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ABSTRACT
The Minkowski sum of two sets P and Q in IRd is the set
fp+ q j p 2 P; q 2 Qg. Minkowski sums are useful in robot
motion planning, computer-aided design and manufactur-
ing (CAD/CAM) and many other areas. In this video we
present a software package implemented at Tel Aviv Uni-
versity for the exact and e�cient construction of Minkowski
sums of planar sets. We also explain and demonstrate how
Minkowski sums are used in various applications.
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1. INTRODUCTION
Given two sets P and Q in IRd, their Minkowski sum (or

vector sum), denoted by P �Q, is the set fp + q j p 2
P; q 2 Qg. Minkowski sums are used in a wide range of
applications, including robot motion planning [8], assembly
planning [6], and computer-aided design and manufacturing
(CAD/CAM ) [2].
Consider for example an obstacle P and a robot Q that

moves by translation. We can choose a reference point r

rigidly attached to Q and suppose that Q is placed such
that the reference point coincides with the origin. If we let
Q0 denote a copy of Q rotated by 180� degrees, then P �Q0

is the locus of placements of the point r where P \Q 6= ;.
In the study of motion planning this sum is called a con-
�guration space obstacle because Q collides with P when
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Figure 1: EMINK | screenshot of the interactive pro-
gram

translated along a path � exactly when the point r, moved
along �, intersects P �Q0.
Much work has been done on obtaining sharp bounds on

the size of the Minkowski sum of two sets in two and three
dimensions, and on developing fast algorithms for computing
Minkowski sums.
In this video we describe a software package, EMINK,

developed at Tel Aviv University for the exact and e�cient
construction of Minkowski sums of planar sets|the package
is brie
y described in the next section. We also explain and
demonstrate in the video how Minkowski sums are used in
various applications including object placement (arising for
example in manufacturing cell layout design) and transla-
tional separation (arising in cartography). Figure 1 displays
a screenshot of the interactive program.

2. ALGORITHMS AND IMPLEMENTATION
We devised and implemented several algorithms for com-

puting the Minkowski sum of two polygonal sets in IR2 [3].
Our implementation is based on the CGAL software library
(www.cgal.org). Our main goal was to produce a robust and
exact implementation. This goal was achieved by employ-
ing the CGAL planar maps and arrangements package [4],
[7] while using exact number types. We use rational numbers
and �ltered geometric predicates from LEDA | the Library
of E�cient Data-structures and Algorithms [9]. The connec-
tion between Minkowski sums and arrangements as well as
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Figure 2: Tight passage: the desired target place-
ment for the small polygon is inside the inner room
de�ned by the larger polygon (left-hand side). In
the con�guration space (right-hand side) the only
possible path to achieve this target passes through
the line segment emanating into the hole in the sum.

related implementation projects are described in [5].
We are currently using our software to solve translational

motion planning problems in the plane. We are able to
compute collision-free paths even in environments cluttered
with obstacles, where the robot could only reach a destina-
tion placement by moving through tight passages, practi-
cally moving in contact with the obstacle boundaries. See
Figure 2 for an example. This is in contrast with most ex-
isting motion planning software for which tight or narrow
passages constitute a signi�cant hurdle.
As mentioned above, beside robot motion planning, we

can use Minkowski sums to solve other related problems like
minimum distance separation and object placement. Details
about these applications are given in [3].
The robustness and exactness of our implementation come

at a cost: they slow down the running time of the algorithms
in comparison with a more standard implementation that
uses 
oating point arithmetic. This makes it especially nec-
essary to try and speed up the algorithms in other ways. All
our algorithms start with decomposing the input polygons
into convex subpolygons. We discovered that not only the
number of subpolygons in the decomposition of the input
polygons but also their shapes had dramatic e�ect on the
running time of the Minkowski-sum algorithms.
We implemented a dozen di�erent methods for decom-

posing polygons and tested their suitability for e�cient con-
struction of Minkowski sums. We implemented various well-
known decompositions as well as several new decomposition
schemes which are all available in our package. In [1] we
report on our experiments with various decompositions and
di�erent input polygons. Among our �ndings are that in
general: (i) triangulations are too costly (ii) what consti-
tutes a good decomposition for one of the input polygons
depends on the other input polygon | consequently, we de-
velop a procedure for simultaneously decomposing the two
polygons such that a \mixed" objective function is mini-
mized, (iii) there are optimal decomposition algorithms that
signi�cantly expedite the Minkowski-sum computation, but
the decomposition itself is expensive to compute | in such
cases simple heuristics that approximate the optimal decom-
position perform very well.
Note that convex covering (rather than decomposition) is

also suitable as a �rst step in the construction of Minkowski
sums. In our work however we focused on convex decompo-
sition.
Recently the package has been extended to construct Min-

kowski sums of polygons and discs.1 Since in this case the
coordinates of the boundary of the sums need no longer be
rational this requires the use of a more elaborate number
type: Leda's \real" [9].

3. EXAMPLES IN THE VIDEO
In the video we focus on how Minkowski sums are used.

The examples were produced using our software package.
The morphing between the logos of Cgal and Leda is car-
ried out using the following transformation: if P and Q are
two polygons, we compute a sequence of Minkowski sums
tP � (1 � t)Q for t 2 [0; 1], where �P is a scaling of the
polygon P by factor �.
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1The extension to discs is by Eran Leiserowitz and is based
on recently developed tools due to Shai Hirsch and Ron
Wein.
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