different set,
that is, the sets S1 , p1,2 , p1,3 do not include x.
Claim 4.3 C20 > C2 and C30 > C3 .
Proof: To show that C20 > C2 , assume the opposite, that is C20 ≤ C2 . By Claim 2.4, P1,3 =
P
P
P3,1 = 1. Thus, C30 < C1 , C10 < C3 , and by our assumption C20 ≤ C2 . That is, i Ci0 < i Ci .
A contradiction. The proof of C30 > C3 is symmetric.
¤
Claim 4.4 C10 < min(C20 , C30 ).
Proof: By Claim 2.4, P1,2 = 1, and thus C10 < C2 . By the above claim C2 < C20 . Thus, C10 < C20 .
The proof of C10 < C30 is symmetric.
¤
The job x is assigned to M1 by LPT, meaning that the load on M2 and M3 is at least
S1 + p1,2 + p1,3 at that time. Since the load on M2 , M3 could only increase after the time x is
assigned, we get that
S1 + p1,2 + p1,3 ≤ S2 + p2,1

and

S1 + p1,2 + p1,3 ≤ S3 + p3,1 .

(2)

Therefore (sum up the two):
2(S1 + p1,2 + p1,3 ) ≤ S2 + S3 + p2,1 + p3,1 .

(3)

Distinguish between two cases:
(i) x remains on M1 . In This case, C1 = S1 +p1,2 +p1,3 +x; C2 = S2 +p2,1 ; C3 = S3 +p3,1 ,
while after the coalition is active C10 = S1 + p2,1 + p3,1 + x; C20 = S2 + p1,2 ; C30 = S3 + p1,3 .
Since the jobs in p1,2 and p1,3 are part of the coalition, C20 + C30 < 2C1 . Deducing p1,2 and
p1,3 from both sides we get S2 + S3 < p1,2 + p1,3 + 2S1 + 2x. Combining with Equation 3, we
get:
p1,2 + p1,3 < p2,1 + p3,1 + 2x.
(4)
Claim 4.5 x ≤ min(p2,1 , p3,1 )
10

Proof: We show x ≤ p3,1 , the proof of x ≤ p2,1 is symmetric. Assume x > p3,1 , it means that
when x is assigned to M1 , the load on M3 is composed of jobs that are a subset of S3 only.
Therefore, by the LPT rule, S3 ≥ p1,2 + p1,3 + S1 . Also, given that the jobs of p1,3 are part of
the coalition, we know that S3 < p1,2 + S1 + x. Combining these two inequalities, we get that
x > p1,3 . However, x is the lightest job on M1 and by Claim 2.4, p1,3 is not empty and must
consists of at least one job – having load at least x. A contradiction.
¤
By Claim 4.4, the improvement ratio of x, which equals C1 /C10 , is the largest among the
coalition. This ratio can now be bounded as follows:
S1 + p1,2 + p1,3 + x
S1 + p2,1 + p3,1 + 3x
C1
5
=
<
≤ .
C10
S1 + p2,1 + p3,1 + x
S1 + p2,1 + p3,1 + x
3
The left inequality follows from Equation 4. The right one follow from Claim 4.5 and from the
fact that S1 might be empty.
(ii) x leaves M1 . We assume w.l.o.g that x moves to M2 . In This case, C1 = S1 +p1,2 +p1,3 +
x; C2 = S2 + p2,1 ; C3 = S3 + p3,1 , while after the coalition is active C10 = S1 + p2,1 + p3,1 ; C20 =
S2 + p1,2 + x; C30 = S3 + p1,3 .
Since the jobs in p1,2 and p1,3 are part of the coalition, C20 + C30 < 2C1 . Deducing x, p1,2 and
p1,3 from both sides we get S2 + S3 < p1,2 + p1,3 + 2S1 + x. Combining with Equation 3, we get:
p1,2 + p1,3 < p2,1 + p3,1 + x.

(5)

Claim 4.6 x ≤ min(p2,1 , p3,1 )
Proof: We first show x ≤ p2,1 . Assume x > p2,1 , it means that when x is assigned to M1 ,
the load on M2 is composed of jobs that are a subset of S2 only. Therefore, by the LPT rule,
S2 ≥ p1,2 + p1,3 + S1 . Also, given that the jobs of p1,2 are part of the coalition, we know that
S2 + x < p1,3 + S1 + x. Combining these two inequalities, we get that p1,2 < 0. A contradiction.
The proof of x ≤ p3,1 is identical to this proof as given in Claim 4.5 for the case where x remains
on M1 .
¤
Claim 4.7 x ≤ min(S2 , S3 )
Proof: We first show x ≤ S2 . Assume x > S2 , it means that when x is assigned to M1 , the
load on M2 is composed of jobs that are a subset of p2,1 only. Therefore, by the LPT rule,
p2,1 ≥ S1 + p1,2 + p1,3 . However, by Claim 4.3, C20 > C2 , therefore p2,1 < p1,2 + x. Thus,
S1 + p1,3 < x. However, x ≤ p1,3 . A contradiction. To show x ≤ S2 , note that if x < S3 then by
a similar argument to the above p3,1 ≥ p1,2 + p1,3 . By Claim 4.3, C30 > C3 . Therefore p1,3 > p3,1 ,
implying S1 + p1,2 < 0. A contradiction.
¤
C1 /C10

If S1 is not empty then the jobs of S1 have improvement ratio
which is, by Claim 4.4,
the largest ratio among the coalition. This ratio can now be bounded as follows:
S1 + p1,2 + p1,3 + x
S1 + p2,1 + p3,1 + 2x
C1
5
=
≤
< .
0
C1
S1 + p2,1 + p3,1
S1 + p2,1 + p3,1
3
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The left inequality follows from Equation 5. The right one follows from Claim 4.6, and from the
fact that S1 is not empty and includes at least one job of load at least x.
If S1 is empty, then as we show below, the maximal improvement ratio is less than 3/2. We
bound separately the improvement ratio of p1,2 , p1,3 , and pi,1 (i ∈ {1, 2}). Denote by ri,j the IR
of jobs moving from Mi to Mj . In addition to Equations 2 and 5, and to Claims 4.6 and 4.7,
we also use below Claim 4.3. Specifically, p2,1 < p1,2 + x and p3,1 < p1,3 . Finally, bear in mind
that S1 = ∅.
r1,2 =

p1,2 + p1,3 + x
S2 + p2,1 + x
S2 + p2,1 + x
C1
3
=
≤
<
< .
0
C2
S2 + p1,2 + x
S2 + p1,2 + x
S2 + p2,1
2

r1,3 =

S3 + p3,1 + x
S3 + p3,1 + x
p1,2 + p1,3 + x
C1
3
=
≤
<
< .
0
C3
S3 + p1,3
S3 + p1,3
S3 + p3,1
2

ri,1 =

Si + pi,1
p1,2 + p1,3
p2,1 + p3,1 + x
3
Ci
=
<
<
< .
C10
p2,1 + p3,1
p2,1 + p3,1
p2,1 + p3,1
2
¤
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Figure 5: An LPT-based coalition on m machines in which the job of load 1 + ε assigned to M1 has
improvement ratio arbitrarily close to 2 −

1
m.

The above analysis is tight, as demonstrated in Figure 5 for m = 3 (where the improvement
1
ratio is 2 − m
= 53 ). Moreover, this figure shows that this lower bound can be generalized for
any m ≥ 3. The job of load 1 + ε that remains on M1 improves its cost from 2m − 1 + ε to
1
m(1 + ε), that is, for this job, j, IR(j) = 2m−1+ε
m(1+ε) = 2 − m − δ. Formally,
Theorem 4.8 For any m ≥ 3, there exists an LPT-based configuration s and a coalition Γ such
1
that IRmax (s, Γ) = 2 − m
− δ for an arbitrarily small δ > 0.
Note that the coalitional deviation in Figure 5 obeys the flower structure. We conjecture
that the upper bound of 53 for m = 3 can be generalized for any m, i.e., that for any LPT-based
1
configuration s, and coalition Γ it holds that which IRmax (s, Γ) < 2 − m
.
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5

Maximum Damage Ratio

In this section, the quality of a configuration is measured by maxj6∈Γ DR(j). Recall that DR(j) =
Ci0
Ci ,

where i is the machine on which j is scheduled. For non-deviating jobs, this ratio might be
larger than 1, and we would like to bound its maximal possible value. We provide a complete
analysis for NE and LPT-based configurations and any m ≥ 3. Once again, we find out that
LPT provides a better performance guarantee compared to general NE: the cost of any job in an
LPT schedule cannot increase by a factor 32 or larger, while it can increase by a factor arbitrarily
close to 2 for NE schedules.
Theorem 5.1 For any m, the damage ratio caused by any NE-based coalition is less than 2.
Proof: Let Γ be a coalition. Let M1 be the most loaded machine participating in the coalition.
There are at least two jobs on M1 , since otherwise, M1 has the longest job in the instance,
and being the only job on a machine, it cannot benefit from being part of Γ. This implies that
for any machine i 6= 1 participating in the coalition, Ci > C1 /2, since otherwise, at least one
of the jobs on M1 can benefit from moving to Mi – contradicting the fact that this is an NE.
Also, Ci0 < C1 , since otherwise the jobs migrating into Mi do not benefit. Combining the above
C0
2Ci
1
bounds, we get that for any job on Mi , DR(j) = Cii < C
Ci < Ci = 2. The above is valid for any
i 6= 1. To complete the proof note that jobs on M1 can only benefit from the coalition action. ¤
The above analysis is tight as shown in Figure 4: The damage ratio of the jobs of load 2r − 1 is
(4r − 1)/(2r), which can be arbitrarily close to 2. Formally,
Theorem 5.2 For any m ≥ 3, there exists a NE-based configuration s and a coalition Γ such
that DRmax (s, Γ) = 2 − δ for an arbitrarily small δ > 0.
For LPT-based coalitions we obtain a smaller bound:
Theorem 5.3 For any m, the damage ratio caused by any LPT-based coalition is less than 32 .
Proof: Let M1 be the most loaded machine in the coalition. M1 must have at least 2 jobs. Let
x be the load of the last job assigned to M1 , and let ` = C1 − x. For every machine in the
coalition, it must hold that Ci ≥ ` (since else, x would not have been assigned to M1 ), and
Ci0 < ` + x (since all jobs must improve).
case (a): ` ≥ 2x, and then for any machine Mi ,

Ci0
Ci

<

`+x
`

≤ 23 .

case (b): ` < 2x. We show that no coalition exists in this case. If ` < 2x, then (by LPT) M1
has exactly 2 jobs, of loads ` and x. By LPT, every other machine must have (i) one job of load
at least ` (and possibly other small jobs), or (ii) two jobs of load at least x (and possible other
small jobs). Let k and k 0 be the number of machines of type (i) and (ii), respectively (excluding
M1 ). Thus, there is a total of k + 1 jobs of load ` and 2k 0 + 1 jobs of load x. After the deviation,
no machine can have jobs of load ` and x together, nor can it have three jobs of load x. The
k + 1 machines assigned with the k + 1 jobs of load ` after the deviation cannot be assigned any
other job of load x. So, we end up with 2k 0 + 1 jobs of load x that should be assigned to k 0
13

machines. Thus, there must be a machine with at least three jobs of load x. Contradiction. ¤
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1+ε

1

(a)

1

3+2ε
2+5ε

1+ε

2+2ε
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Figure 6: An LPT-based coalition, in which the damage ratio of the job of load 1+2ε on M3 is arbitrarily
close to 32 .

The above analysis is tight as shown in Figure 6. Moreover, by adding dummy machines
and jobs it can be extended to any m ≥ 3. Formally,
Theorem 5.4 For any m ≥ 3, there exists an LPT-based configuration s and a coalition Γ such
that DRmax (s, Γ) = 32 − δ for an arbitrarily small δ > 0.

6

Computational Complexity

It is easy to see that one can determine whether a given configuration is a NE in polynomial
time. Yet, for SE, this task is more involved. In this section, we provide some hardness results
about coalitional deviations.
M3

B-1

B-2

2B-3

M3

B-1

Jobs of A1

2B-1

M2

B-1

B-2

2B-3

M2

B-1

Jobs of A2

2B-1

2B

M1

B-2

2B-4

M1

Jobs of A
(a)

B-2
(b)

Figure 7: Partition induces a coalition in a schedule on identical machines.
Theorem 6.1 Given a NE schedule on m ≥ 3 identical machines, it is NP-hard to determine
if it is a SE.
Proof: We give a reduction from Partition. Given a set A of n integers a1 , . . . , an with total size
2B, and the question whether there is a subset of total size B, construct the schedule in Figure
7(a). In this schedule on three machines there are n + 4 jobs of loads a1 , . . . , an , B − 2, B − 2, B −
1, B − 1. We assume w.l.o.g. that mini ai ≥ 3, else the whole instance can be scaled. Thus,
schedule 7(a) is a NE. For m ≥ 3, add m − 3 machines each with a single job of load 2B.
Claim 6.2 The NE schedule in Figure 7(a) is a SE if and only if there is no partition.
Proof: If there is a partition into S1 , S2 , each having total size B, then the schedule in Figure
7(b) is better for the jobs originated from the partition instance and for the two (B − 2)-jobs.
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All the partition jobs improved from cost 2B to cost 2B − 1, and the (B − 2)-jobs improved
from 2B − 3 to 2B − 4.
Next, we show that if there is no partition then the initial schedule SE. By Theorem 2.5, in
any action of a coalition on 3 machines, jobs must migrate to M1 from both M2 and M3 . In
order to decrease the load from 2B − 3, the set of jobs migrating to M1 must be the set of two
jobs of load B − 2. Also, it must be that all the partition jobs move away from M1 - otherwise,
the total load on M1 will be at least 2B − 4 + 1 = 2B − 3, which is not an improvement for the
(B − 2)-jobs. This implies that the jobs of M1 split between M2 and M3 . However, since there
is no partition, one of the two subsets is of total load at least B + 1. These jobs will join a job
of load B − 1 to get a total load of at least 2B, which is not an improvement over the 2B-load
in the initial schedule.
¤
¤
A direct corollary of the above proof is the following:
Corollary 6.3 Given a NE schedule and a coalition, it is NP-hard to determine whether the
coalition can deviate.
Theorem 6.1 holds for any m ≥ 3 identical machines. For m ≤ 2, a configuration is a NE if
and only if it is a SE [3], and therefore it is possible to determine whether a given configuration is
SE in polynomial time. Yet, the following theorem shows that for the case of unrelated machines,
the problem is NP-hard already for m = 2.
Theorem 6.4 Given a NE schedule on m ≥ 2 unrelated machines, it is NP-hard to determine
if it is a SE.
Proof: We give a reduction from Partition. Given n integers a1 , . . . , an with total size 2B,
and the question whether there is a subset of total size B, construct the following instance for
scheduling: there are 2 machines and n + 1 jobs with the following loads (for ε < 1/(n − 1)):
pi,1 = ai + ε and pi,2 = 2ai + ε, ∀i ∈ {1, . . . , n} ; pn+1,1 = B, and pn+1,2 = 2B + nε.
Consider the schedule in which all the jobs 1, . . . , n are on M1 , and Jn+1 is on M2 . The
completion times of both machines are are 2B + nε. It is a NE.
M2

Jn+1

2B+nε

M2

M1

J1,…,Jn

2B+nε

M1

2B+|A2|ε

Jobs of A2
Jobs of A1

Jn+1

2B+|A1|ε

(b)

(a)

Figure 8: Partition induces a coalition in a schedule on related machines.
Claim 6.5 The NE schedule in Figure 8(a) is a SE if and only if there is no partition.
Proof: If there is a partition into A1 , A2 , each having total size B, then the schedule given in
Figure 8(b) is better for everyone. The completion time of M1 is 2B + |A1 |ε < 2B + nε and the
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completion time of M2 is 2B + |A2 |ε < 2B + nε.
Next, we show that if there is no partition then the initial schedule is a SE. Since there is
no partition, in any partition into A1 , A2 , one of the two subsets, w.l.o.g., A1 has total size at
least B + 1. A1 will only increase its load by migrating to M2 even alone (bearing a load of
at least 2B + 2 + |A1 |ε instead of 2B + nε). Therefore, A1 will not leave M1 . However, if A1
stays at M1 , job n + 1 is better-off staying at M2 (since if it migrates, it bears a load of at least
2B + 1 + |A1 |ε which is not smaller than 2B + nε for any |A1 | and ε ≤ 1/(n − 1)).
¤
¤
A direct corollary of the above proof is the following:
Corollary 6.6 Given an NE schedule on unrelated machines and a coalition, it is NP-hard to
determine whether the coalition can deviate.
It remains an open problem whether there exists a polynomial time approximation scheme
that provides a (1 + ε)-SE.

7

Conclusions and Open Problems

In this paper we studied the stability and performance of NE and LPT with respect to the three
measurements of IRmin , IRmax , and DRmax . We proved upper and lower bounds for NE and
LPT-based configurations. Some of the problems that remain open are:
1. For IRmin there is a gap between the upper and lower bound for m > 3. We believe that the
2
for LP T that we proved to be tight for m = 3, are tight
lower bound of 54 for NE and √34−4
also for arbitrary m. Is there a NE-configuration (on m > 3 machines) that is not a 45 -SE? Is
2
there an LPT configuration that is not a √34−4
-SE?

1
2. For IRmax , and m ≥ 3 we presented a lower bound of 2 − m
and a matching upper bound
5
1
of 3 for m = 3. We believe that the upper bound is 2 − m for any m. Is there an LPT-based
1
configuration s, such that there exists a coalition Γ for which IRmax (s, Γ) > 2 − m
?

3. Is there a polynomial time approximation scheme for the minimum makespan problem that
also provides a (1 + ε)-SE?
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