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Termination

1. Termination



Sottware Correctness

® Outputs Are Correct

® Terminates (or Doesn’t)

® Resource 1ssues
® Accuracg Issues

® Timing [ssues



Termination

° Algorithm Halts for All (SPeciﬁecD
lnl:)uts

® |[terative Loops
® Nested Lool:)s
® Recursive LOOPS

® ngbolic Computation



Microsoft: Liveness

-> A matter of practical importance:

= |s every call to AcquireLock() is followed by a call to
Releaselock()?

= Does SerialPnpDispatch(.....) always return control back to its
caller?



Plan

® Termination is Undecidable

® The ""‘859 Cases

® The Hard Cases



Requirements

Attendance and Particil:)ation
Readings and discussions
Try to solve assigﬂments

ﬁnal exam or term paper or system

(tbd)



Reaclings

® Turing, 1956
o Straclﬂegj 1965

® Katz & Manna, 1975



Historg

Fuclid

Alan Turiﬂg

Bob T:loycl

Z ohar Manna



Euclid (c. -300)

Euclid’ s GCD
algorithm appeared in
his Elements.

Formulated
geometrically: Find
common measure for
2 lines.

Used repeated
subtraction of the
shorter segment
from the longer.




ANTIQUE ALGORITHM
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Antenaresis

AVO GpLOPQV GVIoWV When two unequal
EKKELUEVWV, numbers are set out, and
XvOLPXLPOVUEVOL OE the less is continually
el ToD EAXTOOVOC subtracted in turn from
&110 TOD petCovoc, the greater, if the number
EXV O AELTTOPEVOC which is left never
UNOETTOTE KATAUETPN measures the one before
TOV TTPO £XLTOD, EWG it until a unit is left, then
oL AeLpBi} povig, ol the original numbers are
€€ XpXNc axpLOpoL relatively prime.

TTPQTOL TIPOC
XAANAOULC ETOVTXL



Greatest Common

repeat
if m=n then return n
if m<n then n := n-m

if mMm>n then m := m-n



Hailstones

LooP until x=1
it 21x
then x := x/2

else x := Hx+1



3, 5, 7.000 9,000

10




A 2-MINUTE PROOH
Or THE
2nd-MOST IMPORTANT THEOREM
Or THE
2nd MILLENNIUM

bv Doron Zeétbergér

Written: Ock. 4, 199%



Correspondence

To the FEditor,
The Computer Journal,

An impossible program

Sir,

A well-known piece of folk-lore among programmers
holds that it is impossible to write a program which can
examine any other program and tell, in every case, if it
will terminate or get into a closed loop when it is run.
I have never actually seen a proof of this in print, and
though Alan Turing once gave me a verbal proof (in a
raillway carriage on the way to a Conference at the
NPL in 1953), I unfortunately and promptly forgot the
details. This left me with an uneasy feeling that the
proof must be long or complicated, but in fact it is so
short and simple that it may be of interest to casual
readers. The version below uses CPL, but not in any
essential way.

F

313

Suppose T[
(or program)
argument and
if run and th;
Consider the i

rec re
{

If T[P] =1
only terminate
exactly the w;
that the functi

Churchill Coli
Cambridge.



Correspondence

o programmers
rram which can
every case, if it
when 1t is run.
s in print, and
bal proof (in a
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erest to casual
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Suppose T[R] 1s a Boolean function taking a routine
(or program) R with no formal or free variables as its
argument and that for all R, T[R] = True if R terminates
if run and that T[R] = False if R does not terminate.
Consider the routine P defined as follows

rec routine P
SL:if T[P)goto L
Return §

If T[P] = True the routine P will loop, and it will
only terminate if T[P] = False. In each case 7°[P] has
exactly the wrong value, and this contradiction shows
that the function T cannot exist.

Yours faithfully,
Churchill College, C. STRACHEY.
Cambridge.



ON COMPUTABLE NUMBERS, WITH AN APPLICATION TO
THE ENTSCHEIDUNGSPROBLEM

By A. M. Turine.

[Received 28 May, 1936.—Read 12 November, 1936.]

The fallacy in this argument lies in the assumption that B is computable.
It would be true if we could enumerate the computable sequences by finite
means, but the problem of enumerating computable sequences is equivalent

to the problem of finding out whether a given number is the D.N of a
circle-free machine, and we have no general process for doing this in a finite

number of steps. In fact, by applying the diagonal process argument
correctly, we can show that there cannot be any such general process.



Proot

® lmagine some program ha t(P,x) that answers

‘yes” when P(x) halts and “no” otherwise.

® Construct the program

alan (P) = if ha t(P,P> says “yes”

then “do notlﬁing” forever

otherwise answer “965”

Consider the question halt(alan,alan).



Proot

® lmagine some program ha t(P,x) that answers

‘yes” when P(x) halts and “no” otherwise.
® Consider halt(alan,alan)

alan(alan) = if halt(alan,alan) says “ges”
then “do notlﬁing” forever

otherwise answer “965”

halt(alan,alan)?



Proot

® lmagine some program ha t(P,x) that answers

‘yes” when P(x) halts and “no” otherwise.
® Consider halt(alan,alan)

alan(alan) = if halt(alan,alan) says “ges”
then “do notlﬁing” forever

otherwise answer “965”

No answer: BAD



Proot

® lmagine some program halt(l:),x) that answers “965”

when P(x) halts and “no” otherwise.
® Consider halt(alan,alan)

alan(alan) = if halt(alan,alan) says “ges”
then “do notlﬁing” forever

otherwise answer “965”

Ves: alan(alan) = do nothing forever: BAD



Proot

® lmagine some program halt(l:),x) that answers “965”

when P(x) halts and “no” otherwise.
® Consider halt(alan,alan)

alan(alan) = if halt(alan,alan) says “ges”
then “do notlﬁing” forever

otherwise answer “965”

No: alan(alan) = yes: BAD



Size Proot

® lmaginc some program halt(ij) that answers “ges”
when P(x} halts and “no” otherwise -- Proviclecl IPI,I

x| <n
® Consider halt(alan,alan)

alan(x) = if halt(x,x) says “‘yes”
then “do nothing” forever

otherwise answer “965”

lalan| = |haltj+c > n



Size Proot

® lmaginc some program halt(ij) that answers “ges”
when P(x} halts and “no” otherwise -- Proviclecl IPI,I

x| <n
® Consider halt(alan,alan)

alan(x) = if halt(x,x) says “‘yes”
then “do nothing” forever

otherwise answer “965”

lhalt] > n-c



Size Proot

® lmaginc some program halt(ij) that answers “ges”
when P(x} halts and “no” otherwise -- Proviclecl IPI,I

x| <n
® Consider halt(alan,alan)

alan(x) = if halt(x,x) says “‘yes”
then “do nothing” forever

otherwise answer “965”

assuming almost nothing



Sriday, 2Lth June,
/Qookhg a _large routlisne. by Dr, A, Turing.

How can one chack a routlline In the sense of making sure that 1t le right?

In arder that the man ww checks maAy not have too difficult « task the
progreases should ko a mmber of definite assortions whioh can be checked
individually, ant froa which the correctnens of the whole progresse eaaslly

follows,

Conalder the enalogy of oheoking an addition, I Lt la glven as

137
5 906
6719
L337
7758

26104,
one mual check the wshale at one altting, becavss of the curriecs,

#at i7 the totals for the verlous oolizne are glven, as Lelow;

1374
508
6719
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Invariants

N
>

|
|
I h Y
<n r<n ”STOP s<r<n s<r<n
=rl u=r! >0 u=sr! u=(s+ 1!
: v=r! - v=r! v=rl
I | | I
i I | I
= =U : s:=1 AI\LH=U+V 'yl s:=85+1
<OA
|
|
L e =0 s—1=<r<n
r.=r+1 ; = srl
: v=rl
r<n
u=(r+1r!



Invariants

=]
u:=]
IooP V= U | <r=<n
until r=n
S =
looP u:= u+\/I ss=r+
S := 5+l
while s<r

repeat



Ho has slao to verify that each of the assartiona in the lower half of
the talle is coOrrect, In doing this the columna 2oy La token im any order
and uite indepeniently. Phus for calusn B the checker would argue,
eveas the Flow diagrea we soe that aftar 5 the oz v =u sppliea, FProm
tho upyer part of the colwn fOr B wo huve u e r , lsnoe v‘ ar 1.0,
tihw entsy Jor v i,e, for 11t 3% &n C should De 1 . The other entries are
tho eaas aa in B%,

Munally the checker haa to verify that the process cmes Lo &N oend,
Hore agali he ahould be assiated by the programaer glving & furthar definite
sansrtion to be verirfied, Thls nwy take the foms of & Quantity which 1s
aansrtod o decresse contioually aod vanieh whun tha oschins stops. 70 the
pure Hathessticlsn 1t is natural %0 give an ordinal maber, In this problem
the ordinal =ight be (a = r) v o (r=8)wek A leuns highbrow form of the
ssia thing would ba S0 give shie Antegar 20 (n =) o e (r -8) ¢+ X,
Texking 1@ latter ocass sl the atep Hop B to C thare would ba a deCcreane
tras 2N (g =) « 240 (2 - 0) e % to 20 (n~v) o200 (r-8) sk, Inthe
stop fras ¥ to B there 1» a decrease fran 20 (s =-7) « 290 (r ~0) « ¢
ton(n-r!)ozw(rv1-o}¢5.

1n the courne of cheoaking that the proceas CaRos to an end the tioe
trvolve! say =lso ba estinated by arrangliz Shat the decreasing quantity
repreacits an upper bound to the tize till tiw macnine etopa,



Turi ng’s Proot

® The checker hasto Verimcg that the process comes
to an end. Here again he should be assisted 1:39
the programmer giving a further definite assertion
to be verified. This may take the form of 2
quantitb which is asserted to decrease
continua”g and vanish when the machine stops.
To the pure mathematician it is natural to give an
ordinal number. In this Problem the ordina might
be (n-rw?+ (r-s)w+ k. A less hichbrow form
of the same thing would be to give the integer
280(n ) +2%0(r - 5) + k.




Acta Informatica 5, 333—352 (1975)
© by Springer-Verlag 1975

A Closer Look at Termination
Shmuel Katz and Zohar Manna

Received October 16, 1974

Summary. Several methods for proving that computer programs terminate are
presented and illustrated. The methods considered involve (a) using the ‘‘no-infini-
tely-descending-chain” property of well-founded sets (Floyd’s approach), (b) bounding
a counter associated with each loop (loop approach), (c) showing that some exit of
each loop must be taken (exit approach), or (d) inducting on the structure of the data
domain (Burstall’s approach). We indicate the relative merit of each method for pro-
ving termination or non-termination as an integral part of an automatic verification
system.



Greatest Common

repeat
if m=n then return n
if m<n then n := n-m

if mMm>n then m := m-n



Method

® Find a measure that decreases with

each iteration

® And cannot decrease forever



LooP Invariants

® Need to know that m and n are

nonnegative



Knuth (1966)

A coml:)utational
methocl
ComPrises

a set O]C states...

In this way we can divorce abstract algoritlﬁms from Particular

Programs that rePresent them.



Fermiina




Transikion Svs%em

a

!
#



Discrete Steps

. An algorithm s a discrete state-transition

systc-:m.

. Its transitions are a binarg relation on states.



Har‘cleg Rogers, Jr.

For any given inPut, the coml:)utation s carried out
in a discrete stel:)wise Fashion) without use of

continuous methocls or analogue ClCViCCS.

Coml:)utation s carried forward cle‘cc—:rminis‘cic:a|lgJ
without resort to random methods or devices,

e.g., dice.



Example



START

(Y' 1)’2 )*(x 1 ')



91

) int mccarthg (int n)
) {m

Ccf) or(czlc’O){

it (n>lOO){
n=n-10;
(lc) T*-;
% } else {
n=n+ll;
D Ct+;
(D }
€}<) }




Solve for Decrease

® SUPPOSC measure is a linear

combination of the variables
® 1 >100: an+bc > a(n-10)+b(c-1)
® 1 <99.ant+bc > a(n+)+b(c+)

® (la+b <O <10a+b



Artificial Variables

(a) int mccartlﬁg (int n)
(b) {int c; i= OyJ =0;

(c) For(ca-w:"'O){

(d) it (n>100) {

(e) n=n-10;
T~~5l++5

( } else |

g') n=n+ll;

) C++5J++5

(

() }
Ck) }
(
(

) return n:
m) }




Inter Invariants

® - ==J~i+l



vz
2

i)
155
NN K
WO/e

L
53\1\)Qf§2—

SO




Kénig’s | emma

® A treeis finite (has ﬁﬂitelg many eclges)
it and onlg it
® 2l nodes have finite clegree

aﬂ&

e all branches (simple Paths} have finite
leng’th.



Binarg Search

® |::a ® elsel:zg
e -} ® given:
® asb

° IOOP until [=r

o m.=[(+r=2] 39] SH[JJA]
° ng[i], a<i<b
° hcg[m] > X
® unbounded

o b integers



Binarg Search

* l:=a ¢ given:
e r=b e 5<b
® ’ < g ]
o looP until l=r H[ﬂ H[fr]
o ng[i],asisb
* m:=[(+n)-2]

® unbounded integers

* hcg[m] > X

® nvariants:

® thenr:=m ® a<|<r<b

¢ fj[ll SXSg[r]

¢ elsel:zm_ﬂ



Binarg Search is Hard

Don Knuth: the idea is comParativelg straightgorwarcl;
the details can be surPrisinglg trickg.

Jon Bentleg assignecl it as a Problem in a course for
Promcessional programmers. 90% failed even after

several hours.
accurate code is on|9 found in 5 out of 20 textbooks.

Bentleg's Oown implementation (in his Programming
Pearls) contains an error that went undetected for over

20 years.


http://en.wikipedia.org/wiki/Jon_Bentley
http://en.wikipedia.org/wiki/Jon_Bentley

Termination

2. Games



Reaclings

® ';Iogcl, ‘Assigning Meaning to Programs”

® “Proving Termination with Multiset

Orcleriﬂgs”



Robert W. Floyd

ASSIGNING MEANINGS TO PROGRAMS:

Introduction. This paper attempts to provide an adequate basis for
formal definitions of the meanings of programs in appropriately defined
programming languages, in such a way that a rigorous standard is established
for proofs about computer programs, including proofs of correctness,
equivalence, and termination. The basis of our approach is the notion of
an interpretation of a program: that is, an association of a proposition
with each connection in the flow of control through a program, where the
proposition is asserted to hold whenever that connection is taken. To prevent
an Iinterpretation from being chosen arbitrarily, a condition is imposed on
each command of the program. This condition guarantees that whenever
a command is reached by way of a connection whose associated proposition



Invariants

=]
u:=|
lOO V:=U
" until r=n =r=n
S =]
lOOP u:=urv | <s<pr+]|
S = 5t
while s<r
repeat
.= r+]

repeat



Double Induction

® Inner looP

® Outer loop



Orclcrings

. Partial orclcring
Jrreflexive
4 Transitive

JAsgmmctric



Hasse Diagram

PKHTAZ
PKTAZ PKHTA PKHAZ KHTAZ

PKTA PKAZ PKHA KHTA FKHZ KHAZ FPHAZ

| R P oK




Orderings (Well-founded)

a Partial orclcring
alrreflexive
m [ransitive
mAsymmetric

a Well-founded

aNo infinite clccreasing chains



Well-Founded

Dby
7,777

Finite trees, subtree
NxN, lexicographic
27, subword

5* lexicographic 777



Couples

(a,b) > (@,b")

ComPonent~wise: a>a’ & b=b’ oraza’ & b>b’
Lexicographic: a>a’ or a=a’ & b>b’

Reverse lexicographic: a>a’ & b=b’ or b>b’

Pairs of pairs: (1,0) > (0,(1,0)) > ...



Mixed Couples

fVand W are We”‘-FoundecJ, then their Pairs
VxW are well-founded lexicograplnica”g.




Ackermann

® Termination of recursion

® |nduction on (m,n)



Turin g’s Program

=]

u:=]

IOOP V:=U
until r=n (n-r,r-s)
S := |

looP u:= utv
S := 5+l
while s<r
rePeat

.= r+i

repeat






Dutch National Flag
X N NOIOEON N X




Dutch National Flag

AN NOJOXON X X



F‘lag Problem

OO = @ ©
0 = 00

@0 = 0O




Dutch National Flag
N N NOIONON X X




Dutch National Flag
N XON NONON X X




Dutch National Flag
N XON NON ION X




Dutch National Flag
CNOX ION N N XOX




Dutch National Flag
CHOX ION N N XOX




Dutch National Flag
Sl IS X X X X XO



Dutch National Flag
CO0000 006 C



Dutch National Flag
OO0 000 O



Dutch National Flag
CO0O0 0000 OO



Dutch National Flag
Sl X N IO XOX X |



Dutch National Flag
 JON XK X XOROK X




Dutch National Flag
N JOX X XOROK X




Dutch National Flag
N N NOIOX XOK X




Dutch National Flag
N N NOIOION X X




Dutch National Flag
N N NOIONON X X

|

00 COV00®




Ackermann’s

A(O,n) = nH
A(m+,0) =a(m,1)

a(m+l n+) =a(m,a(m+,n))



Ackermann

INTEGER FUNCTION ACKER{Me N)
C COMPUTE ACKERMANN FUNCTION, DEFINED HY
C ACKER(Or» N) = N+1
C ACKER(M+1)» U} = ACKER(M, 1} ,
C ACKER(M+1s N+1} = ACKER(Ms ACKER{(M+1s NI ) .
C
C

»IZt OF VALUE AND PLACE TABLES IS ONE MOMF THAN LAKGEST M EXPECTED:
INTEGER  VALUE(6)r PLACE(S)
C TESF FOR ZERQ M .
IF (M ,NE. 0) 60 TO 1

ACKER = N+j

RE TURN
C NON=-ZERO M , INITIALIZE FOR LTERATIQON,
1 VALUE = 1

PLACE = )

ITERATION LOOP. GET MNEW VALUE.

VALUE = VALUE+]

PLACE = PLACE+}
C HROPAGATE VALUE.,

LO 4 IZ1eM
IF (PLACE(I) «NE. 1) 60O TO 3

G INTFIATE NEW LEVEL.
VALUE(I+1) = VALUE
PLACE(I+1) = 0
IF {I JEQ. M) GO TO 8

Phe

GV TO 2

“ Ir {PLACETY) JNE., VALUELI+1)) 6O TG 2
VALUE(I+1) = VALUE

4 PLACECTI+1) = PLACE(I+1)+1

G CHECK FOR END OF ITERATION,

5 AP (PLACE(M+1) ,NE. N) GO TO 2
ACKER = wALUE
Rt TUKRN

E N D



Ackermann

® 34 4)=217-3

® Computation is much longer

® Fact:a(m,n) >m+n=m,n



Double Induction

o (Call bﬂ value termination

® Assume termiﬂating for smaller m

® Assume terminating for same m and

sma”er a2



Primitive Recursion

e
® 4
® Projections
® coml:)osition

® {(x.,n) :=if n=0 then g(x) else h(F(x,n-1) x,n-1)



Ackermann’s Function

® A(O,n) =ntl
® A(m+,0) = A(m,1)
® A(m+l n+) = A(mA(m+,n))



A(m,n) > m+n

® Induction on (m,n)

® A(O,n) =ntl>n

® A(m+,0) = A(m,l) > m+i

® A(m+,n+) = A(mA(m+,n))

> m+A(m+,n) = m+n+2



x>y = Alm,x) > Alm,y)

® |nduction on (m,x)
® A0,x) =xH >yt = A(Oy)

® A(mH x+) = A(m,A(m+,x)) > A(m,A(m
+H,4)) = Alm+,y+)



x>y = A(x,n) > A(gjn)

® |nduction on (x,n)
® A(x,n)>x+tn>n=A0,n)
® A(x+,0) = A(x,1) > Ay, = Aly+,0)

® A(xH,ntH) = AXAXHN)) >
AY,AH,N)) > Aly,Ayt,n))
A(yH,n+)

it



A(m+n+2 x) >

® Induction (m+n,x)
® A(n+2,x) > ANt x) = A(n,x)+ = AO,A(N,X))

® A(m+n+2,0) = A(m+n+.1) > A(m,A(n-1,1)) =
A(m,A(n,0))

® A(m+n+2 x+) = A(m+n+ A(n+tm+2 .x)) >
A(m,ANA(MX))) >A(mA(Nx+m)) = Alm,A(n,x
+))



A 1sn’t Primibive

Denote x = x,,...,x|, and X = MaX X,

SayA > g FAG X > g(x) for all x

Easy: Ao > O0; Ay>+; Ag> Proji
Suppose f(x) = h(gx,...,gx), A > g,..,goh
o A, _.,>t AQ2s+2,x) > A(s,As,x))



A 1sn’t Primitive
g Suppose A> g,h and
f(x,n)=if n=0 then g(x) else h(F(x,n-1) x,n-1)

® A(r3n+xm) > F(XJ‘I)) r=2stl, 59 induction on n:
* {(x,0) = g(x) <A(s,xy) <A(r,0+x,)

o {(x,nt) =hdx,n) x,n) <A(s,maxtf(x,n),nx.} <
A(s,Alr,ntx_)) < A2s A(r,ntx_)) = A(r,n++x_)

o {(x,n) <A(r,ntx.) <A, 2N+)= Al(r, A2N))< A(r+4 N)

where N = maxin,x}



Basic A(m,n)

DIM s(tsize + 1)

t =1: s(t) = m
DO
c=c¢+1
m=s(t): t =+t -1
IF m = 0 THEN
n=n-+1
ELSEIF n = 0 THEN
t=t + 1: s(t) =m -1
n =1
ELSE
t=t +1: s(t) =m -1
t=t + 1: s(t) = m
n=n-1
END IF
IF t > d THEN
d =+t

IF d > tsize THEN
PRINT "failure": END
END IF
END IF
LOOP UNTIL t =0

A =n
END FUNCTION



Basic A(m,n)

DIM s(tsize + 1)

t =1: s(t) = m
DO
c=c¢+1
m=s(t): t =+t -1
IF m = 0 THEN
n=n-+1
ELSEIF n = 0 THEN
t=t + 1: s(t) =m -1
n =1
ELSE
t=t +1: s(t) =m -1
t=t + 1: s(t) = m
n=n-1
END IF
IF t > d THEN
d =+t

IF d > tsize THEN
PRINT "failure": END
END IF
END IF
LOOP UNTIL t =0

A =n
END FUNCTION



Basic A(m,n)

DIM s(tsize + 1)

t =1: s(t) = m
DO
c=c¢+1
m=s(t): t =+t -1
IF m = 0 THEN
n=n+ é
ELSEIF n = THEN PR
t=-§+1: S(t) = m - 1 S(I.tS'Ze)
n = - I
ELSE lexicographically
t=t + 1: s(t) =m -1
t=¢t + 1: s(t) =m
n=n-1
END IF
IF t > d THEN
d =t

IF d > tsize THEN
PRINT "failure": END
END IF
END IF
LOOP UNTIL t =0

A =n
END FUNCTION



Sequences

(abc.)>@bcd,..)
® | exisbad:10>010>0010> ...

® | ength-lex: 0010 > 010> 001>10 > Of



Unbounded

® Sorted-lex: 221> 211110000 > 2111000000 > ...

® Sorted-lex: 21> ©88880 > 9998888000 > ...



Sorted Sequences

sll>sl2>s3>...> slj > ..

s21>s22=>s2%=>...> szj’ > ..

etc. ...

Letj be first unstable column, changing at |
s 1l=s 11> s_id' > 5_i+1d'

Consider rest: s[i+l..°°j'..°°] and continue



Harder A (mn)

t :=1
s[t] := m
oop
c :=c +1
m := s[t]
.'tf:= t 6 1
if m =
hen
e e n 4+ 1 s can grow and grow
elseif n =0
then .
t :=t +
o = 9
S[t] :=m -1 (sorted) lex doesn’t work
else
t :=t + 2
s[t-1] :=m -1
s[t] := m
n :=n -1
until t = 0



Harder A (mn)

. N:=a(m,n)

1 | N
n + 1 NS[]]"' {n
= 0 Z 3

t + 1

t:=m - 1

1

t + 2

] :=m -1

- 1

=0



Wel|~Orderings

abc...
abc.. o
abc..O12..

a0ala2..bobib2 ... cocic2 ... ..

OO0 001 002 ... 010 Oll ... 020 ... 100



Chocolate Bar

® Yumm (click here)


http://www.cut-the-knot.org/proofs/chocolad.shtml
http://www.cut-the-knot.org/proofs/chocolad.shtml













Before & After

® n~ Ln/21 , [n/21 (@1



Fter
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fore

Be

o |,

(n>1)
1, Tn/21 (n
Ln/2]

° .,



Before & After

® h~1,n-1 (n>1)



Fter
& A
fore

Be

o |,

>0)
i (n>1, >0
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°



Before & After

®
m —

o
N~ n-
n-1,n-1 (n>1, =>0)



Proot bﬂ Cases

ARy RN Y A A A A A A A A A A Ay Ay Ay Sy

Altruel, Alfalse]
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| (O<ij'<n)
® N~ 3



Before & After

. n«»i)J,k (O<ij,|<<n)
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Konig’s | emma

B A TREE IS FINITE (HAS FINITELY MANY
EDGES)

IF AND ONLY IF
B ALL NODES HAVE FINITE DEGREE
AND

B ALL BRANCHES (SIMPLE PATHS) HAVE



Billiards




lards

1l

s B

Smunyan




Multiset (Bag)

-0




Multiset (Bag)

Well-founded

by
Konig's Lemma




Harder A (mn)

= 1
s[t] :=m
c :=c¢c +1
m := s[t]
t :=t -1
then = © Bas of Dai
n
- S ag of pairs
then = "= 0 (s[i],o0) i<t
t :=t + 1
S(¢] = m -1 (s[t]n)
else
t :=t + 2
s[t-1] :=m -1
s[t] := m
n :=n -1
until £t = 0
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Nested Matrgoshka




Nested Bags



Nested Orclering




ll"lg

/

Nested Order










Hercules Second Labor




Each time Hercules bashed one of chlra's heads,
lolaus held a torch to the headless neck.

After destro ing eight mortal heads, Hercules
choppcd off the ninth, immortal head, which he
buried at the side of the road from Lerna to Elaeus,

and covered with a hcavg rock.






chlra vs. Hercules



Hgdra vs. Hercules




chlra vs. Hercules




Hercules > Hgdra




Hercules > Hgdra




Hercules > Hgdra

¥

\ )/Y
" | 3 R

= _— -
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Hercules Defeats chlra

. Cannot be Provecl in Peano Arithmetic
|Paris & Kirby]

. Requires induction up to g,

® Natural numbers do not suffice

® Sophisticated variants require more
P 9

142



Termination

3. E)igger & Bigger



Well-founded

L emma

omg’s

/

*®

AV







Well-Founded

VX, [Vg<><. P(g)] = P(x)
vx. P(x)



Ordinals

O<]<?2<-
<) <WH < W2 < -
<W2<W2H < <WH<<W4<-

< W2 < WH < - < WHW < WHW+H] < -

<) <WH < S wF < - (f)d)k)ﬁ <.



Bags ot Bags

® An emptg bag 's worth O

* A bag containing bags worth &, is worth
ZwO(l



Goodstein SteP

® |ncrement base & decrement number
® 4 .77
® 26:%-1=27-1=26=%"+%+3+3+2

® 44+ 4+ 4+ 4+



Goodstein 4

4. 26,41, 60, 85,109,139, 173, 211, 253, 299, 348,
401, 458, 519, 584, 65%, 726, 80%, 884, 969, 1058,
1151,1222, 1295, 1370, 1447, 1526, 1607, 1690, 1775,
1862, 1951, 2042, 2135, 2230, 2327, 2426, 2527,
2630, 2755, 2842, 2951, 3062, 3175, 3290, 34-07....,
M5, 1%27,..., 40492 40895, ..., 154349,

162129585780031489, 162129586585%%7855,
%.2 02655201 . 2,10



Goodstein 19

® 19 7625597484990, ~1.3x10P% ...



Goodstein SteP

® |ncrement base & decrement number
® 4 .77
® 26:%-1=27-1=26=%"+%+3+3+2

® 44+ 4+ 4+ 4+



Goodstein SteP

® Baseisa bag (and the whole t]ﬁing Isina bag)
® 7725 {{{}}}
® 432173431705 {(2),(2),0,0,2)

® 4244244444105 ({2{2,0.0,0



Goodstein 16

g4 (2) =16 =222

ge(3) = 3701 = 2372423024 ) 3252254

+ 23232425 4 9 B2 2HIFFL 4 ) BID 2 HID ]

+ Z,§Z~§A7_+ 5 4+ Z,5z~§"z+z + Z,§2~§/‘z+l + 2,526”‘2

+ 2302252 4 9 RS LA 25+ 4 9 RS2+ 2D 4 ) RSS2
+ 2,55A2+1~5 +1 4 7_,55”‘2”5 + 2,55"2+2 + Z.aaAZH + 2,55"2
+ 232524 2325414 2325 L 9 B4 L 4 9[5S+ 14 9 .35
+232+ 23+ 2 = 7625597484986

a(4) = 50973998591214355139406377.



Goodstein 16

g4(2) =16 =222

% (3) = 3l10001_1 = 7.3[222] 4 7.3[221] 4 7.3[220] 4
2312121 4 2. .3120] 7.3 [210] 4 7.3[202] 4 5 .3]201] 4
2312001 4 7 .3l22] 4 5 3li2il 4 7 .3l1201 4 7 .3l2] 4 .3l 4
2-.3l0] + 7 .zlioz] 4 5 .3l101l 4 7.31100] + 7.3 [022] 4 5 .7[021]
+ 2-3l020] 4 7 .zlo2] + 7.z lonl 4 7 .3[010] 4 7.3l002] 4+

231001l + 2310001 = 7625597484986

where [abc] is the base 3 rePresentation



Goodstein 16

gl6<2-> - ww/‘w

g‘é <§> ~ Z.wZ*wAZJrZ’UO +2 4 Z.w?_~w"2+2~w+1 + Z,w2~w"z+z~w
+ 2. )W LHTIWHZ 4 7. ())Z W ZHTWHT 4 9 ()2 W Z+TW 4

D EWLHL L I (LI W LT L I (LE WL 4 D yW LI WH2Z 4

2. W ZHZWHT L I (YW ZHZW 4 ) (YW ZHT W+ 4

DWW ZHTIWHT L 5. ()W ZHTW 4 Y ()W 2+ 2 4 F ()W L+ 4
Z,w(ﬂAZ + Z,wZ’w + 2 + Z,wZ’(D + ] + Z,wZ‘w + Z,w]’w + 2 +

Z_.wl~w+] + Z.wlu) + Z.wZ + Z_.w] + 2



Goodstein

® Cannot be Provecl termiﬂating N Peano
Arithmetic






Hercules Defeats

. Cannot be Provecl i
| Paris & Kirbg]

n Peano Arithmetic

. Rec]uires induction up to g,

. Natural numbers do not sutfice

. Sophisticatecl varia

Nnts require more

powerful systems [

“riedman]



chlra Step

ff:\/erg head is an emptg bag

E\/erg node (including the grouncl) 1S a bag of
its children

Fach steP replaces some internal bag with

some number O{: sma”er bags



chlra Step

Heads are worth O

Every node (including the grouncl), with

children worth o, is worth Sw®

The kth steP replaces a term w* with wek

But if a head sprouting from the grouncl 1s cut,
the total decreases bg ]



Hercules Defeats chlra

. Cannot be Provecl in Peano Arithmetic
|Paris & Kirby]

. Requires induction up to g,

® Natural numbers do not suffice

® Sophisticated variants require more
P 9



Termination

4. Well-Founded Orclerings












Amoebae




Fission







Colon9 Dies Out

° clepth (0) =0

° cJePth () = 1+max{del:>th{ai}}

o | (cleptlﬁ (a) ,laD :5ubco|on9 a}

® outer fission: clel:)th decreases

® {Usion: size decreases



Colong Dies Out

® d(a) = del:)th (a)
® #,(a) = numberinaof Clél:)’tl’] d

o { d@&@ #i (@), #44@),..) colon9 a}

® {ission: dep’th decreases

® {Usion: size decreases



Big Picture

o F’rograms are state~-transition sgstems
® Clﬁoose a Wel|~1counc:lec:l orcler on states

® Show that transitions are decreases



Real Picture

Programs are state-transition sgstems
Choose a function for “ranking” states
Choose a well-founded order on ranks

Show that transitions always

CICCFCBSC ran l(



!maginarg Picture

Programs are state-transition sgstems
Choose a function for “ranking” states
Choose a well-founded order on ranks

Show that transitions eventua”g

CICCFCBSC ran l(



Nested Loops

=]

u:=]

looP V= U wi(n-r)+w(r-s)+k
until r=n
S =

looP u .= utv
S := 5+l
while s<r
repeat



Per lteration

=]

U := |

IOOP Vi w(n-r)+r+-s
until r=n
S =

looP u .= utv
S := 5+l
while s<r
repeat



Lexicographic

=]

U := |

IOOP V= /U (n_r’r+ I 'S)
unti r=n
S =

looP u .= utv
S := 5+l
while s<r
repeat



Invariants

=]
u:=]
IooP V= U | <r=<n
until r=n
S =
looP u:= u+\/I ss=r+
S := 5+l
while s<r

repeat



Well-Founded

® No infinite clescencliﬂg sequences

X|>x2>x5>> ..



Well-Founded

> js a wfo of X

vxeX. [Vg<x. P(ﬂ)] = P (x)
vxeX. P(x)

Why!



David Gries

® (Inder the reasonable assuml:)tion that
nondeterminism is bounclecl, the two
methods are ec]uivalent. .. Inthis
situation, we Prc—ncer using strong

termination.



n:= U
while ©+ > 00 do

n:=mn-+1

y:=10; while y* +2y <z do y:=1y+ 1
if =y~

then r:=y — 1

else 5 := ()

r:=0; while m* +2r <z —y? dor :=r+1
while z > y* + r* do
y:=0: while y* +2y <z doy:=y+ 1
s=s+(s+y" +y—x)°
T =3 — y*
r:=0:whiler* 4+ 2r <z —9y° dor:=r+1
fori:=1 ton dozx:=r°+r—1
while s > () do
r:=0:whiler* +2r <s dor:=r+1
r:=z+ (x+7r°+7r—5)°

§ = § —






Contra-Gries

® To prove terminating with a natural

(strong) ranking function requires € -

induction



A”~Purpos<—: Ranks

O<]<?2<-
<) <WH < W2 < -
<W2<W2H < <WH<<W4<-

< W2 < WH < - < WHW < WHW+H] < -

<) <WH < S W < - (f)d)k)ﬁ <.



Ordinals

O,1,2, ...,
W, o+, o+, ...,
w2, W2+, ..., A, ...,
W%, ..., w2+3, ..., 07, ...,
o, ... o We®

€4, €T, ooo) E2TWOHW2S,
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Transition 595tem







Well-Founded

® States Q

® Algorithm R C QxQ

o Well-founded order>on Q

® RC>



A”~Purpose Ran‘dng

‘nQ*Od

‘r{%)zsup{rgp+ln<—*g}



ComPutatiOH

&Y A0 6 BEEKE Y A XXX




Abstraction

& O O& S oo0o
® O

& DT~ o 00
a

- O




Frank Ramseg

"
e
“ s
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/'s". 5~
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Ram569’5 Theorem

Infinite comple’ce graph

':initelg colored eclges

Monochrome infinite clique



Closure




Proot

e,
o)
G




Proot

O E & o000 &> 0 00
@ O o O O )

T~ N D




Proot

O E & o000 &> 0 00
@ O o O O )




Disjuncti\/e Orders

® States Q

® Algorithm R C QxQ

® Transitive closure R

o Well-founded orders > and 30n Q

@ R"C>uyu =




Ranking Method

® States Q

® Algorithm R C QxQ
o Well-founded order > on'w

® Ranking?unction r-Q—-WwW

® Define X>Y i r(X) »riy)



Invariants

® States Q

® Algorithm R C QxQ
o Well-founded order > on'w

® Ranking?unction r-Q—-WwW

® Define X>Y i r(X) »riy)



Algorithmic Sgstem




Classical Algorithms

o .’iverg algorit]’xm can be expressecl
Preciselg as a set of conditional

assignments, executed in Para”el

{

repeated.g.
it cthenf(sl,...sn) =t

it cthenf(sl,...sn) :=t



Practical Method

® States Q

® Algorithm R C QxQ
o Well-founded order > on'w

® Ranking?unction r-Q—-WwW

® Define X>Y i r(X) »riy)
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Color Code

Bordeaux - -
-
- -
Azure A



p—

te

e

‘\
v~ —

£

“Well, lemme think. ... You’ve stumped me, son. Most

folks only wanna know how to go the other way.”




Mortal (black) nodes on bottom and immortal (green)
nodes on top

.—.—.—.—. e o o

S N N

.—.—.—.—. o o o



Mortal in each alone (dashed Azure or solid Bordeaux),
but immortal in their union



Infinite Separation




Infinite Separation




Enoug}m?

oK g ooooo/o D000



Enough?

oK S Y Y Jo5e



C
nou
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Constriction + Jumping




Constriction + Jumping




Constriction + Jumping



Termination

5. Well-Quasi Orclerings



Dt=1
Dc=0
D(x+9) = Dx+Dy

D(xg) = yDx+xDy



CONTRIBUTIONS TO MECHANICAL MATHEMATICS

by

Renato Iturriagg

el
/41.(:()
LJ4[3()?> ~Aﬂvbtﬁﬁﬁ“
May 27, 1967 L/B "‘A /'Of?y E’&,

ky

el
T

Carnegie-Mellon University
Pittsburgh, Pennsylvania
N

AY
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' Title: TERMINATION OF ALGORITHMS.

Accession Number : ADO670558

Y Online

Information for the Defense Community

| Descriptive Note : Doctoral thesis,

- Corporate Author : CARNEGIE-MELLON UNIV PITTSBURGH PA DEPT OF COMPUTER SCIENCE

Personal Author(s) : Manna,Zohar

' Report Date : APR 1968

|

Pagination or Media Count : 105

- Abstract : The thesis contains two parts which are self-contained units. In Part 1 we present several results on the

relation between the problem of termination and equivalence of programs and abstract programs, and the first order
predlcate calculus. Part 2 is concerned with the relation between the termination of interpreted graphs, and
propcrucs of well-ordered sets and graph theory. (Author)
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Disjuncti\/eness

while c do

Al B

a)b who

(AuB)* Caub




Disjuncti\/eness

whilex>Oanc319>Oclo

Xi>xjVvyi>yj fori>

need xj > XJ



Jumping

while c do

Al B

while c do A while c do B

BA C AAUB)*U DB



Jumping

whilex>Oan&3>Odo

W

| Y=y

X~]
“?

R R

X :
vA

BA C A



Jumping

whilex>Oan&3>Odo

X 1= X~] { Yy :=3~1
y = xHy

BA C AD



Disjuncti\/eness

whilex>Oan&3>Oclo

W

| Yy :=3~1

X 1= X~]

Y = xy

BA C Ab*




Fairness

s = true
Nn:= Q0
while s do

N := N+l l S::{:BISG



Fairness

S:=7
Nn:= Q0
while s>0 do

N := N+l l S := 5~1



Grid Game

® Given (uPPer~right) gricl coordinates
(x0,y0)

® Choose (xj,gj) to Prolong game s.t.

® ><j<><iOjo<9i for all i<j



Grid Game




Grid Game




Grid Game




Grid Game




Grid Game

£




Tricolor

® Color Pairs i<j of Points
o Purple it xi > XJ and yi> w
® Blueif on19 X| > Xj
® Redif onlg yi> w
® Consider sequence of Points

¢ Ramseg contra&icts WCII‘-]COUHCJCCJHCSS



Ramseg’s Theorem

® Two colors: yes and no

. Extend yes as |ong as Possible
. f can forever, then done (&l yes)

s not, then rcPeat



Ram569’5 Theorem

® Reduce more than 2 colors to 2 (color—-

blindness) . Repeat.

® orZ:.Form sequence of nodes
alaza’... bg rel:)eatecllg taking

monochromatical|9~connectecl 5ubsets






S:=V
R:=1
do forever
=
R:= R {;l.‘}
S = S\ {;l.’}
W:={se S|c(r,s) = white}

g . W if |[W| =
] S\ W otherwise

W:=1{ze R|Vy e R.y+# x— c(z,y) = white}
W if |W| =~

return { R\ W otherwise



Ramsey’s Theorem

Infinite complete multi-graph

'F"initelg colored multi~eclges

can ane myltiple multi-edges
Monoc:hrome innnite ¢ Ique



Quasi~orclering

® (Greateror equivalent
® Transitive

¢ Reflexive



Quasi~orclering

° .’f‘__cluivalence (both directions)

® Strict part (onlg one)



We||~quasi~orclering

o Well-founded

® o infinite strict!g—-clescencling

SCC]UCI’]CCS

® No infinite anti-chains






A THAZOREM ON PARTIALLY ORDERZD 3ETS3 (3ummary)

Hichael Redin

In the followinz note e 2ive a condition for the finiteness

of a partially ordered set. This th2orem was established in order
to prove the finlteness of cesrtaln classss of ideals.

Theoram.

Assumntion: Let the partially ordsred set M satisfy
ths following conditicns:

a) The maxinmum condition (that is, the ascendine
zhain condition;.

b) The minirum ¢ondition (that is, the descending
chain condition).

¢) Svery subset of M in which all pairs of elements
ar2 uncomperadle, is finits.

Conclusion: M is finits.

The crucial point af thc proof liss in the following eeneral

principle.






Equivalent Properties

® qu

o .’i\/erg infinite sequence has an ordered

Pair



Well-Quasi-Order

ASetAIS
< Iffor all infinite sequences from A:

(1, 49, (3, . . .

there exists some i < j such that a; 3 a;.




Equivalent Properties

® Standard: wk and no inf antichain

| s

® Simple: Every infinite sequence has an
P Y 9

ordered Pair

® (Iseful: Everg infinite sequence contains

an infinite non~decreasing chain

® Whg? —— Ramse‘q



ProPerties

® Cvery refinement (more order) is also

WC]O

® Every inearization (refinement s.t. all

equivauence classes are Comparable) IS

WC”‘-'OFCICFCCI



Dickson’s Lemma

® Order (n-) tuples N Procluc:t orclering

o All Components are in order

® TUPICS of Wqos are wqo



Good

o A Pair 1S goocl it it is ordered
e A sequence 1S goocl it it has a goocl Pair

® Asetis goocl (wqo) it a_” sequences are

gOOCl



Bad

o A sequence is bad i there is no good Pair

® |tis goocl if it has at least one Pair



Good & Bad

o A qo 1S a wqo it all sequences are goocl

o A sequence is bad it it is not goocl

® f asetisnot goocl, then there is a
minimal Counterexample (bad

sequence)



Higman’s l emma

—

Every infinite sequence of words (over a

finite alphabet) includes an embeclcliﬂg.



Homeomorphic

ablbj  [blalbld]t




Higman’s | emma

® SUPPOSC a finite or infinite alphabe‘c 1S

WqO

® Fxtend order to striﬂg cmbeclcling

® |ctters map in order to bigger or

ec]uivalent ones

® Strings are wqo



Prececlence

Example, 2

ap<a;<a,<...

bo<bi<b,<...

Zo<z<...



Minimal Bad Sequence

® acdeetatda ...

® afdaabacd ..

® abeefafda ...

® abacdeetatda ...
® abatdaacd ...



Minimal Bad Sequence

o ab 66? a&:la
. ab acd eet atda ...
o ab aFc:la accl



Minimal Bad Sequence

o ab CC{: a‘FCla
o ab accl CC]C aFcla
o ab aFcla BCCl



Minimal Bad Sequence

. ab
o 8]3 accl CC]C aFcla
. ab



Minimal Bad Sequence

o 813 ach CC]C a{:cia



Minimal Bad Sequence

. ab acd eet atda ...



Minimal Bad Sequence

.abacd  afda...



Proot

® Consider minimal bad sequence

® Xy XHXH O(§X§ e OEX L O(JXJ

® [xtract subsec]uence With ﬁrst letters

X X 0(6 orclerecl

® Consider rests x; x;, X3 ...



® Tails (or substrings) of minimal bad

sequence are goocl

g Whg?

® Suppose bad tails Xg +ve Xz Xig -

® Consider x; X ... (Where » min index)

® 0% BXy XgXg . would be smaller than



Contradiction

.abacd  atda.. aacatad ..



Coro”arg: Bag

Given who > on elements X, consider bag order

Extend (bg Zorn’s Lemma) to total well-order
> XIS wqo bﬂ >
[‘59 Higman) sequences X* are Wgo

Were there an infinite clescencling sequence b}

of multisets wrt > 1t would be Aecreasing wrt >

By Higman, there’s a Pair DJ < bk) bg bag order



Termination

6. Tree Orclerings



ngbolic

Dt=1
Dc=0
D(x+g) = Dx + Dy

D(xg) = xDy + yDx



Exponential

* [Dx] =3
® [tl=[cl=3
® [xtyl=..=Ixyl=[x]+lyl



WQO

® Standard: wk and no inf antichain

| s

® Simple: Every infinite sequence has an
P Y 9

ordered Pair

® (Iseful: Everg infinite sequence contains

an infinite non~decreasing chain

® Whg? —— Ramse‘q



Coro”ary

® Multiset orclering

® ]50unclecl~arit9 tree orclering



Tree Embedding

§ t
9

12

2

\:/




Kruskal’s Tree Theorem

o .’f:\/erg infinite sequence of trees (over a

wqo alphabe‘t} includes an embeclcling.



Good Sequence







Ti:ﬁkﬁﬁﬁm ........

S= i b ih Al 21—













/\/

b A

S =Ah AN

I







| abels

AAAAAAAM

A




Gremlins

o6 ~%‘ ‘.’/?/‘
0'—\—'\.‘ e 0L
RN~ =



Gremlins



Multiset Path Order

® s={(s,..5) t=g(t,...,t)

® s>tifs =tforsomei

® 5>tif
® (F(5)e 50D e (gfty,e,t))

® ands> tj for a”j



ngbolic

Dt=1
Dc=0
D(x+g) = Dx + Dy

D(xg) = xDy + yDx



Distributivitg

° x(9+z) = XY + Xz



DN

S X=X
-(xvy) = (XA (= y)
-(xAy) = (A x) v y)
xA(yvz) = (xay) v (xAZ)
(yvz) ax = (Yax) v (zax)



Simpliﬁcation Order

® F(...Jsb...) = 5,

® 5i>ti =>‘F<...)Sb...> >‘F<...,ti,...>

® Minite alphabet



Simpliﬁcation Order

® F(...Jsb...) = 5,

® 5i>ti =>‘F<...)Sb...> >‘F<...,ti,...>

o F>g =f(..5,..) >g(...,5),...)



Lexicographic Path

® s={(s,..5) t=g(t,...,t)

® s>tifs =tforsomei

o 5>tif
® C{:3511“'35m> ~lex <g)tb“‘3tﬂ>

® ands> tj for a”j



Recursive Path Order

® s={(s,..5) t=g(t,...,t)

® s>tifs =tforsomei

® 5>tif
¢ (F,sb...,{si,...,sm}) > (g,t,,...){ti,...Jtn})

® ands> tj for a”j



Weak
Simpliﬁcation Order

® F(...,Sb...> = 5,

® SHES ti = ‘F(...)S;)..J = ]cht”>



Simpliﬁcation Ordering

° (Weaklg) Monotonic

o (Weaklg) Subterm

® Theg are we”~quasi~orcler5



Termination

/. Rewriting



Fission







Better

o d(a) = clepth (@)

®{dB ainAl: colong/—\}

® {ission: clel:)th decreases

® {usion: one cleel:) item removed



DNIFO

L XD X

-(xvy) = (=x)A=y)
-(xay) = (=x)v(=y)
XA (Yvz) = (xAy) v (xAZ)

(g VZ) AX &= (9 AX)V (ZAX)



NI

L XX
-(xvy) = (=)A= y)
-xay) = (X)) v y)
XA(YAZ) = (xAy) Az
xv(yvz) = (xvy) vz
xA(Yvz) = (xAy) Vv (xAzZ)

(9 VZ) AX & (9 AX)V (ZAX)



DNIF2

L XX
-(xvy) = (=)A= y)
-xay) = (X)) v y)
(></\9) AZ 2 XA (9 AZ)
xv(yvz) = (xvy) vz
xA(Yvz) = (xAy) Vv (xAzZ)

(9 VZ) AX & (9 AX)V (ZAX)



DN

— =X = X

-xvy) = (== )A= == y)

-xAY) = (==X V(== y)
XA (9vz) = (XAg}V(XAZ)

(g VZ) AX &= (9 AX)V (ZAX)



DN

— =X = X

-xvy) = (== )A= == y)

-xAY) = (5 ==XV =-y)
XA (9vz) = (XAgDVCXAz)

(9 VZ) AX &= (9 AX)V (ZAX)

— =(arn(bvo))



DN

- X=X

-(xvy) = (A x)A (= yY)

-(xAy) = (=x)v(=y)

xA(Yvz) = Ay v (XAZ) V (XAY) v (XAZ)
(Yvz) Ax = (XAYV (XAZ) V (XAY) v (XAZ)

XVX &= X



NS

L XD X

Sxvy) = (G )A GG Y AGEIAGY)
-xAy) = (Gx)VE v vE )
xA(yvz) = (xAy)v (xAz)

YV AX = (XAY)V (xAZ)

XVX &= X

XAX &= X



—.(xvy) = (o o
ﬁ(x/\g) = (o 5

XVX = X

XAX &= X

DNF6

XA (= - .9)/\(. .

PINCEEYT)

X))V (= o .9)v(. .

XV (== -y)



DNF7

L XD X
-xvy) = (Gx)AGEYAGIAGY)
-xAy) = () Vv vag)
XVX &= X

XAX = X



Symbolic Computation

® Dt=1]
® PDc=0
° D(x+g)=Dx+Dg

° D(xg) = xDy + yDx



Rewritin g

Dt=
Dc=0
D(x+g) = Dx+ Dy

D (xy) = xDy + yDx



Factorial

® Xx+tO= X

® x+s(y) = s(x+y)
® x*O=0

* x*s(y) = y+x*y
e {(0) = 5(0)

® f(s(x) = s(x)*(x)



Factorial

® Xx+tO= X

® x+s(y) = s(xty)

® x*O=0

* x*s(y) = y+x*y

* {(0) = s(0)

® F(s()) = sC)*(p(s())
® p(s(x) = x



Termination

o fs[x] = t[x]isarule

o thenc[s[vll = c[t[vl] is a rewrite
o Want c[s[v]] > c[t[v]] in some who
® Want monotonicity

o s>t=1( 5. )>F(. t..)



Exponential lnterpretation

* [Dx] =3
® [t]=]c]=3
® [xtyl=..=Ixyl=[x]+lyl



Polgnomial lnterpretation

¢ [Dx] = [x]?

® [xtyl=..=Ixyl=Ix]+ [yl

® .’iventua”g Positive
® ><7-+g7-+2><3~><7-~97-~><~3==Z><9~x~3

® Dervatives: 2x-~1; 2y-1



Multiset Path Order

® s={(s,..5) t=g(t,...,t)

® s>tifs =tforsomei

® 5>tif
® (F(5)e 50D e (gfty,e,t))

® ands> tj for a”j



Lexicographic Path Order

® s={(s,..5) t=g(t,...,t)

® s>tifs =tforsomei

o 5>tif
® C{:3511“'35m> ~lex <g)tb“‘3tﬂ>

® ands> tj for a”j



Boger & Moore

o hc(ig(x)g,z)Ju,v) = iF(x,iF(y)u,v)Jhc(zju)v))



Recursive Path Order

® s={(s,..5) t=g(t,...,t)

® s>tifs =tforsomei

® 5>tif
¢ (F,sb...,{si,...,sm}) > (g,t,,...){ti,...Jtn})

® ands> tj for a”j



Simpliﬁcation Order

® SUPPOSC finite Vocabulary
o Subterm:£(...5,..) > s

® Monotonic:s>t =+(..s,.)>+( . t..)

® Must be well-founded



Weak Simpliﬁcation Order

® Weak subterm:f(...s,.) zs

® Weak monotonicitg:
SHES ti = ‘F(...)Sg)..J = F<3t13>

® We”~c]ua5i~orcler bg Kruskal

o .’inough for termination of rewritiﬂg

® Whg?



Total Order

® SUPPOSC finite vocabularg

® Monotonic:s>t =+(..s,.)>+( . t..)

o Well-founded iHf subterm



Semantic Path Order

® S :‘FCS])...3Sm> t:g<t13.~~)tn> -

® s>tifs =ttorsome

o 5>tif
¢ (5,5],n~35m> >|e>< <t)t])”’3tﬂ>
® ands> ‘tJ for a“j

° recluire sot=1(.s.)=FC 1)



Proot

|

Extend base order to a total w.t. order

Consider minimal bad sequence
Subterms are well-founded

No use of s, = tcase

So base order decreases and stabilizes



Termination

8. Semantic Path Order



DN

— =X = X

-xvy) = (== )A= == y)

-xAY) = (5 ==XV =-y)
XA (9vz) = (XAgDVCXAz)

(9 VZ) AX &= (9 AX)V (ZAX)

— =(arn(bvo))



DN

- X=X

-(xvy) = (A x)A (= yY)

-(xAy) = (=x)v(=y)

xA(Yvz) = Ay v (XAZ) V (XAY) v (XAZ)
(Yvz) Ax = (XAYV (XAZ) V (XAY) v (XAZ)

XVX &= X



NS

L XD X

Sxvy) = (G )A GG Y AGEIAGY)
-xAy) = (Gx)VE v vE )
xA(yvz) = (xAy)v (xAz)

YV AX = (XAY)V (xAZ)

XVX &= X

XAX &= X



—.(xvy) = (o o
ﬁ(x/\g) = (o 5

XVX = X

XAX &= X

DNF6

XA (= - .9)/\(. .

PINCEEYT)

X))V (= o .9)v(. .

XV (== -y)



—.(xvy) = (o o
ﬁ(x/\g) = (o 5

XVX = X

XAX &= X

DNF6

N Y N CEE SN CEEYT),

XV ==V ==XV (E--y)

. —.(><V9)



Labeling

o (o Fgmcx
o (o ggﬁx
o o ggfx



Semantic Path Order

® Given a well-founded term order
® s=f(s,...,5,) t=glt,...t)

® s>tifs =ttorsome

o S > 't i‘F (5;5])~~'35m> >l@>< (t)tb’“)tﬂ>
® ands> tj for a“j

® st l‘F‘F (535])~“35m> ~ Ctth“’JtrD



Semantic Path Order

° require sot=F(.s. )=+ t.)



Proot

Consider minimal bad sequence

Subterms are well-founded

No use of s, = tcase

So base order decreases and stabilizes



JumPing
® | etP=RuUD
o fsRubBt
® thensRt

® orsbvyFPv,P...Pv, Pt

® |nshort RB c R uBP*

® Hence (inc]uction) RB*Cc RuBP*



Constrictin g

® |etP=RuUb

® |fthereis an immortal Purple chain
s P s, sy

® then there is an immortal constricting chain
s, DH..BDt Ry bb..Bt K.

-

® R or119 when “necessarg”

o i{t B v, thenvis mortal



Constriction + Jumping




Constriction + Jumping




Constriction + Jumping



Constricted JumPing

® Constricted 5 BD. DL Rt DBB..DtL R
¢ Jumping RB* c RuDbP*

® JumoingEB* C R

® 5 BB.DE KRR



Jumping Union

o |f Bjumps over R
® then union well-founded it both are
® 5 BB..BtRB* L, RB*{, RB* ...

® 5 BB . BLHRELRER

*
——

* 5 BB.. Bt RB*t, RB* t, RBBBB...

® 5 BB.. Bt RRR u BBBB...




Litting,

® [or any immortal red chain
5 R sy Rsy K.

® there is also an immortal pu "Ple chain

atter taking an immediate blue turn
ssbtFPt, F..

® Example: R is multiset; B is subset



Litting Union

o If Bjumps over R

® and B liftsto R
® then union well-founded it B is

® 5 BB. . BERERER XXX

¢ 5 BB..BtRRRu BBBB...




Nested Multisets

® subsetjumps over multiset
® subset lifts to multiset

¢ well-founded since subset is



Escaping

® For any immortal red chain
5 R sy KRsy K.

® there is also an immortal Purple chain

aFter some bluc—: turn
s;Rs;, R..Rs, Dt FPt, F..



Jumping + Escaping




Jumping + Escaping




Escaping Union

o If Bjumps over R

® 5nd B escapes fromR

® then union well-founded it B is

® 5 BB BERERER XXX

® 5 BH.BERRRu, bbbb...




Termination

9. DePenclencies



Assumption

® SimPliﬁcation orders
® Assume fixed or bounded aritg

® Otherwise need another condition



Substitutions

substitution {x; > u}

applg tHx ~ ul, replace each occurrence

of variable x. in t with term u,

compose {x. ~» ulo=1{x~ uol



Unimers

substitution o unifies terms s and t it so = to

substitution U more general than o if there’s

a T (not a renaming) such that o = UT

it there is a unifier, then there is a unique

most geﬂeral one U (unique up to renaming)



Unifiers

® Xy distinct variables

® F,g distinct sgmbols

megu(x,x) = @; mgux,y) = x-y)

mgu (x,t) = ixet) t does not contain x
mgu (x,t) = fail, t contains x (but isn’t x)
meu(t(s),g®) = tail; mgu 0 FO) = 2
mgu (F(u,s) Fv,D) = pu mguFsw F )

where p = mgu (u,v)



Non~-termination

® (Canuse most general unifier to look for examples
of nontermination
® Giventwo derivations s = t and u = v
® renamed so that the two have distinct variables

® ules are one-step derivations
P

® oxtend (if Possible) !35 mgu M of uand

nonvariable subterm of t

® sp -t =rplup] - rplvp]




JumPing
® | etP=RuUD
o fsRubBt
® thensRt

® orsbvyFPv,P...Pv, Pt

® |nshort RB c R uBP*

® Hence (inc]uction) RB*Cc RuBP*



Jumping Union

o |f Bjumps over R
® then union well-founded it both are
® 5 BB..BtRB* L, RB*{, RB* ...

® 5 BB . BLHRELRER

*
——

* 5 BB.. Bt RB*t, RB* t, RBBBB...

® 5 BB.. Bt RRR u BBBB...




Escaping

® For any immortal red chain
5 R sy KRsy K.

® there is also an immortal Purple chain

aFter some bluc—: turn
s;Rs;, R..Rs, Dt FPt, F..



Escaping Union

o If Bjumps over R

® 5nd B escapes fromR

® then union well-founded it B is

® 5 BB BERERER XXX

® 5 BH.BERRRu, bbbb...




ToP & Not

® Two Parts to rewriting =

® instance of rule “top

® within a context =



ot
TOP | N

kK =
.S

sj = top -

her si “top

Eit

@

toP
t2
>1]
Dsk
= ...
S
Or
o



Facts

o {( . s.u. )= f( . t.u.)=t
o f(.s.u.)=st
o {( s .u)= (. t.u)s=u

o {(.s.u.)=u



Dependencies

® | ct» be Dtop > ¥

® Rules= t[u]
® s>»u

® oxclude variable u



Depenclencg Pairs

® R rewnte step

® T toP step

® | inner step (not at toP)

°* D clcpeﬂdeﬂcg Pair (includes top 5teP)

® A subterm



Dependencies

B=Dul
RCcbH

DA CDUATCBUAT

IACAUARCAUAD
BACBUATUAD

Ajumps over B (Dul)



Dependencies

ShowbB=Dulis terminatiﬂg

Dc>

| C =

= W€|l~1cOUﬂCl€Cl

=>C> “compatible”



Proot

Infinite D & 1, with imqnitely many Ds
A escapes from | andjumps over |
Can’t have infinite tail of on|9 |

So show I*D terminates

FDCc=>C>



Advanta ge

® Must have irnqnitelg many D steps at toP

® So enouglﬁ to show other 51:@[:)5 =



Quotient

X -0 =X
sx~5g2>><~3
O+592>O

X = 5 = s( [><~9] +59)



Rules

X ~0 =X
SX -~ SY = X - Y
O+5320

SX = 5 = s( [><~9] +59)



DroP Subtrahend

| PO with onlg first argument of -
-X Z X

-5X = -X

O = sy = O

X = 5 25(~x+53)



Pairs

® SX -5y > X - Y
® sx-sy> (><~9) = s

® s><+59>><~3



Pairs

® _sx>-X
® 5><+59>~><+59

® s><+59>~><



Depenclencg Graph
"

D(s(z), s(y)) — D(minus(z, y),s(y))

|

D(s(),s(y)) = M(z, y)

:

M(s(z),s(y)) = M(z,y)

__/




Termination

10. Recursion



r—0—>2

s(z) —s(y) >z —y
quot(0,s(y)) — 0
quot(s(z),s(y)) — s(quot(z — y,s(y)))
0+vy— vy
s(z) +y — s(z + y)
(z—y)—2z—>z—(y+2)






le(s(x),
le(s(x),s(y
(

— false
— le(x, y)
— T
— T
— pred(minus(z, y))
— Y
> s(a)

— ifged(le(y, z),s(x),s(y))

N gcd(manS(SC y) (y))
— ged(minus(y, z),s(z))



le(s(z),s(y)) — le(z, y)
app(nil,y) =y
app(add(n, z),y) — add(n, app(x,y))
low (72, nil) — nil
low(n, add(m, x) ifiow (le(m,n),n,add(m, z))

iflow (true, n,add(m, z)) — add(m, low(n, x))

iflow (false, n, add(m, x) low(n, x)

high(n,add(m, ) ifhigh (le(m, n), n,add(m, z))
ifhigh (true, n, add(m, z)) — high(n, x)

ifhigh (false, n,add(m, z)) — add(m, high(n, z))

quicksort(nil) — nil

y)
)
) —
)
) —
high(n, nil) — nil
) —
)
)
)
)

quicksort(add(n, z)) — app(quicksort(low(n, x)),
add(n, quicksort(high(n, z))))



applg (t,0) :=

APPIY
i var? (&)

then if o =0
then t
else let ix>uluo’=o in
iF t=x
then u
else applg (t,0")
else let +(t1,... .tn)=tin
F(applg (t,0) ,...,applg (tn,o))



Occur?

occur?(x,t) :=
iFvar? (t)
then (x=t)
else let £(t,... tn)=t in

occur?(x,t) v...v occur? (x,tn)



unifg (s,b) := 3
if var? (s)
then if var? (t)

then it s=t then {} else (s>t}

else if occur?(s,t)
then fall

else {s—t)
else letf(sl,...sm) =s & g(tl,...,tn) =tin
it Hg
then fail
else if m=0 [assuming m=n]
then ¢
else let o= unhcg (sl,t]) in
let T = uni{g (aPPlg F(s2,...,sm), 0>’8PP|9 FE2,...tn),0)) in

TUOT [composition of substitutions....]



Primitive Recursion

® {(nx,.z):=
it n=0
then Z(X,...,2)

else h(F(n-1.x....2) .n-1x,...,.2)



Inductive Definitions

® Constructors
® 0 5(0),s(s(0), ...
® ¢ a(e),ble),a@@), ..
® ¢ blee), bblee),e, ..



Structural Induction

° a(x,g} = it x=0) then Y else c(hd(x),a(tl (%) ,3))
o r(x) =i x=0) then O else a(rH X)) ,c(hd(x),0))



Functions

Basic (e.g. arithmetic, boolean)
Constructors (e.g, lists, trees)

Conditional (if c then a else b)

Defined (recursi\/elg, Perhaps}



Definitions

o F(x,g,...,z} = tlx,y,...,z]

® =(m,n) :=if n=0 then 1 else mxe(m,n-1)



Fvaluations

o hC(T)xjg) = X

* iF(Fxy) =y

o hc(c,x)g) = hc(c’,x)w
° F(x,g} Dt[x,g]

o F(xjg) = F(x’g)

o F(x,g} = F(X,ﬂ’)




Inner/Quter

o hC(T)x,g) = X

* iF(Fxy) =y

o iF(C,x,g) = iF(c:’pgg)
° F(x,g} Qt[x,g]

o F(xjy) = F(xﬁg)

o F(x,g} = {:<X,9)>




Inner & Outer

N: normative; no’thing above
A\ applicativc; nothing below
| inner; something above (not normal)

O: outer; something below



91 E:xample

o {(x) :=ifx>100
then x-10

else +(F(x+1)



E:xample

o F(x,g} = i x=0
then 2

else F(x-1+ (><+g) 3))



E:xample

® t(x,y) := it x=0
then O
else if x=1
then £(0,F(1,y))

else F(x-2, y+)



E:xample

Fan =+ F01) =777



In vs. Out

o |f any coml:)utation 1S terminating
then outermost (normal orcler) 1S

termiﬂating.

o |f any coml:)utation 1S non~terminating
then innermost (aPPlicatiVC order) is

non—-terminatiﬂg.



Normal is Verg Good

® SUPPOSC not

® Consider minimal counterexample

® u NNNNINNINNNNI v ; v value
® IN=|]OCNA?*
® So:uN..NIlL.lJv

® RButcan’t have v, sou N*v



Applicati\/e 1S \/ery Bad

e fLO V, then
® there are U’ v’ v’ such that
® UAU AV AV
& yA*YV Ay

® A means as much as Possible



Termination

1. ff‘_ventualitg



Transformation



Transitions

F’rogram: sl~»>s2Z~»sH~> ...
Transformation si = si

Schema: sl ~ s2 ~ SH ™~ ...

s~ iFs~Sg



Homework



E:xample

X~0=X
5><~59:>><~9
= O

-5 '
O ' Sg = s((x-y)=sy)
SX =
O+y=y
x+32>5(x+9)
S

X-y) - 2= x~ (y+z)
X~



E:asg Rules

e O R
O+59:>O

O+y=y



Prececlence

=+ >5>- ()



Hard Rule

sX )= sy = s((x—-ﬂ) - 53)



Solution

SX = 5 = 5((x~&+ 53)



Problem

SX = 5 = 5((x~3)+ 53) = s((utv)= 59)



Pairs

5><~59:>><~9
SX = 5y = (x~5)+ s SX = 5Y = X-Y

5x+52>x+g

(x—-g) -7 X~ (9+z) (x—-g) -z ytz



Pairs - Colored

sx—-sng—-y
SX = 5 = (x—-y% 54 SX = SY = X-Y

5x+92>x+g

(x—-g} ~ 7 X~ (9+z) (x—-g} -z2ytz



Pairs ~ Separated

- *,, e ——— 1
5x - 69 = <><~9> sy xSy §f

><~> 'J -yt ey -zoytz

== ===




Pairs ~ Separatec{




Pairs ~ Separatec{

"1 SX = sgD (x~3) 53 SX = 59:>><~9 %ﬁ

—_—— ———— = e = = — __



Pairs ~ Separated



Pairs ~ Separated

s><~59:>x~3 2'

e e e = = TE = = _

O =) Gy ey e




Rules

X~-0=x

SX -5y = X - y
O-sy= 0O

sx = sy = s((x-y)=sy)
O+y=y
sx+y = s(x+y)

X-y) - z= x - (ytz)



X~ =X
SX -~ WX~
O+59:>O

SX = 5 = s((x~ )= sg)
Ot+ty=y
sx+y = 5(x+9)

(X-) = = x-



Rules =

X~ = X
SX ~ = X~
O+59 = 0O

SX =5 = s((x~ )+5g)
Oty =y
sx+y = 5(><+9)

(X-) = = x-



059E>T

SX

SX

<02

5599x39

O~9E>O

SX

-y= iF(sxsg,sx,g)

hc(T)stQ) = O

EF('F,SX,Q) = 5(x-y)

O+59:>O

SX

- sy = 5((x~9)+ 53)



OSHDT
SXSQDF

SX < 5y = X < Yy

psX = X

X ~0= X

X - sy = P(x~9)

gccl (5%,0) = s5(x)

gcd (8X, 59) = nc(g_x SX 59)
iF(T.sx, sg) = gcd (x~9,59)

it (Fsx, 53) = gccl (9~>< SX)



le(s(z),s(y)) — le(z, y)
app(nil,y) =y
app(add(n, z),y) — add(n, app(x,y))
low (72, nil) — nil
low(n, add(m, x) ifiow (le(m,n),n,add(m, z))

iflow (true, n,add(m, z)) — add(m, low(n, x))

iflow (false, n, add(m, x) low(n, x)

high(n,add(m, ) ifhigh (le(m, n), n,add(m, z))
ifhigh (true, n, add(m, z)) — high(n, x)

ifhigh (false, n,add(m, z)) — add(m, high(n, z))

quicksort(nil) — nil

y)
)
) —
)
) —
high(n, nil) — nil
) —
)
)
)
)

quicksort(add(n, z)) — app(quicksort(low(n, x)),
add(n, quicksort(high(n, z))))



Dataflow



ToP GraPh

® Pierre Réty & al. (1987): Narrowing

¢ Jirgen Giesl & al. (2000): Rewriting



Argument Graph

o Shuki Sagjv & al. (1991); Logjc languages

® Neil Jones & al. (2000): Functional

Ia ﬂguages



Induction



| eaves

leaves (t) :=
iFleat®
then 1

else leaves (left(t)) + leaves (i ght 1)



Countin gl eaves
S = PUS"] (t, emptg)

.= O

OOp while s # emptg
h := top (s)
5 := PO (s)
it leat(h)
thenn:=n+1

else s := Push (leftt(h) qush (right (h) ,s)



Correctness

® f s=t.e and n=0

® then eventua”g s=e and n=# (t)



| emma

® f s=t.rand n=k

® then eventua”g s=r and n=k+# (t)



Induction (1)

o fs=leaf.randn=k
® then eventua”g s=r and n=k+# (lea)

® then eventua”g s=r and ﬂ==|<+l



Induction (2)

o if s=b(lt,rt).rand n=k

® then s=lt.rt.rand n=k

® then eventually s=rt.r and n=k+#(lt)

® then eventually s=r and n=k+# (It)+# (rt)

® then eventua”g s=r and n=k+#b (lt)rt)



Termination

® fs=te

® then e\/entuang s=e



| emma

® [s=tr

® then e\/entuang S=r



Ackermann

t:=]
s[t] :=m
Ioop m := s|t]
t .=t~
if m=0
then n := n+l
else if n=0
then t := t+
S[t] = m-~|
N :=1
else t:= t+2
S[t~]] = m-~|
s[t] :=m
N := N~
until t=0



Termination

It t=k then eventua”9 t=k-1 and s[0:k-11 same
Induction on (m,n)Jus’t atter m .= s[t]

Case |, m=0: t’ = t-

Case 2, m>0, n=0:t' =t; m’ = m-~1

Case?, mn>0:t' =t+; m’ = m; n’ = n-1; s[t’] = m-1

By induction, eventua”g t’=t; m”’ = m-1



Termination

12. THPing



Grades

® 10% -~ Participation & exerclises

® 90% ~ term paper



e Alonzo Church (190%-1995)

® nvented lambda calculus

(1952)

® {irst Programming-
{

.anguage f’CSGBFChCF

(sans computers)

® Turing’s advisor



A SET OF POSTULATES FOR THE FOUNDATION
OF LOGIC.!

By Avroxzo (OHURCH.”

1. Introduction. In this paper we present a set of postulates for the
foundation of formal logie, in which we avoid use of the free, or real,
variable, and in which we infroduce a certain restriction on the law of
excluded middle as a means of avoiding the paradoxes connected with the
mathematies of the transfinite.

free and bound variables



In consequence of this abstract character of the system which we are
about to formulate, it is not admissible, in proving theorems of the system,
o make use of the meaning of any of the symbols, although in the appli-
cation which 1s intended the symbols do acquire meanings., The initial
set of postulates must of themselves define the system as a formal struc-
ture, and in developing this formal structure reference to the proposed
application must be held irrelevant. There may, indeed, be other appli-
cations of the system than its use as a logic,

sgmbols dO Nnot l’IaVC PFC‘-COI"ICCiVCCl

meanings



In consequence of this abstract character of the system which we are
about to formulate, it is not admissible, in proving theorems of the system,
o make use of the meaning of any of the symbols, although in the appli-
cation which is intended the symbols do acquire meanings. The initial
set of postulates must of themselves define the system as a formal struc-
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% application must be held irrelevant. There may, indeed, be other appli-#
% cations of the system than its use as a logic, 3
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meanings



Proof terms, well-formed objects

An oceurrence of a variable X in a given formula s ealled an oceurrence
of X as a bound variable in the given formula if it is an occurrence of X
in a part of the formula of the form AX[M]; that is, if there 1s a formula M
such that Zx[M] oceurs in the given formula and the oeceurrence of X in
question is an ocemrrence in Zx |M]. All other occurrences of a variable
in a formula are called occwrrences as a free rariable.

A formula is said to be well-formed if 1t 1s a variable, or if 1t 1s one



| ambda Calculus

o E\/ergthing s a function

® For example, Ax.x is the identit
P Y

(™ ,
runction

o 7\9.}\><.>< 's a constant function, always

returni ng, ideﬂtitg



| ambda Terms

® Constants C; Variables X

® | =constant| variable la lication |
PP

abstraction

® | ..=C | X ] (LL) | AX.L



Positions

® Dcweg decimal system
® Number children, left to right

® Pathto Position gives “address”



Free Occurrences

Constants C; Variables X
L.=C | X ] (LL) | AX.L
F.(c)=0 F (x) ={e}
F.(st) = 0.F,(s) ulL.F,(t)

F.(Ax.s) = {}
. ()\9 s) =1.F (s)




| ambda Calculus

® B_rule: Ax.s)t = s[x~t]

° Replace (all free) xin s with t



Substitution

® x[x~t] =t

* ylx-t] = y

® c[xmt] =c

® (su) [xmt] = s[x-t] ulx-t]
® (Ax.s)[x~t] = Ax.s

® (\y.s) [xmt] = Ay. s[xmt]



Beta lmmortalitg

® Ax.X(X) AX.X(x) = Ax.x (%) Ax.x(x)



Completeness

o .’fiverg recursive function can be

simulated 59 a pure lambda expression.

® Church numerals rePresent the

naturals.

® Termination is undecidable.



Church Numerals

® o A\ x4 (x)



Church Numerals

®T ® AX,Y.X

® [~ ® MYy
f(cab) ®Aab.cl@b
® O ® \f x.x

® N+t o M xf(n(Fx)
®n-- ® hard

® =0 ® n(A.FT)



E
ra
gogue Nume
Sgna

® AX,Y.X
y 3 b.c(a,a
H HY e Ac,a,
¢ hc(c,a,a o
. ® A\x.x(F;n)
® N++ ‘ n(ﬁ)
® )~ ~

®n(T)
® n=0



Scheme

o (((lambda (x 9) (9 %)) (lambda @) 2)
(lambda @) (z2))) 5)

e (((ambda () (z2)) (lambda ) 2)) 5)
e (((Jambda (2) 2) lambda @) 2)) 5)
¢ ((lambda @) 2) 5)

* >



Inner vs. QOuter

® Scheme uses innermost

® Haske“ uses outermost



Recursor

® v .= (Ax. O\g.x(g (gD) (Xg.x(g (g))))
o V(b): recursive function with boclg b

¢ ﬁxpoi nt: Y(b) =b v (b))

o WO Am n.iF(n=0,m,F(m,n--))+)))) 3,4



Currging

M.y Alxyl instead of Ax, y.Alx,yl

+is the fDiﬂarg addition function

+(3) adds % to any number

+(®) (4) evaluates to 7



Arithmetic (Rosser)

‘Yo ® A Ax.x

® H++ o M Ax.n(P )

® mtn @A Ax.m®P ((h(D)) X))
® mn e M.m(n®)

® n  \M-.n(m) (P




A-calculus and first-order rewriting led to two important families of
programming languages:

e« v. » functional programming languages: Lisp
- “"“ (1958), ML (1972), Haskell (1990), OCaml
\ 3 N (1996), F+# (2005), ...

( > rewriting-based languages: OBJ (1976), Elan
\,__.-“‘ (1994), Maude (1996), ...



Simple T9P65

Base types B (e.g. Nat)

Arrow types [e.g. Nat = (Nat = Bool)]

.’iaclﬂ constant/ variable has a tg[oe
Tgpe (AX:0.5:T) =0T

Tgpe (s:0—-TtHo) =T



Tgping Rules

[

z: A |‘ T A

[,z:AFu:D I [Fs:A-DB Art: A :
FF,\.r.u:Aan [ Alst:B '




Tgpecl | ambda Calculus

¢ B~FU|C: O\X:O‘. S:T)t:()' -> S[X:O' Ht:O‘]:T



Tgpecl Beta Mortalitg

@ Ax:.0—T.(X:0=Tx:0):(0—=T)—>T



Termination

® Tur ng gave first proomC

® Tait’s ProcnC
® |nduction on term structure

® |nduction on tHPC structure



Termination of 3-reduction alone?

in the simply-typed A-calculus:

> — 3 can be proved terminating by a direct induction on the type
of the substituted variable (Sanchis 1967, van Daalen 1980)
does not extend to rewriting where the type of substituted variables
can increase, e.g. f(cx) — x with x: A= B



computability has been introduced for proving termination of
B-reduction in typed A-calculi (Tait, 1967) (Girard, 1970)

> every type T is mapped to a set [ T] of computable terms
> every term t: T is proved to be computable, i.e. t € [T]



Predicates

® Slt]:tis “terminating” (no infinite Paths}
® Clt]:tis “computable” (typecl terminating)

® NIlt]:tis “normalizing” (has a normal form)



Facts

¢ Slt] &t=>u=5]lul
¢ Slt]l &t> u=5lul

® {Vu.t=>u=5S[u]l=5[t]



Desiderata

1. Clt] = S[t]
2.Cls]l &s=>t= Clt]

5 Clx] Clc]

4 Vi{ulv) > t=Clt]}=Cluv)]

5. Clul e vwi{Clvl = CluWl}



Computability predicates

there are different definitions of computability (Tait Sat, Girard
Red, Parigot SatInd, Girard Bil) but Girard's definition Red is
better suited for handling arbitrary rewriting

let Red be the set of P such that:

> termination: P C SN(—3)
> stability by reduction: —3(P) C P
» if t is neutral and —(t) C P thent e P

neutral = not head-reducible after application (Axu is not neutral)



Termination

13. Higher—-()rcler Orclcrings



Predicates

o Slt]:tis terminating

o Clt]l:tis computable



Computabilit9

Inductive definition of C[t]:
e Basict: C[t] if S[t]

o Arrowt: CIt] iF Clt(s)] for all
coml:)utable s (of the right type)



| emmas

O. Reclucts o1C coml:)utable terms are Coml:)utable
I ComPutable terms are terminating

2. APPlications are comPutable i all reducts are

Main. Computable substitutions 9ie|cl

Coml:)utable terms



l emma O

¢ Reclucts o? coml:)utable terms are

coml:)utable

Clt]l &t=>u= Clu]



Proot of Lemma O

Clt] &t=>u= Clul]

® |nduction on tgl:)e

® Basict: Clu] i S[u] # Ss[t] # C[t]

® Arrowt:0—T: 59 clemc) Clt(s):T] for all
coml:)utable s. By ind, Clu(s):7], for all
5. By def, C[ul.




l emmal

. ComPutable terms are terminating

Clt] = Slt]



Proot of Lemma |

Clt] = s[t]

® |nduction on tUPC
® Basict: E)g definition
® Arrowt:0—T

By def, C[t(s)] for all coml:)utable 5:0.
By ind, S[t(s):7]. It must be that S[t], too.

&

&



Neutralitg

° applying creates no new redexes
t neutral: redexes of t(s) areintors

. coml:)utable it reducts are

CIt] # Clrl forallrst.t=r



l emma 2

Appllcatlons are neutral:

Cls®)]1 i Clr] forallrs.t.s(®) = r



Proot of Lemma 2

Cls®]1 it vr.s(®)=r = C[r]

e Induction on type of s(t)
e Basic: S[s(t)] iH S[r] vr

o Arrow: Show C[s®) (u)] for each computable u.
By ind, C[r(W] Vr suffices, which isjust Clr].




Coro”ary

CI\x.s) )] i Clsixt}] & C[t]

By well-founded induction on s t



Proof of Coro”arg

Clsix~t}] & Clt] = CI(Ax.s) B)]

59 LO’ 5[51 &S[t:L lets= 5’) -t...)tl

So Cls'{ix~t & Clt] = Cl(Ax.s’) )]
Clsix~t}] & CIt'] = CI(Ax.s) ()]

By L2, CIAx.s) D] i C[(Ax.s) (D] &
Cl(Ax.s) )] & Clsix—t}]

But C[t]=C[t'] and C[six»t]=C[s{x~t}]



. emma ?

Sltl] & ... &Sltn] = CIx) (2)...(tn) ]

e Induction on type of t=x®) &2)...(tn)

® Basict: Since onlg reducible inside
terminating ti, Sltl. By def, C[t].

® Arrow t:0—T. For any computable s:0, S|s]

bg L1. By ind, C[t(s):7]. By def, C[t].




Main Lemma

® Computable substitutions 9ie|cl coml:)utable

terms

Main: Cluo] for all u and comPutable o)

® where Clol i Clt] forallx»tino



Proof of Main Lemma

Cuo] for Computable o)

Structural induction on u
u constant: u=uo is basic and terminating; so Clul bﬂ def.

u is variable x: I xo=x, L% applies; otherwise xo is computable
PP P

u=t(s): uo=to(so). by ind, C[to]; by def, C[to(s0)1, since
Clso] bg ind.

u=Ax.s: For comPutable t, let o’=o-{x—>xctuix—1}. By ind,
Clso’]l. By L.2c, C[((Ax.8)0) (D], as (Ax.8) 0= Ax.s(0-{X—>X0})
and s(o-{x—xoD{x~t} = so’. By def, C[(A\x.8)a].



Theorem

o All tgpeci terms are terminating
o C[t] forallt

® Main lemma (emptg substitution)

o S[t] forallt

® }59 Lemmal



Frédéric




Functional

® D(}\x.g) —> Ax.0O

® D(AX.X) => Ax.]

® D(Ax.sin(

=(x))) = Ax.D(

= (x))-cos(



Higher~0r&er Rewriting

° map(*‘;cﬂ —> e

¢ map(‘“‘,x:g) = [~ (x) :maP(ij)



Sgstem T

® rec(O,u,F) =u

® rec(s(x),u,F) =

)

F(x,rec(x,u,’

® nl=rec(n,l, A\y,z.s(y)-z)



Mixing Problem

® {(c(X) = x

* LA (A-B) c: (A—-B)=A x: A—DB
* w=AzA+() (@)

® wic(w)) = Flcw)) (c(W)) = wic(w)) =



Explicit Application

® @(st) fors@®)

® @(Ft) for F(t)



Sgstem T

® rec(O,uF) = u

® rec(s(x),u,]

) > @(

)

= x,rec(x,u,



Cta

® \x.f(x) = . (for xeb
® ~tg Iong: A F(x)



Higher~0rder RPO

® Prececlence >

® @ minimal

® assume total (for simplicitg)
¢ tgpe order >

® various conditions



Example THPC Order

® 0T>T

® goT>ae T2a (base a)
® O-2T>0>T &T1T>T VOO0 T

¢ well-founded even when enriched with
O—=T>0



Higher~0rder RPO

® - -9

® X (keep track of variables X)

® ~X=>Xn>



Plain Cases

® s=1{(sl,... sm) >Xg(tl,...,tn)
® itf>g & s >*tl,...,tn
® s={(sl,...sm) >*t{t. ... tn)
® if{sl..sm>{tl. . tntands >t . . tn

® s={(sl,..sm) >*t

® [ somesi=*t



Variable Case

o [s*x



| ambda Cases

® >\X:O(.W[X] >X ¢
o fw[za] ="t
® ;X ?\H:B.W[gl

® I‘F S >XU{Z:B} W[Z]



Beta-ICta Cases

® Ax.@(v,x) >*t
® ifx¢v, vzXt
® @(Ax.wix],v) >*t

o fw[v]=xt



| ambda-lLambda

® Ax:0X.ulx] >* 7\9:0(.W[9]
o i ulz:a] >*w[z]
® 5= Ax:X.ulx] >* AQ:B.W[Q]

* fazB & s> wlz:B]



Sgstem T

® rec(O,uF) = u

® rec(s(x),u,]

) > @(

)

= x,rec(x,u,



Brower Ordinals

rec(O,U,V\W) = U

rec(s (X)) ,ULLV,W) = @(V,X,rec(X,U,V,W))

rec(im(
F An.rec(@(]

@(W,

-, U, VW) >

Sn), U, VW)

a little more needed



Termination

4. Terminate



%

® O, 1L2 ..., o, w+l, ..., w2, Wi+, ...,
W3, ..., 0%, ..., FW2H3, ..., ©7, ..., ©O, ...

W
(D J ® O



Ordinal lndexing
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“Binary” Search

l

O125 Z



Unbounded Search

® Costc(2): number of queries P(i) when

answer is z

® Thereis a transfinite sequence of

algorithms, each dramat caulg better

than its Preclecessor.



WHAT DOES XKCD MEANY

T MEANS SAVING A FEW SECONDS AT
A LONG RED LIGHT VIA ELARORATE
AND QUESTIONABLY LEGAL. MANEUVERS.

i

7:-: d"-uu

l ,BI)
‘ T MEANS HaAVING SOMEONE CALL YOUR \
CELL PHONE TN EIGERE Nt e WHERE IT IS




IT MEANS CALLING THE ACKERVANN FUNCTION
WITH GRAHAMS NUMBER AS THE ARGUMENTS

JUST TO HORRIFY MATHEMATCIANS.

A(g‘., 3"‘) — ?A\ﬁm\—\

IT MEANS INSTINCTIVELY CONSTRUCTING RULES
FOR WHICH FLOOR TILES TS OKAY TO STEP ON

AND THEN WALKING FUNNY EVER AFTER.




iterated Ackermann

® A (n):=A(n,n)
¢ AQ'_(”) = A?("O :A]CA\](A](...(I’]))))

* S

¢ Ak(”) = AL] (ﬂ)



Knuth’s Arrows

® mThn=m"
® mT Tn = mT (mT <mT <mT...Tm>>>

o mtkin=mtk(mtkmtkmtk  tkm)))



Cantor Normal Form

® O, o+f, w°®

® n=w°+w°+w°+ ... +0°

® W' =w*+w*+w*+...+ 0"
® cnf:w*n+P

® o.Bincnt; 0*n>B

® X +*+ .+ >02>...=>0n



Fundamental Sequence

® |im ANl =A
® (a+p)[n] = ax+P[n]

® W*n] .= W*n

® WM n] := WAl



Fast Grzegorczgk

® G,(n) :=n+H
N+l
® Guy(n) :=Gy (N)

¢ G}\ (ﬂ) = G}\[n] (ﬂ) ()\ Ilmlt>



Harclg

® H,(n) :=n
® Haun (ﬂ) 1= Ho((nﬂ)

® H)\<ﬂ> = H)\[n] (ﬂ) ()\ llfﬂlt}



Slow-Growi ng,

® g0<ﬂ> := O
® N = gy (n)+
® g)\cl"I) = g)\[n] (ﬂ) ()\ llmlt)



Godel

For any consistent axiomatization of
arithmetic, there are true unl:)rovablc

sentences.



Peano Arithmetic

° O logic w/ =
® Numbers O and its successors

® v, -(s(n)=0)

® V.ns(m=s(n) = m=n

® PO AV . (P(N)=P(s(n) =V_PH)



Definable

F(x,z) defines £(x) in Lif
o ~{(x) iHF(x,2)

® and thc—:se are Provable:

® v 3 F(xz)

® V.., -Fx2) &I (xz2) =z=7



Gentzen

® The Peano axioms are consistent

® Proof bg €, induction



Cut Elimination

D
(A1)
(A1) T — &
A
Dy (A)C, II' — &' 1 (Az2)
™ (As)

(As) I'=>AC C/II - =
(f14) '[RIZ:_)AA’EE

52

*

H/:):',

exchanges

ﬂ/ — =/
e 81
II - =

weakenings,exchanges

(Ay) T,IT— AE

592
_>
!

M




Conclusion

¢ There are true sentences about

arithmetic that are not Provable from

the Peano axioms.

® Hercules beats chlra

® Finitized Ramseg Theorem

Finitized Kruskal Theorem




Pari5~Harriﬂgt0ﬂ

® v n)k)m>O, I N s.t. if we color each n-element
subset of S = {1,2,%,..., N} with one of k colors,
then3dvY CS , | > m, such that all n element

subsets of Y are monochrome) and Y] = min VY.



Finite Tree Theorem

® vnam s.t. for trees T1...,Tm, where

each Tk has k+n nodes, then Ti & Tj for

some | <J’



Colored Finite

Tree Theorem

® vnam s.t. fortrees T1,..., Tm, where

each Tk has up to k noclesj labeled in n

colors) then Ti o Tj for some i <j.



Kruskal Bound

® Tree(l) =1 [leng‘ch of sequence, | color]
® Tree(2) =3

® Tree®) >2TTTTTTTTITITTITTITITIITTT
T T I T I I T I T T I I I YTY
T T I T I I T I T T I I I YTY
IRERREREEEERERREREERERE A
T I T I T T T eeeeees.c.



® (B =1y : @ (¥) =¥le

* (B =limyor (B



Division

® AD binarg relations

® A/Bisthe relation s.t.

® (A/B)-BCA

) tifsAutforallust t

® 5 (A/

D u



MPO

® (fib1,...bm)>bi,.. bm
o (f1

® s>+tif
® sp>tor

® 5>_tands>/>t



Abstract Path Order

® s>+tif
® sp>tor

® . >tands>/>t

® [>W]CO

® \mco escapes From >



| evel i Subterm

®* D>

o Subtermwithiin noclejust above and >

From root to there



Ordinal Diagrams

o triples didbt,... bmby; think tree

° {. countablg many, linearlg ordered >
o [evel . I..N, linear|9 ordered >

o { bi )multiset of diagrams, ms order



Lexicographic | evel

® >, is lexicographic
o (fix)>, &)y i
° f>g
® f=g 7]
® f=g i, x>y



Higher | evels

5> t (k>0)if
® s> > tor

® 5> tands> />t



Conditionals

hifla)) — ¢
hix) — kix)
¢ — k(fla))

¢ — kigh)
k(gh) hifl)) : fx) — glx




ofhit)) = (0, oft)*2)
o(f(t)) = (1, oft))
ofe) = (0, (1, 1)+1)
o(k(t)) = (0, olt))
ola) = }

olb) = 0§

o(g(t)} = (0, oft)




It’s a WraP



Kepler Conjecture



This is reang the end



