Termination

Recursion



r—0—>2

s(z) —s(y) >z —y
quot(0,s(y)) — 0
quot(s(z),s(y)) — s(quot(z — y,s(y)))
0+vy— vy
s(z) +y — s(z + y)
(z—y)—2z—>z—(y+2)






le(s(x),
le(s(x),s(y
(

— false
— le(x, y)
— T
— T
— pred(minus(z, y))
— Y
> s(a)

— ifged(le(y, z),s(x),s(y))

N gcd(manS(SC y) (y))
— ged(minus(y, z),s(z))



le(s(z),s(y)) — le(z, y)
app(nil,y) =y
app(add(n, z),y) — add(n, app(x,y))
low (72, nil) — nil
low(n, add(m, x) ifiow (le(m,n),n,add(m, z))

iflow (true, n,add(m, z)) — add(m, low(n, x))

iflow (false, n, add(m, x) low(n, x)

high(n,add(m, ) ifhigh (le(m, n), n,add(m, z))
ifhigh (true, n, add(m, z)) — high(n, x)

ifhigh (false, n,add(m, z)) — add(m, high(n, z))

quicksort(nil) — nil

y)
)
) —
)
) —
high(n, nil) — nil
) —
)
)
)
)

quicksort(add(n, z)) — app(quicksort(low(n, x)),
add(n, quicksort(high(n, z))))



applg (t,0) :=

APPIY
i var? (&)

then if o =0
then t
else let ix>uluo’=o in
iF t=x
then u
else applg (t,0")
else let +(t1,... .tn)=tin
F(applg (t,0) ,...,applg (tn,o))



Occur?

occur?(x,t) :=
iFvar? (t)
then (x=t)
else let £(t,... tn)=t in

occur?(x,t) v...v occur? (x,tn)



unifg (s,b) := 3
if var? (s)
then if var? (t)

then it s=t then {} else (s>t}

else if occur?(s,t)
then fall

else {s—t)
else letf(sl,...sm) =s & g(tl,...,tn) =tin
it Hg
then fail
else if m=0 [assuming m=n]
then ¢
else let o= unhcg (sl,t]) in
let T = uni{g (aPPlg F(s2,...,sm), 0>’8PP|9 FE2,...tn),0)) in

TUOT [composition of substitutions....]



Primitive Recursion

® {(nx,.z):=
it n=0
then Z(X,...,2)

else h(F(n-1.x....2) .n-1x,...,.2)



Inductive Definitions

® Constructors
® 0 5(0),s(s(0), ...
® ¢ a(e),ble),a@@), ..
® ¢ blee), bblee),e, ..



Structural Induction

° a(x,g} = it x=0) then Y else c(hd(x),a(tl (%) ,3))
o r(x) =i x=0) then O else a(rH X)) ,c(hd(x),0))



Functions

Basic (e.g. arithmetic, boolean)
Constructors (e.g, lists, trees)

Conditional (if c then a else b)

Defined (recursi\/elg, Perhaps}



Definitions

o F(x,g,...,z} = tlx,y,...,z]

® =(m,n) :=if n=0 then 1 else mxe(m,n-1)



Fvaluations

o hC(T)xjg) = X

* iF(Fxy) =y

o hc(c,x)g) = hc(c’,x)w
° F(x,g} Dt[x,g]

o F(xjg) = F(x’g)

o F(x,g} = F(X,ﬂ’)




Inner/Quter

o hC(T)x,g) = X

* iF(Fxy) =y

o iF(C,x,g) = iF(c:’pgg)
° F(x,g} Qt[x,g]

o F(xjy) = F(xﬁg)

o F(x,g} = {:<X,9)>




Inner & Outer

N: normative; no’thing above
A\ applicativc; nothing below
| inner; something above (not normal)

O: outer; something below



91 E:xample

o {(x) :=ifx>100
then x-10

else +(F(x+1)



E:xample

o F(x,g} = i x=0
then 2

else F(x-1+ (><+g) 3))



E:xample

® t(x,y) := it x=0
then O
else if x=1
then £(0,F(1,y))

else F(x-2, y+)



E:xample

Fan =+ F01) =777



In vs. Out

o |f any coml:)utation 1S terminating
then outermost (normal orcler) 1S

termiﬂating.

o |f any coml:)utation 1S non~terminating
then innermost (aPPlicatiVC order) is

non—-terminatiﬂg.



Normal is Verg Good

® SUPPOSC not

® Consider minimal counterexample

® u NNNNINNINNNNI v ; v value
® IN=|]OCNA?*
® So:uN..NIlL.lJv

® RButcan’t have v, sou N*v



Applicati\/e 1S \/ery Bad

e fLO V, then
® there are U’ v’ v’ such that
® UAU AV AV
& yA*YV Ay

® A means as much as Possible



