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Abstract. We define a strong and versatile termination order for term rewriting
systems, called the Improved General Path Order, which simplifies and strengthens
Dershowitz/Hoot’s General Path Order. We demonstrate the power of the Im-
proved General Path Order by proofs of termination of non-trivial examples,
among them a medium-scale term rewriting system that models a lift control.
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1 Introduction

A term rewriting system R is called terminating if there is no infinite derivation
t__)Rl,/ —>Rt” _)R._'.

Termination of term rewriting systems is the key to effective term rewriting. For
instance the following properties do not hold for an arbitrary rewrite system, but
hold for every finite, terminating term rewriting system R.

e Every term can safely be rewritten into a R-normal form, by an arbitrary
strategy.

e The reachability problem (given t, (', does t =%t hold?) is decidable.

e The principle of rewriting induction is valid, i.e. Noetherian inductionwith the
transitive closure —, of the rewrite relation as inductive order. Newman’s
proof of confluence by local confluence for terminating rewrite systems admits
a short presentation as a proof by rewriting induction [22]. Rewriting
induction is an elegant proof technique, encoded in the “proof by consistency”
method.

o If moreover R is confluent then the simple word problem is solvable, and
normal forms are unique. For the class of finite, terminating rewrite systems,
confluence is decidable by local confluence of critical pairs [29].

As is known, a rewrite system terminates if and only if, there is a termination
order for it, ie. if there is a wellfounded order, closed under substitution and
contexts, that contains (“orders”) each rule of the rewrite system. Termination
orders are an essential ingredient in the Knuth/Bendix completion procedure [29]
which tries to convert a given set of equations into a terminating, confluent rewrite
system.

Termination of rewrite systems is known to be undecidable [23,6]. So the
challenge is to design termination orders that are powerful enough for practical
application.
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1.1 Path Orders

Besides the interpretation orders, the path orders are most widely used to prove
termination of term rewriting systems. The multiset path order [ 8] to begin with, uses
a precedence, i.e. a wellfounded quasiorder on function symbols, to split cases where
arguments are compared recursively or where collections of arguments are recur-
sively compared as multisets.

Collections of arguments may be compared recursively also in other ways, an
observation that has led to the notion of status mapping. A status is a functional
STAT” that maps a binary relation > on ground terms to a binary relation
STAT”(>)on ground terms, and satisfies a number of technical properties: It has to
preserve orders, be monotonic and continuous w.r.t. the subset relation, and satisfy

5> g0l = f(08. ) STATZ (>, f sty ). (1)

For instance lexicographic comparison of the tuples of arguments, permuted
according to the top function symbol, is a status. Thus Kamin/Lévy defined the
recursive path order (with status) [26].

If the subterms of a term are compared recursively, two equal subterms cannot
be distinguished. This restriction vanishes when subterms together with their
contexts are compared. Following this idea, the recursive decomposition order
[25,32], the path of subterms order [34], and the KNS path order [27], have been
designed.

Independently, one may try to involve semantic arguments into the comparison.
The basic idea is that a strict subterm of a term ¢, i.e. a term syntactically smaller than
t, may though be semantically greater than ¢. For instance in a recursive definition of
the factorial function fac one would like to employ the propertyn+1>n+1-—1
on natural numbers to compare fac(s(x)) > fac(p(s(x))). The semantics is ex-
pressed by a model, i.e. a value-preserving congruence ~; ; of R, closed under
substitution. Here a congruence is an equivalence closed under contexts; value-
preserving means R = ~; ,. Such a congruence is typically defined by a homomor-
phic interpretation [_] of ground terms into a domain & of values.

Plaisted (as mentioned in [11]) defined the value-preserving path order to
compare two terms first by precedence and then lexicographically by a wellfounded
order on the interpretations of the arguments. Kamin/Lévy [26] extended this
non-recursive order towards an order where after the precedence and the compari-
son of the interpretations of arguments there may be still a recursive comparison of
the arguments according to a status map. This became known as the semantic path
order >_,,. It was Kamin/Lévy’s great contribution to show that although >, is
usually not closed under contexts, it is so when accompanied by a rewrite step, i.e. the
relation >, N - is closed under contexts. To this end, they require the condition*

s—opt= (8. )2 (8. (@]

Formally similar to the semantic path order, in the Knuth/Bendix order [29] two
terms are compared first by their weights (i.e. weighted sums of nonnegative
numbers assigned to each function symbol) then by the precedence, and then

! Originally, “~,”. An unknown reader of Kamin/Lévy’s manuscript has remarked that it can be
relaxed to “2 ;7.



472 A. Geser

recursively their arguments in a lexicographic way. Lankford [30] replaced the
weights by strictly monotonic polynomials with positive integer coefficients; De-
rshowitz [ 8] defined an extended Knuth/Bendix order by allowing instead of weights
any monotonic interpretation that has the (weak) subterm property.

The general path order >, [10,11] deserves its name for its ability to cover all
known path orders and all extensions of the Knuth/Bendix order. In contrast to the
semantic path order, the general path order has no fixed order of comparisons.
Rather, recursive comparisons, precedences, and semantic comparisons may be
mixed. Mimicking the Knuth/Bendix order, it may first use a monotonic interpreta-
tion that has the subterm property. This interpretation may be expressed also as
a tuple, lexicographically ordered, of monotonic interpretations, all except the last
one strictly monotonic, which have the strict subterm property.

This is the spot where we can offer three basic improvements which both simplify
the framework and strengthen the capabilities of the general path order. We call the
new order the improved general path order [20].

1.2 Three Improvements to the General Path Order

From Zantema’s “semantic labelling” approach [37] two concepts are carried over:
Quasi-model and measure function.

Quasimodels

First, the requirement of model can be relaxed to that of a quasimodel. A quasimodel
is a quasiorder Z; ;on ground terms, closed under contexts and substitution, such
that R< 2, ;. Again such a quasiorder is typically induced by a monotonic
interpretation [_] to a quasi-ordered domain of values (2, 2 ,).

Measure Functions

Second, Zantema introduces the notion of a labelling function. A labelling function is
a function # that maps a ground term into a wellfounded, quasi-ordered set (&, = ;)
of labels. The top function symbol of a term ¢ is now decorated with its label 7(z), the
purpose being that a precedence can be tuned much finer on labelled function
symbols f, ., than on symbols f that are not labelled. Most noticeable, labelling
functions are based on monotonic interpretations but need not be interpretations
themselves.

As semantic labelling and semantic path order are closely related, the formalism
of labelling function can be carried over to the semantic path order. Rather than
labellings we speak of measures here, and use the letter ¢. The semantic comparison
is done by = 4+

Like the interpretation functions, the measure functions have to be monotonic.
In effect, a measure ¢ induces a quasiorder 2 ; on ground terms that satisfies

S gt= [ 8 )RSt ) )
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This requirement is in fact only a concretisation of the proof obligation (C), as can
easily be seen. Kamin/Lévy’s proof method so establishes that R is ordered by the
wellfounded order >, n 2, _;thatis closed under contexts [19]. The semantic path
order may be treated technically as simple as other termination orders.

As a straightforward consequence, the extended Knuth/Bendix order is a special
case of the semantic path order (Theorem 5 in [19]) where proper quasimodels are
used. Dershowitz/Hoot’s natural path order [11] is another special case of the
semantic path order, where the quasimodel is even a model and the status is empty.

At some examples we can demonstrate that the distinction between measure
functions and interpretation is an essential progress from Dershowitz/Hoot’s
general path order. Monotonicity of the interpretation and of the measure functions
are natural conditions easy to satisfy; even trivial when Z , is the equality on 2. This
relieves the designer from the hardest monotonicity proof obligations.

Preparedness for Contexts

We will define the improved general path order as a kind of simplified semantic path
order where the semantic comparison %, is no longer a distinguished part of the
definition but instead some component of the status functional. However Condition
(1) is too restrictive to obtain >_,,N X, ; closed under contexts. And this is the
spot where we put the third essential change. We weaken Condition (1) to the
condition

S>>0t ASZp gt = f(. .8, )STAT (R ) f(...t,.. ). 3)

This condition, which we call “(strict) preparedness for contexts”, is natural with
regard to the proof of closure under contexts, and accordingly the proof gets rather
simple. Unlike (1) Condition (3) is weak enough to enable a number of measure
comparisons 2, , ..., 2 4, that satisfy Condition (2) each, as components anywhere
in a status functional. Neither the semantic path order nor Dershowitz/Hoot’s
general path order share this capability.

After the preliminaries (Sect. 2), we define the notions of interpretation, of status,
and of the improved general path order (Sect. 3) and prove a general abstract
theorem (Sect. 4). Thereafter we outline a toolbox of status components and give
a checklist for developers of improved general path orders (Sect 5). Next we
enumerate some small examples for illustration, including a-special application for
conditional term rewriting systems (Sect. 6). We conclude by an accurate compari-
son to Dershowitz/Hoot’s general path order (Sect. 7). In Appendix A we demon-
strate that improved general path order can handle a realistic 41-rule term rewriting
system that formalizes a simple lift control [17].

2 Preliminaries

We assume that the reader is familiar with term rewriting, in particular with
termination orders. For surveys on term rewriting see [24, 2, 28, 13, 33]. For
notation see [12]. A comprehensive survey on termination of term rewriting systems
is [9].
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Let 2 be any countable set, and let — < %? be a binary relation on 9.
A —-derivation is a sequence of steps ¢, - ¢, — ---, that may be finite or infinite. If
there is no infinite —-derivation then — is said to terminate or to be terminating.

A binary relation on 2 is called an order if it is irreflexive and transitive, and
a quasiorder if it is reflexive and transitive. The reflexive, transitive closure of - will
be denoted by —»*. This relation is a quasiorder by definition. A quasiorder > defines
its strict part, >, an order, by s > t,if s 2 t and t £ s, and its equivalence kernel, ~,an
equivalence relation, by s~ ¢, if szt and ¢ 2 5. We say that z strictly satisfies
aproperty Pifboth z and > satisfy P.If > is an order that terminates, we prefer to
say that each > and 2 are wellfounded.

Let two disjoint sets & of function symbols and & of variables be preassumed
together with a function arity : % — N which assigns each function symbol its
fixed number of arguments. The set 7 of terms upon # and & is defined to be the
smallest set containing " and satisfying

arity(f)=n and t(,...,t,e7 implies (f,t,...,t,)eT

Function symbols f may also be seen as term constructing functions f:7"— 7 by
Sl t)=(f.ty,...,1,), afact that allows to replace the formal tuple notation by
the more convenient notation f(t,,...,t,). A ground term is a term that contains no
variable. 47 denotes the set of all ground terms.

A context c(_) is a term which contains the distinguished extra symbol _ of arity
Oexactly once. The symbol _ acts as a placeholder and may be replaced by any term.
So ¢(t) means c(_) where ¢ replaces _.

A substitution o is a function ¢:9 — 7 that satisfies f(¢,,...,t,)0 = f(t,0,...,t,0)
for every function symbol fe%. Application of a substitution is denoted by
postfixing the substitution. Because it is a homomorphism, ¢ is uniquely given by its
restriction to the mapping ¢:% — 7. A ground substitution is a substitution that
maps every variable to a ground term.

A binary relation, - =92, on terms is called closed under substitution, if
s—t=s0—tc holds for every substitution ¢, and for all terms s and . The
relation — is called closed under contexts, if s — t=>c(s)— c(t) holds for all terms s, ¢,
and contexts c(_). For this it is sufficient to show s—t=f(...,s,..)> (..., t,..)
for all terms s and ¢, for every function symbol fe %, and for every argument
position i, 1 <i<arity (f)of_in f(...,_,...). Here f(...,_,...) is a convenient
abbreviation for f(uy,..., 4;_ 1, U1 1,-..,u4,). [tis understood that the position i is
the same in f(...,s,..)and f(...,¢..)).

Given two binary relations 2 ,, 2 ,, on the same set, their lexicographic combina-
tion, (21, 2 3)iex» 18 the binary relation >, uU(~;n 2,). It is known that lexi-
cographic combination preserves reflexivity, transitivity, termination, and strict
closure under contexts and under substitution.

A quasiorder Z on a set 2 may be extended towards its multiser extension 2 ;.
a quasiorder on multisets over 2. A multiset is a collection of elements where unlike
in a set the multiplicity of each elements counts. We will not use multisets, but
assume each multiset represented uniquely by a sequence instead. It is understood
that two sequences s, te Z* satisfy s =, t if their corresponding multisets do. The
multiset extension =,..€%* of a quasiorder = is so defined as the smallest
quasiorder on 2%, closed under permutation of elements and concatenation, that
satisfies (5;) > (ty,.. ., t,) i sy > t; holdsfor all i, and satisfies (s,) 2 (£ 1) if 5, 2 25;
see [15].
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A quasiorder z which is closed under contexts, by symmetry entails that its
equivalence kernel ~ is closed under contexts: s ~t=f(...,s,..)~ f(...,t,...).
Such an equivalence is also called a congruence. Be aware that there exist quasior-
ders who are closed under contexts, but not strictly. Recall that this means that their
strict part, >, is not closed under contexts. For this reason lexicographic combina-
tion does not preserve closure under contexts, unless strict. To witness, let
a>b, fia)~, f*(b), and f™b)>, f"(a) for all n > 1. Then, a > b, but f(b) > f(a).
The same holds for closure under substitutions.

A term rewriting system R (rewrite system for short) is any (usually finite) binary
relation on terms. Its elements are written [ > 7, and are also called (rewrite) rules.
The R-rewrite relation —», < 7 * is defined as the closure of R under contexts and
under substitution. It is well-known that the rewrite step (given R, ¢, wanted some ¢’
such that t -t holds) is computable. R is called a terminating rewrite system, if its
rewrite relation —terminates. An equational rewrite system is a pair (R, E) of
rewrite systems where E is symmetric. The elements of E are written [ =r, and are
also called equations. R is called E-terminating, if »F -, —¥ terminates.

A termination quasiorder 2 is a wellfounded quasiorder on terms which is
strictly closed under contexts and under substitution. A termination quasiorder is
the basis to prove (equational) termination of a rewrite system: R is E-terminating, if
and only if, there is some termination quasiorder 2 such that both R< > and
E< ~ hold. Le. one has to prove !> r for all rules ({—#)eR and I ~r for all
equations (I=r)eE.

Termination quasiorders are useful even if E is empty, as the strictorder may
profit from the equivalence kernel.

Example 1. Let f and g have multiset status. Then

Jg 9 f (0, 9) >0 f (93, %), )

follows from

(g(x= y)7 f(y> y)) >rpo,mult(g(y’ X), y)

To show this, g(x,y) ~.,,9(, ) is essential. One arrives at the same conclusion when
f instead has lexicographic status “left-to-right”.

A term s is said to be a superterm of a term ¢, formally s= ¢, or equivalently, ¢ is
a subterm of 5, (t =1 5), if s is of the form ¢(¢) for some context ¢. The superterm relation
is a quasiorder. A binary relation on terms — 2 is also said to have the subterm
property. A quasiorder 2 that has the subterm property and is closed under contexts
is called a simplification quasiorder®. Each simplification quasiorder by definition
extends the relation —*, the converse of the embedding relation. By Kruskal’s tree
theorem, every simplification quasiorder is wellfounded if F is finite.

A rewrite system that terminates by a simplification order is called simply
terminating. If it terminates by a termination order that is total on ground terms,
then it is called totally terminating.

3 Architecture and Constituents

We are going to define an enhanced version >, of Dershowitz/Hoot’s general path
order which we will call the improved general path order. The order is given as the
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strict part >, =4 2 gpo \ S 4po Of @ quasiorder 2, . We will establish the quasior-
der 2 ,,, on the set of ground terms, and lift it to a quasiorder on terms with
variables that is strictly closed under substitution.

For the quasiorder 2 ,,, on ground terms we will give a recursive definition
scheme which is based on a scheme parameter, STATZ. The functional

STAT*: (4T 2) > P(GT2)

maps each binary relation 2 < %72 on ground terms towards a binary relation
STAT?(2) = 97 ? on ground terms. The functional STATZ is there to express how
two terms may be compared, given the results of comparisons of any pair of their
proper subterms. We call STAT? a status if it satisfies certain essential conditions for
this job. To admit semantic comparisons as well, one has to provide a monotonic
interpretation, [_], together with the status. Unlike in the semantic path order,
semantic comparisons will not be an extra ingredient but part of the functional. For
the time being this is the most general way to express the path order idea.

3.1 Monotonic Interpretations

It is well-known how to establish a quasiorder which is closed under contexts. Let
a set 9 be given, provided with a quasiorder =, and a homomorphism

[[1:99 >9

which assigns to each ground term ¢ its interpretation [¢]. The homomorphism [_]is
conveniently given by a # -sorted family of functions [ /]:2°**¥Y) » @, via

LA Gt es8m)] =aee LA I(Ds11, - [5])-

The homomorphism [_] induces a quasiorder, 2; ;<7 7, on terms, defined by
S 2 _1t=ue[50] 2 5[ta] for all ground substitutions 6.

If each of the [f] is 2 ,-monotonic (in every argument), then Z; ;is closed
under contexts. In this case, (2, 2,4, []) is also called a monotonic interpreta-
tion. A monotonic interpretation that satisfies R< 2, is called a quasimodel of
R[37]

It means no restriction to require 2, antisymmetric since & can be partitioned
into ~ g -equivalence classes without any change for the termination proof. If
=z 5= = is the equality on £ then monotonicity follows immediately from the
homomorphism property. In this case a quasimodel is called a model.

3.2 Statuses

In order to ensure that %, satisfies the properties of termination and quasiorder,
the functional STAT= should essentially preserve these properties. Kamin/Lévy
[26] gave a list of conditions for STAT? to satisfy. Lescanne [ 31] coined the notion
of status for a functional that satisfies these conditions.

2 quasi-simplification ordering in [9].
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In contrast to Kamin/Lévy, we set up the notion of status for quasiorders. For
convenience we will write STAT”(2) for the strict part, and STAT () for the
equivalence kernel, of the relation STAT?(2).

Definition 3.1 (Status component, STAT=, [26], [19]). Let 2, =97 > be
a quasiorder on ground terms, closed under contexts. A functional

STATZ:B(%T ?)— P(%T?)
is called a status component, if it satisfies the following conditions:

o STATR preserves quasiorders,
o STATR is subterm-founded, i.e. for every pair s,t, of ground terms, and every
binary relation z on ground terms,

sSTATR(2)t<sSTAT(2)t
where Z' is defined by
§ 2 g S A ) <8, 1)
e STATR is prepared for contexts: For every quasiorder = on ground terms,
SZEASZ t=f(...,s,..)STAT(Z) f(...,t....)
e STAT? decreases infinite derivations, i.e. for every infinite derivation
t* STAT”(2)t* STAT(2)--

where 2 is a quasiorder on ground terms, there is an infinite derivation
u' >u*> - such that /> u' holds for some index j.

Definition 3.2 (Status). A status component STAT? is called a status, if it moreover
satisfies strict preparedness for contexts.

s>tAsZ jt= f...5. ) STAT () f(...t,..) ()

We have put an extra definition to distinguish components of a status, which are
assembled to form a status, from the status itself, i.e. their final assembly that is used
as the basis to form the improved general path order instance. In view of composi-
tionality, it is reasonable not to require a status component to satisfy (+), the strict
part of preparedness for contexts. This is in agreement with Dershowitz/Hoot’s
policy. But where they compare two terms by their multisets of subterms to get an
order that is closed under contexts, we stick to the terms themselves which is
technically easier. To obtain closure under contexts, we then have to require that the
final status is strictly prepared for contexts. For this purpose we retain where
a component is already strictly prepared.

Definition 3.3 (Strictly prepared for (f,i)). Let 2, ;< %7 ? be a quasiorder, closed
under contexts, and STAT= . B(4F ) — P(%.T %) be a status component. Then STAT=
is called strictly prepared for the pair (f, i), if

s>tAs2 t=f(...5..)STAT () f(...1,..)

holds, where fe% and i denotes the position of _ within f(...,_,...). If S is a set of
pairs(f,i), then STATZ is called strictly prepared for S, if it is strictly prepared for each
element of S.
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Now if STAT? is a status component which is strictly prepared for every pair
(f,0), feF, 1 <i<arity(f), then STATZ satisfies (+), i.c. is a status.
The following property is useful for reasoning in proofs below.

Lemma 3.1. If STATR is subterm-founded, then for all terms s, t, and binary relations
= on terms,

sSTAT(2)t<sSTAT (=)t and
sSTAT(2)t<sSTAT~(2)t,

where 2’ is defined by
§ R g8 RN (S ) < (8, 1)-

Proof. Expand the definition of 2’ and use the property (s, t) =, (¢, 5).

3.3 The Improved General Path Order

Now we are prepared to express %, as unique fixed point of a recursive scheme

with the status component STAT? as scheme parameter.

Definition 3.4 (Improved general path order, >, [10,11]). For each subterm-
founded functional STAT?: (4T %) - WG T ?), its induced improved general path
quasiorder =, <= %7 ? is defined as follows.

~ gpo
SZgpols if = f(S1,...58,)s t=9(ty,...,1,), and
1. Vi.s>, t;and sSTATR(z, )t or

gpo©i ~ gpo
2. 308 R ypol-
Well-definedness of =, follows from subterm foundedness of STAT=. To this

~ 0

end one shows that s 2 gpogtphas a defined truth value by induction on pairs (s, t) of
ground terms, ordered by the multiset extension, =,,,;,, of the subterm order.

Kamin/Lévy put the condition that STATZ is monotonic and continuous w.r.t.
<. Continuity means informally that for each comparison s STAT*(2)t, only
a finite number of pairs s’ 2 ¢’ need to be examined. Instead of monotonicity and
continuity we require a condition that we call subterm-foundedness. Subterm
foundedness is a harder condition than continuity since it restricts the set of term
pairs not only to a finite set, but even to a finite set of smaller terms.

Even so we consider subterm-foundedness an interesting alternative to mono-
tonicity and continuity, for the following reasons.

o Subterm-foundedness allows for structural induction to prove properties of

R 4p0» Whereas with continuity instead one has to employ computational
induction.
e With subterm-foundedness given, any expression s, ,,¢ yiclds a unique,

defined, truth value; we need not care about undefinedness. Technically

convenient, >, as the strict part of 2, is a well-defined notion.

e With terminating algorithms for =, ; and STAT= given, the recursive
definition of Z,, on ground terms turns into a terminating algorithm.

e All statuses in use satisfy subterm-foundedness. On demand, subterm-
foundedness can still be relaxed, replacing in its definition = by any well-

founded quasiorder which has the subterm property.
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The improved general path quasiorder is lifted to terms that may contain
variables by

N gpot<:>def

e so > to for all ground substitutions o, or
e 50 ~,,,to for all ground substitutions o.

The relation defined thus is strictly closed under substitution.

4 Main Theorem

The improved general path order satisfies the following central theorem.

Theorem 1. If 2, =T 2 is a quasiorder on terms, closed under contexts and under
substitution, and STATZ: B(FT %) — PB(%T ?) a status, then

1. 2,50 i a wellfounded quasiorder that has the strict subterm property, and

2. (> 00N R P~ ypo Y ~ 1) is a termination quasiorder.

The lifting of both 2, and (>,,,N Z;_)U(~4,,N ~; ;) from ground terms to
terms that may contain variables is by construction strictly closed under substitu-
tion. Furthermore it preserves quasiorder, termination, the strict subterm property,
and strict closure under contexts, We may therefore resort to the case of ground
terms.

Let throughout this section 2| ;< %7 > be a quasiorder, closed under contexts,
and STAT?:P(ZT ) P(¥T ?) be a status. For the proof of Part (1) of Theorem 1,
we need two simple technical properties. See also Dershowitz/Hoot [10].

Lemmad.l. sz to>t'=s>, 1 holdsfor alls,t,t' €97 .

Proof. We only need to consider the special case
S ngog(tlﬁ cees tn) =S5 >ypoti

Jrom which the claim follows by a simple structural induction on .

Let t =g(tq,...,t,). We prove the claim by induction on pairs (s, t), ordered by the
multiset extensiont>,,,;, of the subtermrelation. Let s 2, 1, and I<i<n lIf Case(1)
of the definition of 2, has been used then immediately s >, t,. Else Case (2) must
have beenused, sos = f(sy,...,8,) and s; 2 tholdsfor some 1 < j < m. By inductive
hypothesis Jor (s;, t) we get §; > 4poli> 50 by Case (2) of the definition of % ,,,, it follows
P To show >7, assume t, 2 ,..S. By inductive hypothesis for (t;,s), we get

~ gpo l i~ gpo

;> oS @ contmdlctlon 10 8;> 5l SO 1 % 4y, hence s>, t,.

Lemma 4.2. sc>s" 2 t=>5>_ .t holds for all 5,5',te 4.7

Proof. We only need to consider the special case

S; ngot3 f(sls- '-:Sm) >gpot

from which the claim follows by structural induction on s.
Let s—-f(sl, s Sy and 8,2 .t for so::te 1<i<m. Using Case (2) of the
definition of % ,,,, we get sZ,,,t. To show , assume t = ,.,5. By Lemma 4.1,

1> ,,,5; holds, a contradiction to the premise s;2 ;,,t. S0 5>, 1.

gpo L~ gpo
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Lemma 4.3. > is reflexive.

Proof. We prove s 2 ,,,s by induction on s, ordered by t>. Let s= f(sy,...,S,). By
inductive hypotheSlS 8; R gpoS; Whence s> s; by Lemma 4.2. By reﬂexzvzty 2y
we get s; 2| 1S;. Preparedness for contexts of STAT? yields sSTAT?(2 gpo) S- The

claszollows by Case (1) of the definition of 2 ,,,.

By Lemma 4.1, the strict subterm property follows from reflexivity of 2=
Moreover, it follows immediately that >, is irreflexive.

To prove transitivity, we need two technical lemmas about the multiset exten-
sion of the subterm order.

~ gpo*

Lemma 4.4. For all terms s,5,t,t',u, and ', if

Vxe{s,t,u'}dye{s,t,u}-x=y 4

then one of the following holds.
(5, 0,0)= (s, t,u) or (%)
v, (s, U ) = P P ) A2 6)

Claim (6) intuitively says that two of the components of (s, ¢, 4') are ordered by
,ie. st ors<tvort'<ts or =y oru=is oru =<t holds. The case of
a proper subterm may occur as the example (s, t', ') = (f(x), v, x), (s, t, ) = (f(x), ¥, 2)
shows. Here s'<3 s, ' <0 t, w' <0 s whence the premise of Lemma 4.4 holds. Claim (5)
does not hold since x # z. On the other hand v'<1 §' so Claim (6) applies.

Proof. Let (4) hold. Case 1: Even Vxe{s,t,u'}3ye{s,t,u}. x<ay holds. Then (5)
holds, as can easily be checked. Case 2: Case 1 does not apply, whence
Ixe{s,t,u'}3yels,t,u}- x=y. Wlog. let s =s hold, Case 2.1: Ixe{t,u'} x=2 s,
then (6) holds with the settingsr = x,r' = s'. Case 2.2: Case 2.1 does not apply, whence
Vxe{t,u'}dye{t,u}-x<=y. Case 2.2.1: If even Vxe{t,w'}Iye{t,u}-x<1y, then (5)
holds. Case 2.2.2: If Case 2.2.1 does not apply then Ixe {t',u'}3ye{t,u}-x = y, W.lo.g.
let t' =t. If now v'=2t, then (6) holds with the settings r =u', ¥ = t. Otherwise w'<u
whence (5) must hold.

Lemma 4.5, Forall terms s, s, t,t',u, and ', if (', 4 )<t e (S, ) and (8,8, 00') = (s, 1, 1)
then t<1 s or t<au holds.

Proof. Let(s',u')<1,.(s,u)and (s',t',u') =, (s, t,u). Obviously t must be one of s, t,u,
otherwise (s',1',1') = ., (5, t,u) would not hold. Case 1: t' =t then (s,u)=,,,(s,u),
a contradiction to (s',u")<,,.,(s,u). Case 2: ' =s. Then (t,u) =,,,,(8', )< .0 (5, 1),
whence t<as. Case 3: ' =u. Then (8,1} =4, (', ') <1 1, (5, 1), whence t<a u.

We remark that it should be possible to extend these two lemmas towards tuples
of arbitrary but fixed length, and to multiset extensions of any quasiorder.

The proof of transitivity is fairly hard, but keep in mind that it does not require
the status to be monotonic.

Lemma 4.6. Z,, is transitive.
Proof. We? clazm that for.all terms s,t,and u,s 2 .t 2 gpott implies s 2, ,,u. The proof
is done by induction on triples (s, t, u), ordered by the multiset order ,,. If st=t, then

S 2 4pott follows from Lemma 4.2. If t= u, then s 2

u follows from Lemma 4.1. If

~ gpo
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St uthens z ,,,u follows by the subterm property of 2 ,,,. If s<it or t<au, then we
use Lemma 4.1 to get a contradiction to irreflexivity of >,,,. If u<as then we use
Lemma 4.1 to obtain a contradiction to the premise s 2 ,,,t. This settles the case where
(at least) two of s, t, u are in the subterm relation. Henceforth we may exclude that case.

Let s= f(sq,...,8,), t =g(ty,.... t,), u=h(u,,...,u,). We distinguish cases along
the definition of Z ,,, for s 2 0t and 2 gpoths respectzvely Case 1: 5,2 ,,t holds for
some 1 <i<m. Thens; 2 ,,,u by inductive hypothesis for the triple (s;, t,u), s0 s ngou
by Case(2) of the definition of 2 ,,,- Case 2: sSSTAT(Z ,,)t, 5> ,,,t; forall1 <i<n,
and t; 2, u for some 1 <i<n. Thensz,,uby lnductlve hypothesis for the triple

(s, t;, l)Ngéoase 3: 5 STATR(R,,,)t STAT(Z )4, s> for all 1<i<n, and

~ gpo gpo 1
t>,ou; for all 1 < j<p. Froms 2gp,,t Z apot; Dy inductive hypothesis for the triple
(s,t,u;) we get s 2 ,,,u;. To show “>”, assume u; 2 ,,,5. Then u; Z .t by inductive
hypotheszsfor (u;,5,t), a contradiction to > pothi- S0 8>, ,u; holds.

The remainder of this proof is devoted to the proof of sSTAT?(z ,,,)u. For
convenience, let fin(s, t) denote the set of pairs of ground terms smaller than the pair

(s, 1),
n(s, £) = 4o { (8 O, )< e (5, 1)},

a notation that allows us to reformulate subterm foundedness as
sSTAT?(2)t< s STATR(Z nfin(s, 1)) t.
Let moreover
Fin = gfn(s, t)uin(t, u)uiings, u).
Now consider the relation

Ztrans :def( ngo N Fll’l)

which is a quasiorder by definition. We claim that

/ ! ! / A
N Ztransu R ngou ( )

holds for all (s',u')eFin. Provided that (*) holds, we can finish the proof of transitivity
by the following derivation.

sSTAT?(2,,,) t STAT (2,0

< sSTATX (2, fin(s, 1)t STATH(R ,,, 0 fin(t,u))u  (subt. found.)
< SSTATR(Z jrans N £101(8,8)) e STATA(Z s N Ein(t, u))u (*)

< SSTATA(Z 1yans) L STATR(Z frans) U (subt. found.)
= sSTATR(Z uns) ¥ (qu. ord. pres.)
<> sSTATA(Z s O Tin(s, u)) u (subt. found)
< sSTATA(2,,,nfin(s,u))u (*)

= sSTATA(Z )4 (subt. found.)

Finally we have only left to prove the claim (*). This is the most complicated part of
the proof. “<=" is by definition. For “=>", let a derivation

— O 1 k__ 4
s'= ngo ngo "ngor =t

be given where (',r"* ')eFin for each0 < i < k. By induction on k, we prover® 2, ,,r*.
If k=0 or k=1 then the claim holds trivially. So let k > 2.

First we handle the case where two terms in the given derivation are in the subterm
relation. To this end let 0<i< j<k and ="+ or ¥'<av’. Case 1: r'e=+ for i #0.
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Thenr'™' 2,1/ usir;g Lemma4.2. Furthermore, dueto (r' " ,7)<a, . (¥ "1, 7¥)eFin,
the property (r'~',r\eFin is maintained. So the inductive hypothesis of (*) for
k — j + i applies to the derivation
0 -1 k
r ng,,"'ngo ngorjzgpo R gpo

and yields the claim. Case 2: == v/ for i =0 holds. Then (+,r*)<,,,(r°,¥")€Fin by
premise, and so (r',r*)e Fin. Hence by inductive hypothesis of (*) for k — j applied to
the derivation

J k
"' X gpo" R gpol

we get r ng,,r from which the claim r° 291,01’ is obtained by Lemma 4.2. Case 3.

r'<arl holds. Then Hlz 000 rj|> r,sor "t > 1 by Lemma 4.1. On the other hand,
(L), L), s0 (W, ¥ eFin. Hence the inductive hypothesis of (*) for the
derivation
i . i1
¥ ZQPO ZQPO;

applies and yields v 2 o i1, a contradiction. So henceforth we may assume that no
pair of terms in the given derivation is in the subterm relation

Next we claim that there is an index 0 < j <k such that ¥° 2 ./ 2, ,1*. Case 1:

There is an index 0 < j <k such that both (r°,#)eFin and (r',r*)eFin. Since the
derivations

o> > J J> > k
Kogpo'"" R gpol and & gpo" " K gpo”

are each strictly shorter than k,r° 2, 1’ 2 gpor holds by inductive hypotheszs of (*)
Case 2: For every 0 < j <k either (r r’) or (,7*) is not ln Fln Since each v, v/, v* is
a subterm of one of s, t,u, this can happen only if one of 1°,v* is element of (s, t, u). The
other must then be a subterm of another element of (s, t,u) to satisfy (r°,¥*)e Fin. But
thenr! must be the remaining third term of the multiset (s, t,u). This means that v/ is the
same for all j in question. As we may rely on the absence of duplicates, we may conclude
that k =2 holds, and the claim follows immediately.

By definition of 2,45 We know that each r°, v/, r* is a subterm of one of s,t,u.
Applying Lemma 4.4 to (r°,17,r%), we have (r°,r/,v)=a, ..(s,t,u). By Lemma 4.5, the
comparison even is strict. So the inductive hypothesis of our transitivity claim applies to
this triple, and we may infer r° 2, 1*.

This finishes the proof of (¥).
Lemma 4.7. >, terminates.

Proof. Termination is proven by “minimal counterexample” [26,10]. Assume that

there is an infinite derivation t* 2 ,,,t*>>, . Given a nonempty set of infinite
derivations one can approximate a minimal mﬁmte derivation in the following sense:
For all ieN, every derivation that starts with t' >,,,--->_ ('"'>__ ', satisfies
t'<at. The mﬁmte sequence is approximated by successively constructing finite

prefixest' >+ > ot~ The prefix is trivial for i = 0 and is prolonged from i to i + 1
by choosing ' minimal w.r.t. < among all infinite derivations that start with
> gpo” gpot We are going to demonstrate by a case analysis on the structure of

> ,po that the existence of such a minimal counterexample leads to a contradiction, so

that the set of infinite derivations must be empty, and so that > ,,, terminates.
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Case 1: Some step t'>,,,t'"!

definition of % ,,,, say t; 2

in the given derivation is due to Case (2) of the

L2 opo "X, Then the infinite derivation

1 i—1 i i+2

U >gpo " Zgpol’ > gpolj>gpol "~ > gpo
is smaller at i than the given one, a contradiction to the assumption that the given
derivation was minimal. Case 2: Case (1) of the definition of % ,,, is used at each step.
We have thus an infinite derivation

' STAT (R ,,0) 2 STAT™(R,,0)

The fact that the functional STAT? decreases infinite derivations, gives us an infinite

. . 1 2 . - . j 1 . . .
derivation u > gpot” > gpo .where for some j =1, t/==u' holds. This is sufficient to
construct the infinite derivation

1 j=1 1 2
t >9P0 >9P0t >!]P0u >!1P0u >9P0

which is smaller at j than the given infinite derivation. This again is a contradiction to
the assumption that the given derivation is minimal.

Summarizing, 2 ,,, is reflexive (Lemma 4.3), transitive (Lemma 4.6), wellfounded
{Lemma 4.7), and has the strict subterm property (remark below Lemma 4.3). This
finishes the proof of Part (1) of Theorem 1.

For Part (2), quasiorder and termination follow immediately from Part (1).
Notice that to maintain termination from >, the problematic part ~_ N> ,
had to be cut off = apo 21+ We still have to prove that (> gpo >[ .,
(~ gpo M ~_y) is strictly closed under contexts. The proofis similar to the onein [19]

for a variant of the semantic path order. It is surprisingly simple.
Lemma48. (>,,, 0 Ju(~,,,N ~_y) is strictly closed under contexts.

Proof. The proof is done by showing that =
under contexts.

To show that ngam Z1_is closed under contexts let SZ gpol and §Z(_jt where
s,te%7 . Since 2| _ ]lS closed under contexts SCons, )R 1 f(..,t,...) holds. This

leaves to show f(...,s,..) 2,0 f(..,t,...). Wedo lt using Case (1) ofthe definition of
>
~ gpo*

1. We have f(...,s,..)>,,8 ngat by the strict subterm property of 2.,
Transitivity of 2 gpo ylelds Jlos s ) > gt

20 fUyyee s Uy s Sy Uy qyenn, Uy) > for all j#i holds by the strict subterm
property of 2.,

3. f(...,s,...)STAfZ(ngo)f(...,t,...) follows from the premises szt

~ gpo
and sz it by the fact that the status component STAT= is prepared for

contexts.

RN R jand >, N2, are closed

gpo J

Likewise §> ot and szt implies f(...,5,..)>,, f(...,t,..). To show that
..., )STAT (Zgpo) f(.os 1L, ), one uses the fact that STAT? is strictly pre-
pared for contexts.

This finishes the proof that 2 ,,nZ[ ; and >, .02 | are closed under
contexts. Together, (>,,,0 2| )U(~,,0 ~_ ) is strictly closed under contexts.

So(> 0N 21 PUl(~,p M ~_;)isa termination quasiorder, and the proof of (2)
is finished.
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5 A Toolbox for Status Components

Which forms of status components are available, is a decisive question for the
strength of the improved general path order. Among the various ways to define
status components, we pick a few which we consider the most important. We are
going to introduce measures as constant status components; lexicographic composi-
tion of status components; intersection of status components; the selection of an
argument at a specified position; and restriction to a set of function symbols.
Dershowitz/Hoot [11] have investigated multisets of specified arguments, and
multisets of arguments of a specified rank w.r.t. >

5.1 Measures

A particular status component is one where there is no reference to its parameter at
all: Constant status components. Measure comparisons Z, form such status
components. Let & be a set, ordered by the wellfounded quasiorder 2 ,. A measure is
then expressed by a function

06T —&

that resorts to the arguments of a term only via their interpretation. Such a func-
tion is conveniently given by a % -sorted family of functions ¢/:2**~) > &, by
defining

Gf (5155 8m)) =aer @' ([511; ., [5,])

The induced quasiorder, 2 , < 2, on terms, defined by
SR ot >ger P5) Z £ P(2) for all ground substitutions o

is a wellfounded quasiorder, as can easily be verified. If every ¢ is 2 ,-monotonic,
more precisely if

A2 d = ¢ (. d. )2, (... d,..),

then = 4 satisfies the condition

SRy ]t:>f( IR ¢f( o)

By the following result, % , is then a constant status component.

Proposition 5.1. Let 2, = %7 % be a wellfounded quasiorder such that

s t= Sl )R ft. ) (2)
holds for every function symbol f e, and every positioniof sin f(...,s,...). Thenthe
constant mapping STATZ:P(GT ?) - B(4T ?), defined by STATZ(>) =4 X ¢ JOr
every binary relation % on terms, is a status component.

Proof. As STAT= (>) does not depend on 5 =, subterm foundedness is trivial. All other
required properties of STATR (quasiorder, termination, (2)) are given.

It is safe to assume that the set of strict preparedness of STAT? is empty. Of
course, it may be convenient to reason ad-hoc in favour of a non-empty set of strict
preparedness.
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We stipulate that 2; ;and %, need not coincide. Indeed they may be induced
by different functions, [ _] # ¢. Therefore 2 ,, and so 2|, need not be wellfounded,
and ¢ need not be a homomorphism. This gives the freedom to choose % , as strong
as wanted, without having to strengthen 2, , at the same time. To underline this
distinction, we will call [ ] an interpretation, as opposed to each ¢ which we will call
a measure. Kamin/Lévy [26] seem to have recognized the potential of this distinc-
tion, but there was no method to exploitit until Zantema [37] expressed the concept
formally by the notion of labelling function = in his “semantic labelling” approach.

The following special forms of measure functions are worth mentioning. Con-
stant functions ¢ are measure functions. The interpretation [_] itself may be used
as a measure function. The function that takes the top function symbol,

¢’(d,,...,d,)= f,to be compared by a precedence, i.e. a wellfounded quasiorder on
functlon symbols, 2 pree & F 2, defines a measure: Choose & = 7, with 2, = 2 .0
and ¢/(d,,...,d,)= f.In that case, the underlying interpretation is 1rrelevant

5.2 Compositions of Status Components

In the previous section, we encountered probably the most important form of status
component, measures. Next we show that pointwise lexicographic combination
preserves status components.

Definition 5.1 (Pointwise lexicographic combination of status components). The
pointwise lexicographic combination of status components STATZ,STATS, is
a functional STATF, =(STAT?,STAT3),,, defined by

STAT122( z) :def(STAT1Z( z), STAT?( > ))lex
for each binary relation z on terms.
Proposition 5.2.

1. Pointwise lexicographic combination preserves status components.
2. If STAT},STATS are strictly prepared for the sets S,,S,, respectively, then
(STAT,STAT3),,, is strictly prepared for the set S;US,.

Part 2 of the claim demonstrates what the notion of set of strict preparedness is
useful for.

Proof. For (1), let STATF and STATS be status components, and let STATF, =
(STATZ,STAT3),,, be their lexicographic combination. To simplify the presentation
we will use the abbreviations 21 =4 STATE(Z ), 25 =4 STATE(R), 2 12 =aef
STAT1>2(>) - (~ 1> A~ 2)lex’ ~ 1 defSTAT (> )’ ~2 _defSTAT>( e ) and A~ 12 def
STAT1>2(> ) - (~ 10~ 2)lex

If z is a quasiorder then so are 2, and 2 ,. Since 2., is a lexicographic
combination of quasiorders, it is a quasiorder as well: From sz (s and s Z,s, by
symmetry s~ (s and s ~,3 follows which is s ~,s by definition of STAT=. Hence
2 12 isreflexive. To show that 2, is transitive, assume s 2 | ,t 2 | ,u. By definition of
STATZ,, s 2t 2 uholds, and so s 2 u. Case 1: s >, u. Then s 2, ,u by definition of
STAT?,. Case 2:s~u.Thens~ t~ u,and sz ,t > Z yuaccording to the definition of
STATZS,. So sz ,u whence s 2 ,u. S0 =, is transztwe Hence we have shown that
STATZ, preserves quasiorders.
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Define 2’ by
s Z/t, “def S/ 2 £ A (S,, t,)< mult(si t)
Then subterm-foundedness is shown by the following derivation.

S5t
s>tV S~tASR,t (defn. STATE,)
s>tV s~itAsR,yt (subt. found. of STAT?,STATS; Lemma3.1)

<S>t (defn. STATR)

To show that STAT?Z, is prepared for contexts, let st and sz it hold. By
preparedness of STATF and STAT3, we get f(...,s,..02,f(..,t,...) as well as
f(...,s,...)sz(...,t,...), so f(...,s,...)zlzf(.. .., by deﬁnmon of lexi-

cographic combination.

For the proof of decrease of infinite derivations, assume the infinite derivation
t'>,,t> >, be given. Case 1: >, occurs infinitely often in this derivation. Then
there is a subsequence (1> 1> --- with 1 =k, <k, < ---. By decrease of STATZ,
there is a derivation u' > u® > --- such that t/>u* holds for some index j. Case 2: >,
occurs only finitely often. Then there is a subsequence t" >,t" "1 >, ..., and by
decrease of STAT3, again a derivation u' > u? > --- with t/'s>=u' for some index j.

For (2), let (f,i)eS;US,, s>t, sz _t. From preparedness for contexts, we
already got f(...,s,..)02 12 f(...,t,...). We have to show f(...,s,...) >, f(...,1,...).
If f(....s,..)>, f(...,t,...) holds, then we are finished. Otherwise f(...,s,..)~,
Gt Yand(f,))€S,,50 f(...,58,...)>, f (..., t...). The claimfollows by definition
of lexicographic combination.

In a similar way, pointwise intersection (STAT?(Z) =4, STATF(2)nSTATZ(2 ))
can be shown to preserve status components. The set of strict preparedness is again
the union of the sets of strict preparedness of the components. Pointwise intersec-
tion, as opposed to pointwise lexicographic combination, is interesting for auto-
matic tools where it is advantageous to delay the decision whether STAT? or
STAT? should receive more weight in the comparison.

5.3 Selection of Arguments

Third we are going to show that comparison of an argument at a specified position is
a status component. It may depend on the top function symbol which argument
position is meant. This is expressed by a function 7.

Definition 5.2 (Selection of an argument, P,). An (argument) selector is a function
F —N\{0}. It induces a functional P, defined by

f(slﬁ"wsm) Pn(Z)g(tlz"'7tn)= lf

1. n(f)> m and =(g) > n, or

2. n(f)<mand n(g) <nand s, ;2 t,,.

The case analysis is needed because 7( f} > m may happen, e.g. if f has arity 0. In
this case s, is undefined, and Case (1) is necessary to maintain reflexivity of z . We
will use P; where ieN to abbreviate the selector P, where n(f) =i holds for every
fe#.
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Proposition 5.3.

1. P, is a status component for every .
2. P, is strictly prepared for the set {(f,n(f))| feF A n(f)<arity(f)}.

Proof. To simplify the presentation, we use the abbreviation Z . =,.,P.(Z).

Let 2 be aquasiorder. If n(f) < axrity(f)thens, s 2 Sy byreflexivityof Z.So
F(51seees ) Zaf (1,5 8,) by definitionof 2 .. Hence = isreflexive. To show that it
is transitive, let f(Sy,...,8,) R o9(ty, .., 1) 2 huy,...,u,) be given. If n(f)>m,
n(g)>n, and n(h)>p then clearly f(sy,...,s,)Z uy,...,u,). Else n(f)<m,
7(g) < n, and m(h) < p, together with s, X t.,) R Unm hold. By transitivity of 2 then
Suiry 2 gy S0 J (51505 8y) Z oMy, ..., u,). Hence ., is transitive. This finishes the
proof that P preserves quasiorders.

The subterm foundedness property of P, follows fromthe fact that s, and t,, are
proper subterms of s and t, respectively.

Preparedness for contexts. Assume s Zt. To show f(...,s,..) 2. f(....t..), we
distinguish cases. Let the argument position of s in f(...,s,...) be i. Case 1: i = n(f).
Then the claim is equivalent to the premise s 2 t, by definition of P_. Moreover we
observe strict preparedness in this case: If s > tthen (..., s,...}) >, f(...,¢t,...). Case 2:
i # n(f). Then by definition of P the claim is true if n(f) > arity(f); and equivalent
L0 Uy p) = Uy OLherwise.

To prove decrease of infinite derivations, let the infinite derivationt' > _t*> _--- be
given where each term t' is of the form f'(t}, ..., t. ;. ). By definition of 2, this is
equivalent to the derivation t,lr( > tf,( 4> -+ where obviously t}[( 4 is a proper subterm

of t.

Lexicographic status, for instance, can now be modelled as a pointwise lexi-
cographic combination of selectors of arguments.

5.4 Restriction

There is yet another useful operator for status components. This operator, called
restriction, collapses all terms the top function symbol of which is outside a given set.
As we will outline below, restriction and intersection allow one to form a conditional
for status comparisons.

Definition 5.3 (Restriction, ['S). Let STAT? be a status component and S € % a set of
function symbols. The functional STATZ ['S is defined by

f(S17 RS Sm)(STATZ TS)(Z)(g(tp ] tn)’ lf

1. f,q¢8S,or
2. f,geS and sSTAT?(2)t.

Proposition 5.4.

1. Restriction preserves status components.
2. If STATR is strictly prepared for the set S’ then STAT= 'S is strictly prepared
Sor the set {(f,i)| feS A (f,i)eS'}.

Proof. Let STATR be a status component. To simplify the presentation, we abbreviate
20 =arSTATA(Z) and 25 =4 (STATZ [S)(R).
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Let z be a quasiorder. Then 2 is reflexive and transitive by premise. We are
going to prove that STAT? 'S is reflexive and transitive as well. s 2 s holds by
reﬂexwlty of Zo. Then szgs obviously holds. To prove transitivity, let
F T Py Sg(tl, o> by) R shuy, ..., u,). Either f,g, h¢S, in which case f(sq,...,s,,)
zsh(ul, .., u,) immediately follows. Or f,g,heS and f(5,....8) 209t t) 20
Mug,...,u ) hold. In that case, f(sl, Sm) Z oMUy, ..., u,) follows by transitivity of
No,andf(sl, vy S) 25Uy, .. )holds aswell. So Zslsaquaswrder This finishes
the proof that STAT= |§ preserues quaszorders

Subterm foundedness of STAT= 'S follows immediately from subterm foundedness
of STAT=.

To show preparedness for contexts, assume s 2 t. Case 1: f eS Then by prepared-
ness of STAT?, we have f(...,s,..) 2 Of( .andso f(...,s,.. )2 f(..,t,..).
Case 2: f¢S. Then f(. ..,s,...) st( ) zmmediately by deﬁmtzon of I.

Observe that s>t is equivalent to: s and t have top symbols in S and s> 4t.
Decrease of infinite derivations is now proved as follows. Suppose given an infinite
derivation t' >gt* >g---. This can only happen if every t' has top function symbol in
S and t' >,t> >, holds. The claim follows by decrease of infinite derivations of
STAT=.

If feS and (f,i1)eS’ then we have strict preparedness. For, let s >t hold. Because
of (f,eS’, by strict preparedness of STATZ, f(...,s,...)>of(....t,...) holds;
because of feS this is equivalent to f(...,s,..)>gf(...,t,...). This finishes the
proof.

5.5 A Proof Method

With the above mentioned tools available, we propose the following method to
prove termination.

1. Provide a monotonic interpretation (2, 24,[]), 1.e. a quasiordered set
(2, 2 4), together with a #-sorted family of 2 ,-monotonic functions
[f] :@arlty(f) .

2. Design a number of measures (£, 2 ;, ¢) (among which there may be constant
functions, the interpretation itself, precedences, etc.); each ¢ as a F-sorted
family ¢/:9*=**) & of 2 ,-monotonic functions to a quasiordered set
(€, = ) where 2, is wellfounded.

3. Design a status component STAT? =(2 .., | jer STAT),,, where for each
function symbol® f, there is a status component STAT> =(STAT?,,...
STAT? ) I/ composed of status components STAT; ; which may be
measures or selectors. The restriction operator | f takes care that only terms
are affected the top symbol of which is f; all other terms are equivalent. In
effect the intersection of the restrictions forms a case analysis of status
components dependent on the top function symbol f.

4. Establish strict preparedness for contexts in all arguments; on demand by
adding P, as the last lexicographic component of STAT?. This way STAT=
becomes a status properly, virtually without any other change

5. Show lo 2| _ro and lo > 7o for all (I —r)eR and ground substitutions o.

3

more generally, for every ~ .. -equivalence class

prec
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One may even extend the proof of termination of R towards a proof of equational
termination of the equational term rewriting system (R, E), by

6. Show lg ~| jro and lo ~,,ro for all (| =r)e E and ground substitutions .

gpo

However ~, is very weak, so this extension is not promising.

6 Practice
6.1 Examples

Now let us demonstrate the improved general path order and the above mentioned
proof method at a few small examples. For this purpose let the ordered sets
(D, Z ) =4({0,1}, =) and (&, 2 ;) =4:({0, 1}, =) be presupposed.

Example 2. The following one-rule system of Dershowitz’s [ 7] is classic for a termina-
ting, not simply terminating rewrite system.

J(fG)) = fg(f(x))

To prove its termination by the improved general path order let the interpretation [_]
be given by

1) =1, [glx)=

a measure ¢ by

') =x,

and a precedence 2 .. by

A~ prec
f > prec g

The improved general path order 2, induced by the functional

~ gpo
STAT _def( A~ prec> Z ¢ l)lex
is able to prove termination. First, STAT? is indeed a status: It is composed of status

components, and contains P, as a component whence it is strictly prepared for contexts.
To prove RS >, 02, let o be a ground substitution and t = 4. x0. We have to

show f(f() 2 (_ ]f (g(f (t))) and f(f(2)) > 4, f(9(f(1))). To prove the former,

LAAENT =LA UL UED) = 1= LA ALg UL ULED)) = Lf (g(S D).

The proof of f(f(t)) > ,,,f(g(f(t))) is given in a compact Genizen-style representa-
tion.

D) > f (@)
F0) > pog(f(@) 77
FU@) > gpo [ (1)) e 7 TV Z 0T
This schema is to say: By the subterm property of > ., f(f(£)) >4, f(¢) holds. From
this’ f(f(t)) >gpog(f(t)) fOllOWS by Case (1) Ofthe deﬁnition Of ngov due to f >precg.
From that, /() 1/ (0) by Case (1) du 10 f ~ . and J{F@)>, /(o))
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The claim f(f(t)) >, f(g(f(2))) is proven by the following derivation.

PUON = (LU = ¢ () =1>,0=$7(0) = ¢ ([g1(/N[£]))
= o(f (g(f())).

So f{f(0)>4p flg(f(0))) and f(f()) 2y _1f(9(f(1))) hold. This proves R<

> 00 R(_p and by Theorem 1 the proof of termination of R is finished.

Example 3. Toyama’s one-rule rewriting system [35]
f(a,b,x)—= f(x,x,x)

is known as terminating but not simply terminating. A termination proof by the
improved general path order is as follows. Define an interpretation by

a]l=0, [b]=1, [fl(xy2)=1

A useful measure function is ¢’ defined by

$7(x,,2) =gerl X — 1.

With the status STAT? = y(Z 4, Py )10, the rewrite rule is ordered by >, 2| .
Let o be a ground substitution and t = ;¢ xo. First, f(a,b,t) 2 ,f(t,t,t), because

[fla.b)]=1=[f(511)].
Now for f(a,b,t) >, f(t,t,1). Trivially f(a,b,t)>,,.t. The following derivation
proves that f(a,b,t) >, f(t,1,1).
¢(f(a,b,t)) = $7(0,1,[t]) = 1> ,0 = ¢'([¢1, []. [£]) = ¢(f(t. 1, 1))

Example 4. Huet/Oppen [24] gave a rewrite system known to be simply terminating,
but not totally terminating. We extend it by a third rule such that the system is still
simply terminating, not totally terminating.

fl@)— f(b),
g(b)— g(a),
f(x)—g(x)

Improved general path order proves its termination. Define an interpretation [ _] by

[a]=0, [b]=[f1(x)=[g](x)=1

Choose STAT? = 1,((Z prees 2 g» P 1)iex Where the precedence 2 ., is given by

A~ prec
f >precb; f >precg >preca
and the measure ¢ is given by
P (%) =yer 1 (%) =ger X

With these settings, f(a)>,,,f(b) holds. For, f(a)>,,,b holds by the precedence
f > prech. And f(a) >, f(b) by the derivation

¢(f(@)=¢7(0)=1>,0 =/ (1) = (/b))



An Improved General Path Order 491

This finishes the proof for the first rule. The second rule is done analogously. For the
third rule, we have f > ,,..g which leaves to show f(t)> ,,,t. The latter is by the strict
subterm property.

Example 5. The following is an extract (rules (9), (38),(39), resp.) of the LIF'T example
in appendix A.

g(b)— f(b)
fl@)—g(a)

b—a

Despite its similarity to example 4 this system is totally terminating. Though
the recursive path order cannot prove termination.* To prove termination by the
improved general path order, we use the same interpretation [_] as in example 4,
however for the ordered set (2, 2 ) =4({0,1}, =). Let the precedence 2 ., be
defined by

f ~ precg > prec b > prec

and the monotonic measure function ¢ t0 (&, 2 ¢) =q4.¢({0,1,2,3}, =) by
PI(X) =g 1, PI(x) =42

Then >, using status STAT? = (X precs P1> R gliex Orders the three rules. More-
over, each rule l - satisfies [ 2| 1.

Here observe that were [b] ~g[a] then f(b)~, f(a) as well as g(b) ~ ;9(a) by
monotonicity of ¢ and ¢°, respectively. But that would make any semantic compari-
son useless. For this reason it is essential to order [b] =1>,0 = [d] non-trivially

whence x+— 1 — x is no longer monotonic.

Example 6. The idea to the following example comes from Dershowitz’s example 18
[9]. Dershowitz demonstrates that the recursive path order cannot prove termination
but a lexicographic combination of recursive path orders can. We insert an f symbol on
the right hand side of his second rule, by which we get a system where even
a lexicographic combination of recursive path orders fails.

9(f (x), )= f(h(x, )
hix, y) = g(x, f(3))

The same pattern occurs when logic programs are transformed to term re-
writing systems in order to prove their termination [1]. Unlike Arts/Zantema,
here we need no interpretation, i.e. everything is interpreted equal. Thus in fact we deal
with a syntactic’ path order. We choose as the status functional

STAT? =4 (Z precs P.)i.x Where the two precedences 2 ... and 2, are
defined by

!
1 > Z prec®

f and h>'

g Nprec prec prec g

respectively. Now let o be ground substitution and t = 4,;x0, u =4, yo. With that the

4 The polynomial interpretation order can: [a] =2, [b] =3, [f1(x)=x + 5, [g](x) =
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two rules are ordered as follows.

DD >t gUOD gt JO >l
g(ft),u) > po h(t,u) g~ prec
g(f (), u) >gpof(h(t’ u)) 9> precf

t~o ot fO >0l
gpo gpo .
h~ g and h> g
hit,w) >, 9(t, f(w) 7 e

Example 7. The improved general path order is able to improve upon the
Knuth/Bendix order, as we can demonstrate at example 17 of Dershowitz [9] extended
by an additional rule for function symbol f.

——X—X
C(x+y) o — —xs———y
—(x*xy)—> — ——x+ ———y

f(=x)» ———f(x)

Choose (Z, 2 5) =aes(N, >). The interpretation counts the number of symbols “+”
and “+” in a term.

1) =[-1x)=x [+1x)=[«1x)=x+1

Let the status functional be STAT? =, (2| }» 2 prees P15 P2)iex» Where the precedence
is defined by

~ prec

f >prec - >prec + Nprec*'

Note that the proof obligation | 2 v for every rewrite rule  —r is void because it
already follows from 12 v, by the subterm property of Z;_,(see also Lemma 7.3).
Note also that an essential technical condition for the Knuth/Bendix order is not
satisfied: that “—"" has to be the greatest symbol in the precedence.

Example 8. Two weird functions, f and g, on the natural numbers are specified by the
Jfollowing rewrite rules [21].
x—0-x f0)-0 9(0)—s(0)
0—s(»—0  f(s(x)—s(x)—g(f(x)) gls(x))—s(x) — f(g(x))
s(x) —s(y)>x—y
We do not know the semantics of f and g, but it is fairly obvious that [ f1(x) < x and

Lg]l(x) <x+ 1 hold provided that [ f] and [g] are total. We can profit from this
knowledge by defining an interpretation [_] by

[0] =4O, [s1(x) =qeex + 1, [—1(x,y) =geemax{x, y},
L) =qerx, [9]00) =gerx +1

to the natural numbers, naturally ordered. “ —" is interpreted as maximum because
subtraction is not monotonic under >. Now [ Ziar holds for every rewrite rule I —>r.
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To witness,

[t — 0] =max{[t],0} =[1],
[0 — s(u)] = max{0,[u] + 1} > 0=[0],
[s(2) — s(u)] = max{[¢] + 1, [u] + 1} > max{[¢], [u]} = [t —ul,
Lf(0)]=0=[0],
LA(6s(6)] =[] + 1 = max{[¢] + 1, [t] + 1} = [s(t) — g(f (1)) ]
[9(0)] =1=1[s(0)],
La(s(£))] =[] + 2 > max{[¢] + L, [] + 1} = [s(t) — f(9(2))].

Let us now choose STAT? =4 ((Z 1, 2 prec> P1> P2 )iex 05 a status, where the preced-
ence is given by

f Nprecg >prec - >precs Zpreco

Then the induced general path order proves termination. The decisive inequalities are

s =[t]+1>[t]=[f©)] and
LgstN] =[] +2>[t]+ 1 =[f(g(x)].

Example 9. And finally an example where it pays to have measures different from the
interpretations. Let x/y denote the integer quotient of natural numbers x, y, specified as
follows.

x—0-x x<0-false if(true, x,y)—»x x/0-0
0-—s(y)—>x 0<s(y)»true . if(false,x,y)—y 0/y—0
s(x)—s(y)o>x—y sx)<s(y)-ox<y s(x)/s(y)—>1L(x <p,0,5((x — y)/s())

The last rule of this rewrite system has a self-embedding derivation. The re-occurren-
ces of the slices of the left hand side are underlined.

s(x)/s(s(x)) =g 1 E(x < 5(x), 0,5((x — 5(x)) /5(s(x))))

The improved general path order with the following settings proves termination.
Naturalinterpretationto & = N ordered by equality; precedence [ > .. 1f, <,s> ..
true, false, 0; status STAT? = (>pm, 2 4 P15 P,); measure ¢'(x,y) =x to 7 =N

ordered by >. The decisive inequation is

(s(t)/s(w) = [s()] =[] + 1> [t] = [u] = [t — u] = $((t — u)/s(u)).

This quite naive design solves the following conflicting goals: Whereas [ /] is bound
to be integer division in order to have [_] a (quasi-Yymodel, ¢' should express that the
first parameter decreases semantically. Z; may not compare s(t) and t; otherwise our
chosen interpretations for “—” and “/” were not monotonic. But % , must compare s(t)
and t so as to help order the last rule.

6.2 Termination Pairs

The orders > and >, 2 ;correspond to each other in a remarkable way.
> has the subterm property whereas > X ; is closed under contexts.

Precisely such a pair of orders is needed in the framework of conditional rewriting.
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To have the rewrite relation —, of a conditional rewrite system R computable,
one needs to show that for each application of a conditional rewrite rule

p=Il-r

the recursive descent into the premise p as well as the successful application of the

rule decreases the term. To simplify the presentation, we consider the premise to be

a term. A rule is enabled if its premise is reducible to the term true.
Wirth/Gramlich defined the notion of termination pair.

Definition 6.1 ([36]). A termination pair is a pair (>
substitution, such that

) of orders, closed under

sub’ mon

1 >mon - >sub>

2. > is wellfounded,

3. >, has the subterm property,
4. > is closed under contexts.

sub

mon

A rule p=>1—-ris called aligned with the termination pair (> g, > on)s if I > P
and lg >, ro for all substitutions ¢ such that po—%true. Dershowitz/Okada/
Sivakumar’s notion of decreasing conditional rewrite system [16] is related:
p=I1—-r is called decreasing if there is a wellfounded order >_,, closed under
substitution, such that />_,p and - < >_,. Obviously a decreasing system is
aligned with the termination pair (>, —5 ).

Theorem 2 ([36]). If (> .5, > pon) IS @ termination pair, and every rule of a system R of
conditional rewrite rules is aligned with it, then every term has effectively an R-normal
form.

If >, is a simplification order then >, , and >, coincide. The case where
>..n 18 DOt a simplification order has not yet been investigated. The following
example, due to Dershowitz/Okada/Sivakumar, needs such a pair.

Example 10 ([16]).

b-true (7
fb)— f(a) (8
b=a-true )

Rule (9) requires a >, b and Rule (8) requires f(b)>,,,f(@) to hold. Were
> mon b then by closure under contexts f(a) >, f(b), a contradiction. So >, , and

> . must differ.

sub
Theorem 3. The conditional rewriting system of example (10} is aligned with some
termination pair (> ;,5, > 1500 Z1_1)-

Proof. We choose (2, = @) =4et(€, 2 ¢) =4£({0, 1}, =). The interpretation, [], is
given by

[bl1=1, [al=[true]l=[f]x)=
The general path order >, is induced by the status STAT(Z) = 4et(Z prec: ¢ P1)1exs
with the precedence, 2 .., gwen by

I > prec@ > proch > precLrue

prec

and the measure, ¢, by ¢7(x) = x. We have to satisfy the following proof obligations.
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1. [f] and ¢’ are monotonic: Trivial.

2. fB)z 1 f(@:[/B)]=0=[f(a)].

3. f(b)>,,f(a): By the precedence f > ,,.a, f(b)>,,,a holds. Next, f ~ .. f
and f(b)>, f(a) by

()= ¢'(1)=1>,0 =¢/(0) = ¢(f(a)).

. bz jtrue:[b]=1>,0=[true]
b >, true: By precedence.

az; jtrue:[a]l=0=[true].

a>,,true: By precedence.

. a>,,,b: By precedence.

o0 oA

Note that for Case (4) actually b >,  true was essential. For, if b~ a then
f(b) ~, f(a) by monotonicity, which fails to handle Rule (8). This finishes the proof.

7 Improved?

We claim that Dershowitz/Hoot’s general path order is an instance of our improved
general path order. This statement can be put precisely and the proofis instructive.

Theorem 4. Every valid termination proof by Dershowitz/Hoot’s general path order
where the functional

e does not use proper multisets nor ranked multisets of arguments, and
e contains selections for each argument position,

is a valid termination proof by improved general path order.

With some technical effort the multiset cases probably can be added as well.
Furthermore the second requirement is weak: Argument selectors may be added on
demand. The proof of the theorem will use the following two standard results from
universal algebra.

Lemma 7.1. If I;=,.(%;, Z4,[-]) is a monotonic & -interpretation for every
1 <i<k, then their product

I=I x - x Ly =44(Z, R 5.[]),
defined by
D =34D, %X - X D,
AR od el R g d) A A R g4,
LA1@ . d") =L/ 11 (@0 dT)s e L D, o )
is a monotonic & -interpretation. Here d; denotes the i-th component of the k-tuple d.

Lemma 7.2. If I;=,,(%;, 24, 1) is a monotonic F-interpretation for every
1 <i <k, strictly monotonic if i # k, then their lexicographic product

I=1 Xpor - %oy =4ee(D, Z 5o [])s
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defined by
D=4 D X - X D,

dZod' <gdy >4 d) v
di~gdiAN(dy>4d, v
d2 ~92d’2 A (
AN R g dy) ),

[f](dla e dm) =def([f]1(di5 MR drln)’ tre [f]k(dlia Tt d’r(n))
is a monotonic & -interpretation. Here d, denotes the i-th component of the k-tuple d.

The subterm property is useful to get rid of the obligation to prove [ 2 ,rasthe
following lemma shows.

Lemma 7.3 ([191). If 2 _;has the subterm property and STAT= =(z ,,STATY),,

has as first component a quasiorder 2, < X , then 2 ,,,S 2|

Proof. Lets,te %7 andlets 2,
by . For sz,,t we distinguish cases along the definition of 2 ,,,. Case (1)
sSTAT(Z,,,)t and s> ,,t; for all i. By the architecture of STATZ chosen, s X 4t
Jollows immediately. So sz, it by premise. Case (2): 5;2,,,t for some i. Then
s> _15: 2 _;t holds by the subterm property of % ,, and the inductive hypothesis for

respectlvely By transitivity of Z, ; the claim follows.

t. Toproves z| ;t weemployinductiononsordered

Proof (of Theorem 4). Let w.lo.g. afinite or infinite ground term rewriting system R be
given, together with a proof of termination by Dershowitz/Hoot's general path order
obeying the mentioned restrictions. In other words, there is 0 <i <k <n; for each
1 < j <k there are interpretations I, = (Z;, ~@,[ 1;) such that

1. 1y,....1,_ are strictly monotonic and satisfy the strict subterm property,

2. 1, is monotonic and satisfies the strict subterm property, and

3. 1,,4,..., I, are value-preserving congruences, i.e. | ~yt and f is ~y
monotonic for every f,i+ 1< j<k;

there is a functional
STAT® =4(R_yp»---» R(_1, STATS ..., STATY)
such that each of STATE, ,..., STAT? is either

1. a precedence, or

2. an argument at a specified position, or

3. a quasiorder 2 _ ) induced by one of the interpretations I,,i+ 1< j<k;
and R< >, where >, is the general path order induced by STAT=.

Firstweclaimthat I, = ;0| X 00+ X 1ox1; 15 a quasimodel for R. If i = O then this
is the trivial model; so assume i > 0. Given that I ; is monotonic, if j # i even strictly, we
obtain that I,,, is a monotonic interpretation by Lemma 7.2. By construction the

quasiorder on terms induced by the interpretation I,,, admits the representation

R et R 105 R ex

whence by the subterm property of each I, 1 < j <i, also I, has the subterm property.
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So in fact wlo.g. i=1 may be assumed. The property R< z; , follows from
R >, by Lemma7.3. So I, is a quasimodel for R. B

Second we state that for everyi+ 1 < j < k the interpretationI; = 4 ((%;, ~g [-1)
derived from I ;is a quasimodel of R. This follows immediately from the premises put on
I.

’ Now by Lemma 7.1 the product I =4I, X I, ; x --+ x I, is amonotonic interpre-
tation as well. It is even a quasimodel of R as every component is. So we may use I as the
interpretation underlying our improved general path order.

With that, STAT? turns out to be a status component: As proven in Subsect. 5.2
pointwise lexicographic combination preserves status components and each precedence
and each selector of an argument at a specified position are status components. Each
R -y finally,1 < j <k, can be expressed as a quasiorder % , induced by a measure ¢;
on 1. To this end define ¢;:9T — 2, by

d)jf(dls---vdn) :def([f](dla-“adn))j: [f]j(d}a"'ad;l)

where d; selects the j-th component from d. It is obvious that 2, = X . Observe
that the monotonicity conditions are satisfied. (For i+ 1< j<k, the property
~i_3 S Ry_y is employed.) Therefore the functional STAT? is a status component.
By the premise that STATR contains every argument position, it is strictly prepared
for contexts, so STAT= is a status. Theorem 1 is applicable. Hence R is a terminating

rewrite system, by improved general path order. This finishes the proof.

According to Theorem 4 the improved general path order can do all termination
proofs Dershowitz/Hoot’s general path order can do — except where multiset selec-
tors are used — with at most the same effort. And Dershowitz/Hoot’s general path
order covers an impressive list of competitors [ 11]: Recursive path order, extended
Knuth/Bendix order, polynomial path order, semantic path order, natural path
order; virtually every path and Knuth/Bendix order scheme. Improved general path
order still adds a little to this.

e Example 9 and our LIFT case study (see the conclusion to Appendix A) need
a measure (&, Z 5, ¢) that cannot serve as interpretation (2, 2 4, [—]), neither
can its equivalence ketnel (&, ~,, ¢). Dershowitz/Hoot’s general path order
does not support this.

e To model the semantic path order, Dershowitz/Hoot’s approach requires
Kamin/Lévy’s Condition (C) is an essential extra condition. The improved
general path order takes care of this condition itself and so includes the
semantic path order properly.

e The improved general path order can handle the case of Knuth/Bendix order
even when symbols of weight 0 are not maximal in precedence (Example 7),
and the case of polynomial path order where the polynomials are monotonic,
but not strictly monotonic. In these cases the order %, | no longer has the
strict subterm property or is strictly monotonic, respectively.

Concluding Remarks
We have introduced the improved general path order, an extension both of the

general path order of Dershowitz/Hoot and of the semantic path order of
Kamin/Lévy. These orders are suitable to prove termination of a rewriting system
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whenever the termination proof needs semantic arguments. We introduced the
order in an abstract form, based on a monotonic interpretation {_] and a status
STAT=. Under weak premises then >, n X, is a termination order (Theorem 1)
and the pair (>,,, >, 2 [_;) is a termination pair. A termination pair is useful to
prove computability of normal forms for a conditional term rewriting system.

Statuses can be composed pointwise lexicographically from components such as
measures and argument selectors. Cases of statuses dependent on the top function
symbol may be formed using a restriction operator and joined by pointwise intersec-
tion. For technical reasons we have not included selectors of multisets of arguments;
however it seems possible to do. The constructions we have introduced should
suffice to treat most of the practical problems. We have summarized the typical
procedure as a design guideline for the user. Several small examples demonstrate
power, versatility and ease of use of the improved general path order. In the
appendix we report on a realistic, medium-size application where we encounter
some of the typical features.

By Theorem 4 we have given a precise account to what extent our method covers
Dershowitz/Hoot’s version. Our method can completely dispose of the technical
conditions that the tuple of status components has to start with a number of
interpretations which are strictly monotonic and satisfy the strict subterm property.
This is due to three changes: a more liberal condition (preparedness for contexts) on
the parameter STAT® of the order; the conceptual separation of the interpretation,
[—], from measures, ¢; and the relaxation from models to quasimodels. Though by
Lemma 7.3 the subterm property may be technically useful to get rid of a proof
obligation.

A particularly important application of termination is in the Knuth/Bendix
completion procedure. The Knuth/Bendix procedure can be turned into one that
does not stop with failure (unfailing Knuth/Bendix procedure, UKB, [3]) provided
that it uses a termination quasiorder 2 that can be extended to a total one on
ground terms. This restricts the results to totally terminating rewrite systems
however, which is unsatisfactory. A simple observation shows that the requirement
of totality can be weakened. The procedure obviously satisfies s<>¥ .t for every
critical pair (s, t). To order all ground instances of (s, ) then, it is sufficient if > is total
on «} -equivalence classes of ground terms, 1.e. it orders those pairs (s, ) of ground
terms where s<>% . It is therefore sufficient that the order = satisfies the following

property.

Definition 7.1. > < %.7 * is called semantically total, if for all ground terms s<%_,t,
either s =t or t = s holds.

Semantic totality is certainly weaker than totality on all ground terms. An open
question is whether this makes a difference. If ~; ; is a model of R UE then
a quasiorder is semantically total if it is total on ~ | _;-equivalence classes of ground
terms. I conjecture that improved general path orders which are based on models
can be made total on ~; -equivalence classes. This narrows a conjecture of
Rusinowitch (Problem 85 in [14]).

Conjecture 1. Let ~_; be a congruence on terms, closed under substitution. Every
improved general path quasiorder % ,,, based on ~ |, can be extended to a improved
general path quasiorder 2, based on ~ whichistotalon ~_-equivalence classes

of ground terms.
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A LIFT: A Medium-Scale Example

In order to demonstrate the descriptive power and the line of reasoning of the
improved general path order, we will perform a realistic, medium-scale proof of
termination of the term rewriting system LIFT. The example rewrite systems models
a toy lift control, one of the favourite examples in the area of formalization of
distributed systems [5]. The rewrite system is, apart from minor changes, the same
as Fraus’s [17]. Unusually, the rewrite rules do not express an equational theory but
a state transition relation.

Thelift control is informally specified as follows. Imagine a building having three
floors. A lift cabin moves up and down between these floors, and sometimes stops at
afloor. At each floor, there is a button to call the lift cabin, and a light to indicate that
the button has been pressed, but the cabin has not visited the floor since. The task of
the lift control is to indicate by the button lights that a request has been recognized,
and to send the lift cabin to a floor and open the cabin door there at least once after
its button has been pressed.

The lift control is modelled by a simply typed rewrite system. We do not model
infinite behaviour. First we give the signature, i.e. the types and typed function
symbols, of the lift control.

A.1 The Signature

Let there be the type Bool of Boolean values, with nullary functions (“constants”)
true, false, and a binary function or. We will use Booleans to indicate states of
lights (£ rue means “on”, and false means “off”), as well as states of buttons (then
true means “pressed”, and £alse means “not pressed”).
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Histories of inputs to the lift are modelled by the type Input, with a constant
empty for “no input”, and a function symbol

newbuttons : Bool?® x Input — Input

where newbut tons(il, 2,13, i) tells which buttons are pressed at the moment, i1 for
the basement button, i2, for the first floor button, and i3 for the second floor button.
What happens after, is recorded in i.

The modelling of simultaneously pressed buttons is realistic for the following
reasons. For the lift, requests come in packages. This is so because input must be
buffered as long as the lift is busy. Each time the lift has finished a step, and is aware
of further input, several buttons may have been pressed in the meantime. It does not
matter how many times buttons have been pressed, or in which order. So the input
relevant to the lift control is the set of buttons pressed, encoded in the triple (i1, i2,i3)
of truth values.

The floors where the lift may be are modelled as constants of type Floor,

B, BF, F, FS, S:Floor

with B for basement, F for first floor, and S for second floor, and the intermediate
locations, BF, between basement and first floor, and FS, between first and second
floor. The latter two are necessary to model the situation when the lift is during
a move from one (proper) floor to another.

The door of the lift cabin can be open or closed. These are constants of type
Door. Thelift can move up, down, or it can st op. These are constants of type Move.

Lift states are objects of type State. There are constants correct,
incorrect, for correct and incorrect termination of the lift, respectively. Here
correct termination means that the lift has successfully treated each request.
Incorrect termination means that the lift has become unreliable and is for safety
reasons set out of order. As long as the lift has not yet terminated, it switches between
two modes: Working (busy), and waiting for input {idle). Both are modelled as
function symbols of type

Floor x Door X Move X Bool? x Input —»State

where the first argument denotes the floor where the lift currently is, the second,
whether the door is open or closed, the third, how the lift is moving. The three
Boolean arguments indicate the state of the floor lights: Whether the light is on for
the basement, the first floor, the second floor, respectively. The last argument tells
which pressed button triples the lift still has to face. A function symbol
start : Input - State gives an initialized lift.

A.2 The Term Rewriting System LIFT
The 41 term rewriting rules in Table 1 form a rewrite system which we will call LTFT.
The variables in these rules range as follows.

fl: Floor, d:Door, m:Move, I:Input, b,bl,b2,b3,il,i2,i3:Bool

Thelift starts at the first floor with its door closed. All lights are put off and the lift
does not move (1). The lift behaves incorrectly if it stops between floors (2), (3), or
moves while the door is open (4), (5). The lift finishes correctly as soon as the cabin
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Table 1. The rewrite system LIFT

start (i) »busy (F, closed, stop, false, false, false, 1)
busy (BF, d, stop, bl, b2, b3, i) »incorrect
busy (FS, d, stop, bl, b2, b3, 1) —»incorrect

busy (fl, open, up, bl, b2, b3, 1) »incorrect

busy (fl, open, down, bl, b2, b3, i) - incorrect

busy (B, closed, stop, false, false, false, empty) - correct

busy (F, closed, stop, false, false, false, empty) »correct

busy (S, closed, stop, false, false, false, empty) »correct

busy (B, closed, stop, false, false, false, newbuttons (i1, 12, 13, 1)) -
idle (B, closed, stop, false, false, false, newbuttons (11, i2, 13, 1)
busy (F, closed, stop, false, false, false, newbuttons (i1, 12, 13, 1)

) (F

, cloged, stop, false, false, false, newbuttons (il, i2, 13, 1)
busy (S, closed, stop, false, false, falge, newbuttons (i1, i2, i3, 1))
idle (S, closed, stop, false, false, false, newbuttons (11, 12, i3, 1))

busy (B, open, stop, false, b2, b3, 1) —»idle (B, closed, stop, false, b2, b3, 1)

)
)
) —
)
)

(
busy (F, open, stop, bl, false, b3, i) »idle(F, closed, stop, bl, false, b3, 1)
busy (S, open, stop, bl, b2, false, i) »idle(S, closed, stop, bl, b2, false, 1)
busy (B, d, stop, true, b2, b3, i) »1idle (B, open, stop, false, b2, b3, 1)
busy (¥, d, stop, bl, true, b3, 1) »idle(F, open, stop, bl, false, b3, 1)
busy (8, d, stop, b1, b2, true, 1) »1idle(S, open, stop, bl, b2, false, 1)
busy (B, closed, down, bl, b2, b3, i) —»idle (B, closed, stop, bl, b2, b3, 1)
busy (S, closed, up, bl, b2, b3, i) »idle(S, closed, stop, bl, b2, b3, 1)
busy (B, closed, up, true, b2, b3, 1) »idle(B, closed, stop, true, b2, b3, 1)
busy (F, closed, up, b1, true, b3, i) —»idle(F, closed, stop, bl, true, b3, 1)
busy (F, closed, down, bl, true, b3, i) »1dle(F, closed, stop, bl, true, b3, i)
busy (S, closed, down, bl, b2, true, i) »idle(S, closed, stop, bl, b2, true, 1)
busy (B, closed, up, false, b2, b3, i) »i1dle(BF, closed, up, false, b2, b3, 1)
busy (F, closed, up, b1, false, b3, i) »idle(FS, closed, up, bl, false, b3, i)

busy (F, closed, down, bl, false, B3, i) —»1dle(BF, closed, down, bl, false, b3, 1)

busy (S, closed, down, bl, b2, false, i)-+idle(FS, closed, down, bl, b2,
false, 1)

busy (BF, closed, up,bl, b2, b3, i) »idle(F, closed, up, bl, b2, b3, 1)

busy (BF, closed, down, bl, b2, b3, 1) »idle (B, closed, down, bl, b2, b3, 1)

busy (FS, closed, up, bl, b2, b3, i) »idle (S, closed, up, bl, b2, b3, 1)

busy (FS, closed, down, bl, b2, b3, i) —»idle(F, closed, down, bl, b2, b3, i}

busy (B, closed, stop, false, true, b3, i)—idle(B, closed, up, false, true,
B3, 1)

busy (B, closed, stop, false, false, true, 1) —-idle (B, closed, up,
false, false, true, 1)

busy (F, closed, stop, true, false, b3, i) »idle(F, closed, down, true,
false, b3, 1)

busy (F, closed, stop, false, false, true, 1) —=idle(F, closed, up, false,
false, true, 1)

busy (8, closed, stop, bl, true, false, 1) -»1dle (S, closed, down, bl,
true, false, 1)

busy (S, closed, stop, true, false, false, 1) »idle (S, closed, down,
true, false, false, i)

idle(fl, d, m, b1, b2, b3, empty) »busy (I, d, m, bl, b2, b3, empty)

idle (fA, d, m, bl, b2, b3, newbuttons (i1, 12, 13, 1)) —

busy (fl, d, m, or(bl, il), or{(b2, 12), or (b3, i3),1)

or({true, b) »true

or(false, b) = b

RN

~ oA
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stands at some floor with the door closed, and no more requests are pending (6), (7),
(8). If the cabin stands at some floor with the door closed, and no lights are on, then
the lift waits until new buttons are pressed (9), (10), (11). If the stopped lift is not
requested at its current floor, it closes the door (12), (13),(14), else it opens the door (it
might be open already) and clears the request (15), (16), (17). The lift does not try to
go beyond the basement or the second floor (18),(19). Otherwise the lift stops as soon
as it comes around a requested floor (20),...,(23). At floors that are not requested
(24),...,(27) and between floors (28), ..., (31) the lift keeps on moving. A stopped lift
with closed door and no request at the current floor starts going to satisfy some
request at another floor (32),.. ., (37). After each step the lift is looking for new input.
If there is no more input it continues working (38), else it consumes the new input. If
a button i1, i2, or i3 is pressed then the corresponding light b1, b2, b3 is set on (39).
This is achieved by the or connective {40), (41).

A.3 What is its Proof of Termination Good for?

Termination of LTIFT entails the validity of the principle of rewriting induction for
LIFT. By rewriting induction Fraus [17] formally proved the claim

LIFTHVi:Input-start(i)=correct.

The proof was supported by the semi-automatic inductive prover TIP [18]. As
LIFT has only trivial critical pairs it is confluent. Confluence entails that the normal
forms correct and incorrect are semantically distinct, by which from Fraus’s
result the safety property follows that the lift never breaks.

LIFTHdi:Input-start(i)= incorrect

So termination of LIFT is essential for the validity of a mechanically proven safety
property.

A4 Termination of LIFT is Difficult to Prove

We now show that none of the straightforward proof methods is able to prove that
LIFT terminates. More precisely, we show that no termination order which is total
on ground terms, can order LIFT.

Theorem 5. LIFT is not totally terminating.

Proof. Let = be a termination quasiorder such that LIFT S > holds. Assume B 2 BF.
Then one gets the derivation

busy (B, closed, down, false, b2,b3, empty)
Z busy (BF, closed, down, false, b2,b3, empty) (= cl u. cont.)
> idle (B, closed, down, false, b2,b3, empty) (=9 € >)
> busy (B, closed, down, false, b2,b3, empty) (—@s E>)

which contradicts transitivity and reflexivity of =. In the same way, using Rule (24)
instead of (29), one can show that BF 2 B leads to a contradiction. So 2 cannot be total
on ground terms as it cannot order the two constants BF , B in either orientation.
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Every precedence based order, and every interpretation to a totally ordered set
can only prove total termination. For this reason, all these orders, in particular the
path and decomposition orders with status, the Knuth/Bendix order, and the
polynomial and elementary interpretation orders fail to prove LIFT terminating.

A.5 Construction of a Suitable Status Component

In order to prove termination of LIFT we are going to construct an interpretation,
[], and a status, STATZ, such that the induced general path order, > ,,, and the
induced quasiorder 2, , satisfy > r as well as [z, ;r for each rewrite rule
(I->7r)eLIFT.

First we fix the architecture and the syntactic components of the functional
STAT=. According our proof method introduced in Subsection 5.5 we have to put
a pointwise lexicographic combination, where the first component compares top
symbols according to their precedence, and the second component is a status
component dependent on the top function symbol.

STAT® _ (R prees STATZ . ASTATZ, ASTATZ ...
STATZ,,. =, P, Istart
STATZ,, =4 (P, P41 Ps,Ps Py 24, PPy, 2 )i H{busy, idle}
STAT= = 4ot (P4s P 1P 2, P3)yex [mewbut tons

newbuttons

STATZ ~det (P, Py Tor

NSTATZ),,.

r

As the precedence we choose
start>__ F,closed, stop, false

prec

start >, busy ~ . idle >, .correct, incorrect

true >, false

open > __ . closed

prec

Below we give a motivation for this choice. I think it is possible to automate
construction of all components but .

1. Rules (1),...,(8) are easily ordered by the precedence. The or-rules (40), (41)
and ordered by the strict subterm property of 2.

2. For the precedence, busy ~,,,. idle is a good choice. Not to order busy
and idle in the precedence would anyway block the comparison. To order
idle >, busy instead would order rules (9),(10), and (11) in their reversed
direction, and to order busy > ... 1dle would do the same with rule (38).
As rules (9), (10), and (11) and (38) do not change their argument tuple from
the left to the right hand side we may delay ordering these rules until
the last component of the status. There a measure ¥ will order them
(Lemma A.6).

3. The last argument of busy (and of 1dle), i, either remains unchanged, or
decreases by the strict subterm property of >, along a rule application. So
we may take as first component in the tuple of status components, the selector
P, that selects the 7th argument, to be compared recursively by z,,,. This
orders Rule (39).

4. Next observe that in the remaining rules, each button state either remains
unchanged, or changes from true to false. This change becomes a
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Table 2. Overview of the Status Comparison

Rule Rpee P Py Ps Pg P, 2, P Py z, Comments
(1),--..(3) >

©), (10), (11) ~ ~ ~ ~ o~ o~~~ o~ > Lemma A.6
(12),(13),(14) ~ ~ o~~~ > open >, closed
(15) ~ ~ > true >, false
(16) ~ ~ o~ > true >, false
17 ~ ~ o~ o~ > true >, false
(18),..., (37) ~ ~ o~ o~~~ > Lemma A.5

(38) ~ ~ o~ o~~~ o~~~ > Lemma A.6

{39) ~ >

(40) >

41 by S 2,

Legend: The table summarizes the justification of [ STAT™ (%, ) 7 for every rule /- r of LTFT.

Each rule [ — r is represented by a row, and each component of STAT? by a column. The symbols “>
and “~ ” denote the result of comparison of the component

[

decrease as soon as true > .. false is added to the precedence and the
arguments 4, 5, and 6 are selected in the status component. This handles rules
(15), (16), and (17).

5. In the same way, adding open > .. closed to the precedence, and putting
P, as next component of the status component, one gets rid of the rules (12),
(13), and (14).

6. The rules (18),...,(37) are difficult to order. A semantic component is
necessary. We are going to construct the measure ¢ to satisfy [ >, for these
(Lemma A.5).

7. The selectors P,, P, are added to ensure that STAT= is strictly prepared for
the positions 1 and 3 of busy and idle each.

Summarizing, we have argued why every rule is ordered by the improved general
path order. Table 2 gives an overview. Under the proviso that an interpretation [ _]
and two measures ¢,  will be defined suitably, the following statements can be
made.

Lemma A.l. STATR is a status.

Proof. Particularly, STATRZ is strictly prepared for every argument position i of every
Sfunction symbol f. Check that the corresponding argument selector P; occurs in the
tuple restricted by | { f,...}. For instance, STATR is strictly prepared for (idle, 1)

because P, occurs as last but 2nd component in STATZ,_ .

Lemma A.2. LIFTS > .

A.6 Choosing an Interpretation

The lift achieves a progress when it approaches its target. On this account the
interpretation has to give enough information to determine this progress. Such
information may be button states, movements, and floors. Values for inputs will be
needed to define measure ¥ later.
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We partition the data domain & into carrier sets Z,, indexed by types s, and an
extra element L to denote the value of ill-typed, undefined, or irrelevant terms.

9 =def@Floor + @Door + @Input + 9Move + Bool + 9Stat:e + {—L}

We require that [t]e 9, + {1} if t is a well-typed ground term of type s. As the types
Door and State are irrelevant for the interpretations, we may define
Droor = Porare = J. For the sake of simplicity, we identity elements of & with

function symbols, so we obtain

Deroor =aet{B. BF, F, FS, S},
Dyove =aeriUD, stop, down},
Dyoor =qetitrue, false},

D pue =aer{€mPty , newbuttons}.

Accordingly we choose the interpretation

[c]=4¢ Tfor every constant ¢ except open and closed,

[open] =4¢lclosed] =4 L

[newbuttons](il,i2,i3,i) =4, newbuttons,

[start](i) =g¢llousyl(fl,d,m,b1,b2,b3,i) = Lid1e](fl,d,m bl,b2,b3,i) =4 L

true, if y=true,
[Or](y,x) = def X, lf y = false,
1, else.

For simplicity we choose 2, = 4. =, the equality on 2. Thus, % ,is trivially closed
under contexts, for [_] is a homomorphism. Now every rule (| - #)eLIFT except the
or-rules satisfies [lo] = 1L =[ra] for every ground substitution ¢. By the natural
interpretation for or, the two remaining rules (40) and (41) satisfy [lo]=
true =[ro] and [lo] = [bo] = [ra], respectively. So we have LIFT < ~; ;.

Lemma A3. (2, =,[_]) is a model of LIFT.

A.7 How to Express “Progress” of the Lift

We are going to develop a measure ¢ that yields the “job effort”, i.e. some number
that decreases when a step is undertaken to complete the current job.

A good starting point is to think about the rules as an “operational semantics” of
the lift: Each rule expresses a step the lift may do. The task of the lift is to solve
requests. Each step has to mirror some progress towards solution of one of the
requests pending. Intuitively, the lift turns towards a nearest floor (there may be
more than one) whose button is lit, moves to this floor, and stops. If the nearest light
is upstairs, then the lift must change from stop or down to up, and then pass the
floors upstairs. If it is downstairs, then the lift must change its movement from stop
or up to down, and then pass the fioors downstairs. Thus the lift gets nearer to the
completion of its next job. Fraus [17] constructed ad-hoc a “job completion order”
to formalize this idea, but did not succeed in proving that the job completion order
terminates.

Let ¢/ be the constant 0 function, unless f e {busy, idle}. Now let us develop
¢ = $**°, In order to calculate with distances, we use a function #:
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Dyre + D,

Move

— 7 to assign numeric values to movements and to floors.
#Hup=1, #stop=0 #Hdown= -1
#B=0, #BF=1, #F=2, #FS=3, #5=4
If any button is lit, i.e. if (b1,b2,53) #(false, false, false)holds, then the lift
should consider one of the requested floors as its next target. Otherwise, as we will

argue below, the lift pretends as if it had a set of “virtual” targets. Anticipating this
exceptional case, the set of targets to the lift is given by the function

targets: ggool X @Move nd EB(‘@Floor)

loor

defined by
targets(bl,b2,b3,m) =4
{B}, ifm=downandbl=0b2=>b3="false,
{B, 8} ifm=stopandbl=b2=>03=false,

{s}, ifm=upandbl=>b2=0b3="False,
{Blbl =true}U{F|b2=true}u{S|b3 =true}, else.

We may expect that the lift has a certain notion of distance to tell which floor it
prefers. The lift should turn and then move towards some preferred floor in the
target set. Next we are going to define such a distance.

Assume given the ordinary case (b1, b2,b3) #(false, false, false)for the
moment. Let fl denote the floor where the lift cabin is, and fl'etargets(bl, b2,
b3, m) some target floor where the lift may try to go next. The lift gets nearer to this
target if it decreases the distance to it. Naively the distance between floors is given by
the expression |#fl — #f1'|. This is o k. if the lift has stopped. However a view at rules
(24),...,(31) shows that a moving lift obeys quite a different metric.

Example 11. We would like to validate the inequation

busy (BF, closed, up, true, false, false, i)
%, 1dle(F, closed, up, true, false, false, i)

for Rule (28). According to our intuition only the basement can be the target of the lift.
Strangely the lift does not turn downwards but continues moving up, although it thereby
increases the naive distance |#BF — #B| =1 <2 = |#F — #B|. Finally arrived at the
second floor, the lift will of course turn down and will then go back to visit the basement
floor.

As the rules impressively show, when the lift moves it always prefers to keep
moving. A distance measure that decreases at each step of this travel essentially has
to express the length of the travel. For this purpose it must consider floors in the
back of the lift more distant than any in front. This leads to a move-dependent
function

dist: P2, X Dyoye—1{0,..., 7},

Floor Move

defined by

|#fl —#S|+[#S —#, if m=up and #{ <#fl,
Aist(fl,fl,m)=,{ |#0 —#B|+ |[#B — #{1'|, if m=down and #fl <#fl,
[#1] — #11'), else.



508 A. Geser

Table 3. Table of Measure Values

(b1, b2, b3)
m fl
000 001 010 011 100 101 110 111
B 1 14 8 8 1 1 1 1
BF 3 17 11 11 3 3 3 3
down F 6 20 1 1 6 6 1 1
FS 9 23 3 3 9 9 3 3
S 12 1 6 1 12 1 6 1
B 0 13 7 7 0 0 0 0
BF 4 10 4 4 4 4 4 4
stop F 7 7 0 0 7 7 0 0
FS 4 4 4 4 10 4 4 4
s 0 0 7 0 13 0 7 0
B 12 12 6 6 1 1 1 1
BF 9 9 3 3 23 9 3 3
up Fl 6 6 1 1 20 [ 1 1
FS 3 3 11 3 17 3 11 3
S 1 1 8 1 14 1 8 1

Legend: Table of values of
min {3=dist (fl,f,m)+ orient (L, m)|l etargets (b1,52,b3,m)}

listed for all well-typed fi, m, and triples (b1, 52, b3). Triples are abbreviated as three-character strings
where 0 = false, 1 = true. For example, 001 stands for (false, false, true).

Now indeed the distance to the nearest floor in the nonempty target set decreases for
all rules (24),...,(31) and all triples (b1, 52,b3) #(false, false, false)

For the rules which handle a stopping (18),...,(23) and starting (32),...,(37) of
the lift, the lights and the floor do not change. For these rules by definition the
distance remains unchanged. It is the change of movement that decreases. If the
expression #fl — #11' is positive, then the lift is located above its target, and it has to
go down. If the expression is negative, then the lift is below, and it has to turn
upwards. In the case of zero, it has reached the target floor, and it should stop. Now,
consider the expression sign(#fl — #f') + #m where m denotes the movement of
the lift, and sign is the function that returns 1 for a positive argument, 0 for zero,
and —1 otherwise. The better the lift is oriented towards its target, the less is the
absolute value of this expression. We model, therefore, a function
X Z

Move

orient:%?

Floor

- {05 1: 2}7
defined by
orient(fl,fl',m) = lsign# —#1') + #m|.

As can be checked, the rules (18),...,(23), and (32),..., (37), decrease the expression
orient(fl, fl',m) for the nearest floor fI'. In total, the pair

(dist(f, ', m),orientc(fl, fi,m))
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lexocographically decreases for some nearest floor fl’, for all rules (18),..., (37), and
triples {b1,b2,b3) # (false, false, false) of button lights. In order to work
with& = N and 2, = >, the pairs are replaced by the order-isomorphic expression

3xdist(fl,fl’,m)+ orient(fl, fl’,m).

Now let us consider the exceptional case b1 = b2 = b3 = false. This case can
happen for the rules (18), (19), and (24),...,(31). Although the lift is requested
nowhere, it does still move, and this way undergoes some rewrite steps. We claim
that these can be only finitely many. To explain the strange behavior of the lift, we
assume a “virtual” target, B if the lift moves down or stops, and S if it moves up or
stops. So we adopt the same measure as above, but select other fl".

All this expertise about lifts can be coded in the measure ¢™ provided that
all its arguments are well-typed, i.e. le Z; de2, . ..me%,...,b1,b2,b3€%,
hold.

loor?
Q=¥ (fl,d, m,b1,b2,b3,i) =4
¢ =(fl,d,m,b1,b2,b3,i) =4
min{3xdist(fl,fl’,m) + orient(l,fi’,m)|fl'etargets(bl, b2,b3,m)}

Call a substitution ¢:Z -7 well-typed if [HaleZ,
[blo],[b20],[b30]e 2,

loors LMO1ED, and

hold. Then we have the following result.

ove?

00l

Lemma A.4. For every well-typed ground substitution o:% — %7, and every rewrite
rule

busy(,...,l;)—>1dle(ry,...,75)
in(18),...,(37) of LIFT, the value of ¢ strictly decreases:
o> ([lyol,.... [;0]) > ¢ 4([r10], ..., [r40])

Proof. This can easily be checked for each triple ([b10],[b20],[b30])e D2 ., using
Table 3.

A.8 Typing Issues

To this point, we pretended as if terms were always well-typed. In fact one must be
aware of ill-typed terms as well, because termination is claimed for every rewrite
derivation, not only for well-typed ones. And ill-typed substitutions may introduce
ill-typed values. While this is no problem for the syntactic components, the measure
function defined above is not aware of ill-typed substitutions.

Example 12. Let the ground substitution o: % ->%9 be given where
[b20] = correct, [b36] =up, [ic] = stop hold. Obviously, ¢ is not well-typed.
Now consider the proof obligation for Rule (24).

¢****(B, closed, up, false, correct, up, stop)
>, ¢**°(BF, closed, up, false, correct, up, stop)

The definition of ¢**%Y above is not prepared to handle this case: The crucial expression
targets(false, correct, up, up) turns out meaningless.
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How can ¢ be extended for all-typed arguments? There is surprisingly a very
simple answer. We only have to assume, for each domain %, a 2 ,-monotonic
coercion function® (_::9,):9 — %, such that (d::9,)=d holds whenever de 9.
Before the measure is applied, every object is mapped to the desired domain. Thus
the case of ill-typed arguments is reduced to the case of well-typed ones. We need not
even mention which coercion functions we actually use.

Definition A.1 (The measure function ¢™%). Let (&, 2,) =4s(N, >). Then
¢, pie: @7 & are defined by

¢busy(d1a EEEN) d7) = def
¢ldle(d1s R d7) def
min{3=dist(fl, fl’,m)+ orient(fl,fl’,m)ifl'etargets(bl,b2,b3,m)},

where
ﬂ = (dl ::gFloor)ﬂ m= (dS ::gMove)ﬂ
bl1=(d,9,.,.), b2=As5:%01), by=(de::Do01)-

Example 12 (Continued). Suppose we choose the coercion mappings such that

(correct: P, ,)==false and (up:%,.,)=true. Then we have
¢(lo)y=12>9= ¢(ro).

By Lemma A.4, the following is immediate.

Lemma A.5. [ > ,r holds for every rewrite rule | »r in (18),...,(37).

A.9 Finish of the Proof
To order the remaining four rules (9), (10), (11), and (38), we define a measure
function { by

0, if (d,::D,,.)=cmpty
ll’};)l_tsy(d17“'!d7) :def{ ! tnput

1, else
1, if (d;:9,,,,.)=ecmpty
¢idle(d17"'7d7) :def{O, else ! et

As codomain for iy we may take 1 > 0. The induced quasiorder 2 , then satisfies the
following.

Lemma A.6. > r holds for every rewrite rule I-r in (9), (10), (11), and (38).
Now all obligations for the termination proof of I,TFT are solved.
Theorem 6. L.IFT is a terminating term rewriting system.

Proof. We have proven that LIFT & >,,,0 Z_, (by Lemma A.2 and Lemma A.3,
resp.), that (2, =,[_]) is a monotonic interpretation (by Lemma A.3), and that STAT?

is a status for 2| ;(by Lemma A.1). By Theorem 1, the claim follows.

5 If 2, is wellfounded then such a coercion function always exists. Define (d::2,) = d’ where d’ is
the smallest element in & for which d 2 ,d'.
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Conclusion of the Case Study

We have introduced Ulrich Fraus’s term rewriting system LIFT, consisting of 41
rewrite rules, modelling a simple lift control. We have proved that LIFT is
a terminating rewrite system, and thus demonstrated the improved general path
order introduced in the main part. LTIFT is not totally terminating, so no precedence
based order or interpretation to a totally ordered domain is able to order LIFT.

Although we have no evidence that our 2, is strictly more powerful than
Dershowitz/Hoot’s or Kamin/Lévy’s orders, we feel that they are not able to support
our proofidea. Kamin/Lévy’s semantic path order fails because a semantic compari-
son, 2, is needed after the recursive call for the 7th argument. Dershowitz/Hoot’s
general path order fails because neither % , nor ~ ; can be a quasimodel of LIFT. To
witness, Rule (39) satisfies lo % ;ro for the ground substitution ¢ defined by
blo =b20 =b3c=iloc =126 = false, 3o =true, flo =B, mo=down, as we
have ¢(lo) =1 <14 = ¢(ro).

We leave it open as a challenge to order LIFT by any other known termination
proof method for non-total termination, like e.g. transformation order [4] or
semantic labelling [37]. Semantic labelling, followed by a recursive path order with
status, lacks the same weakness as the semantic path order.

The ability to prove termination for term rewriting systems is of basic import-
ance if one is interested in program verification based on rewriting methods.
Termination is the access key to confluence and to automated inductive proofs of
equalities. By these in turn one can prove safety conditions of distributed systems.
The LIFT case study shows that, and how, it can be done.



