Termination

'.E’:ventualitg



Transformation



Transitions

F’rogram: sl~»>s2Z~»sH~> ...
Transformation si = si

Schema: sl ~ s2 ~ SH ™~ ...

s~ iFs~Sg



Homework



E:xample

X~0=X
5><~59:>><~9
= O

-5 '
O ' Sg = s((x-y)=sy)
SX =
O+y=y
x+32>5(x+9)
S

X-y) - 2= x~ (y+z)
X~



E:asg Rules

e O R
O+59:>O

O+y=y



Prececlence

=+ >5>- ()



Hard Rule

sX )= sy = s((x—-ﬂ) - 53)



Solution

SX = 5 = 5((x~&+ 53)



Problem

SX = 5 = 5((x~3)+ 53) = s((utv)= 59)



Pairs

5><~59:>><~9
SX = 5y = (x~5)+ s SX = 5Y = X-Y

5x+52>x+g

(x—-g) -7 X~ (9+z) (x—-g) -z ytz



Pairs - Colored

sx—-sng—-y
SX = 5 = (x—-y% 54 SX = SY = X-Y

5x+92>x+g

(x—-g} ~ 7 X~ (9+z) (x—-g} -z2ytz



Pairs ~ Separated

- *,, e ——— 1
5x - 69 = <><~9> sy xSy §f

><~> 'J -yt ey -zoytz

== ===




Pairs ~ Separatec{




Pairs ~ Separatec{

"1 SX = sgD (x~3) 53 SX = 59:>><~9 %ﬁ

—_—— ———— = e = = — __



Pairs ~ Separated



Pairs ~ Separated

s><~59:>x~3 2'

e e e = = TE = = _

O =) Gy ey e




Rules

X~-0=x

SX -5y = X - y
O-sy= 0O

sx = sy = s((x-y)=sy)
O+y=y
sx+y = s(x+y)

X-y) - z= x - (ytz)



X~ =X
SX -~ WX~
O+59:>O

SX = 5 = s((x~ )= sg)
Ot+ty=y
sx+y = 5(x+9)

(X-) = = x-



Rules =

X~ = X
SX ~ = X~
O+59 = 0O

SX =5 = s((x~ )+5g)
Oty =y
sx+y = 5(><+9)

(X-) = = x-



059E>T

SX

SX

<02

5599x39

O~9E>O

SX

-y= iF(sxsg,sx,g)

hc(T)stQ) = O

EF('F,SX,Q) = 5(x-y)

O+59:>O

SX

- sy = 5((x~9)+ 53)



OSHDT
SXSQDF

SX < 5y = X < Yy

psX = X

X ~0= X

X - sy = P(x~9)

gccl (5%,0) = s5(x)

gcd (8X, 59) = nc(g_x SX 59)
iF(T.sx, sg) = gcd (x~9,59)

it (Fsx, 53) = gccl (9~>< SX)



le(s(z),s(y)) — le(z, y)
app(nil,y) =y
app(add(n, z),y) — add(n, app(x,y))
low (72, nil) — nil
low(n, add(m, x) ifiow (le(m,n),n,add(m, z))

iflow (true, n,add(m, z)) — add(m, low(n, x))

iflow (false, n, add(m, x) low(n, x)

high(n,add(m, ) ifhigh (le(m, n), n,add(m, z))
ifhigh (true, n, add(m, z)) — high(n, x)

ifhigh (false, n,add(m, z)) — add(m, high(n, z))

quicksort(nil) — nil

y)
)
) —
)
) —
high(n, nil) — nil
) —
)
)
)
)

quicksort(add(n, z)) — app(quicksort(low(n, x)),
add(n, quicksort(high(n, z))))



Dataflow



ToP GraPh

® Pierre Réty & al. (1987): Narrowing

¢ Jirgen Giesl & al. (2000): Rewriting



Argument Graph

o Shuki Sagjv & al. (1991); Logjc languages

® Neil Jones & al. (2000): Functional

Ia ﬂguages



Induction



| eaves

leaves (t) :=
iFleat®
then 1

else leaves (left(t)) + leaves (i ght 1)



Countin gl eaves
S = PUS"] (t, emptg)

.= O

OOp while s # emptg
h := top (s)
5 := PO (s)
it leat(h)
thenn:=n+1

else s := Push (leftt(h) qush (right (h) ,s)



Correctness

® f s=t.e and n=0

® then eventua”g s=e and n=# (t)



| emma

® f s=t.rand n=k

® then eventua”g s=r and n=k+# (t)



Induction (1)

o fs=leaf.randn=k
® then eventua”g s=r and n=k+# (lea)

® then eventua”g s=r and ﬂ==|<+l



Induction (2)

o if s=b(lt,rt).rand n=k

® then s=lt.rt.rand n=k

® then eventually s=rt.r and n=k+#(lt)

® then eventually s=r and n=k+# (It)+# (rt)

® then eventua”g s=r and n=k+#b (lt)rt)



Termination

® fs=te

® then e\/entuang s=e



| emma

® [s=tr

® then e\/entuang S=r



Ackermann

t:=]
s[t] :=m
Ioop m := s|t]
t .=t~
if m=0
then n := n+l
else if n=0
then t := t+
S[t] = m-~|
N :=1
else t:= t+2
S[t~]] = m-~|
s[t] :=m
N := N~
until t=0



Termination

It t=k then eventua”9 t=k-1 and s[0:k-11 same
Induction on (m,n)Jus’t atter m .= s[t]

Case |, m=0: t’ = t-

Case 2, m>0, n=0:t' =t; m’ = m-~1

Case?, mn>0:t' =t+; m’ = m; n’ = n-1; s[t’] = m-1

By induction, eventua”g t’=t; m”’ = m-1



