Termination

Higher—()rcler Orclerings



Predicates

o Slt]:tis terminating

o Clt]l:tis computable



Computabilit9

Inductive definition of C[t]:
e Basict: C[t] if S[t]

o Arrowt: CIt] iF Clt(s)] for all
coml:)utable s (of the right type)



| emmas

O. Reclucts o1C coml:)utable terms are Coml:)utable
I ComPutable terms are terminating

2. APPlications are comPutable i all reducts are

Main. Computable substitutions 9ie|cl

Coml:)utable terms



l emma O

¢ Reclucts o? coml:)utable terms are

coml:)utable

Clt]l &t=>u= Clu]



Proot of Lemma O

Clt] &t=>u= Clul]

® |nduction on tgl:)e

® Basict: Clu] i S[u] # Ss[t] # C[t]

® Arrowt:0—T: 59 clemc) Clt(s):T] for all
coml:)utable s. By ind, Clu(s):7], for all
5. By def, C[ul.




l emmal

. ComPutable terms are terminating

Clt] = Slt]



Proot of Lemma |

Clt] = s[t]

® |nduction on tUPC
® Basict: E)g definition
® Arrowt:0—T

By def, C[t(s)] for all coml:)utable 5:0.
By ind, S[t(s):7]. It must be that S[t], too.

&

&



Neutralitg

° applying creates no new redexes
t neutral: redexes of t(s) areintors

. coml:)utable it reducts are

CIt] # Clrl forallrst.t=r



l emma 2

Appllcatlons are neutral:

Cls®)]1 i Clr] forallrs.t.s(®) = r



Proot of Lemma 2

Cls®]1 it vr.s(®)=r = C[r]

e Induction on type of s(t)
e Basic: S[s(t)] iH S[r] vr

o Arrow: Show C[s®) (u)] for each computable u.
By ind, C[r(W] Vr suffices, which isjust Clr].




Coro”ary

CI\x.s) )] i Clsixt}] & C[t]

By well-founded induction on s t



Proof of Coro”arg

Clsix~t}] & Clt] = CI(Ax.s) B)]

59 LO’ 5[51 &S[t:L lets= 5’) -t...)tl

So Cls'{ix~t & Clt] = Cl(Ax.s’) )]
Clsix~t}] & CIt'] = CI(Ax.s) ()]

By L2, CIAx.s) D] i C[(Ax.s) (D] &
Cl(Ax.s) )] & Clsix—t}]

But C[t]=C[t'] and C[six»t]=C[s{x~t}]



. emma ?

Sltl] & ... &Sltn] = CIx) (2)...(tn) ]

e Induction on type of t=x®) &2)...(tn)

® Basict: Since onlg reducible inside
terminating ti, Sltl. By def, C[t].

® Arrow t:0—T. For any computable s:0, S|s]

bg L1. By ind, C[t(s):7]. By def, C[t].




Main Lemma

® Computable substitutions 9ie|cl coml:)utable

terms

Main: Cluo] for all u and comPutable o)

® where Clol i Clt] forallx»tino



Proof of Main Lemma

Cuo] for Computable o)

Structural induction on u
u constant: u=uo is basic and terminating; so Clul bﬂ def.

u is variable x: I xo=x, L% applies; otherwise xo is computable
PP P

u=t(s): uo=to(so). by ind, C[to]; by def, C[to(s0)1, since
Clso] bg ind.

u=Ax.s: For comPutable t, let o’=o-{x—>xctuix—1}. By ind,
Clso’]l. By L.2c, C[((Ax.8)0) (D], as (Ax.8) 0= Ax.s(0-{X—>X0})
and s(o-{x—xoD{x~t} = so’. By def, C[(A\x.8)a].



Theorem

o All tgpeci terms are terminating
o C[t] forallt

® Main lemma (emptg substitution)

o S[t] forallt

® }59 Lemmal



Frédéric




Functional

® D(}\x.g) —> Ax.0O

® D(AX.X) => Ax.]

® D(Ax.sin(

=(x))) = Ax.D(

= (x))-cos(



Higher~0r&er Rewriting

° map(*‘;cﬂ —> e

¢ map(‘“‘,x:g) = [~ (x) :maP(ij)



Sgstem T

® rec(O,u,F) =u

® rec(s(x),u,F) =

)

F(x,rec(x,u,’

® nl=rec(n,l, A\y,z.s(y)-z)



Mixing Problem

® {(c(X) = x

* LA (A-B) c: (A—-B)=A x: A—DB
* w=AzA+() (@)

® wic(w)) = Flcw)) (c(W)) = wic(w)) =



Explicit Application

® @(st) fors@®)

® @(Ft) for F(t)



Sgstem T

® rec(O,uF) = u

® rec(s(x),u,]

) > @(

)

= x,rec(x,u,



Cta

® \x.f(x) = . (for xeb
® ~tg Iong: A F(x)



Higher~0rder RPO

® Prececlence >

® @ minimal

® assume total (for simplicitg)
¢ tgpe order >

® various conditions



Example THPC Order

® 0T>T

® goT>ae T2a (base a)
® O-2T>0>T &T1T>T VOO0 T

¢ well-founded even when enriched with
O—=T>0



Higher~0rder RPO

® - -9

® X (keep track of variables X)

® ~X=>Xn>



Plain Cases

® s=1{(sl,... sm) >Xg(tl,...,tn)
® itf>g & s >*tl,...,tn
® s={(sl,...sm) >*t{t. ... tn)
® if{sl..sm>{tl. . tntands >t . . tn

® s={(sl,..sm) >*t

® [ somesi=*t



Variable Case

o [s*x



| ambda Cases

® >\X:O(.W[X] >X ¢
o fw[za] ="t
® ;X ?\H:B.W[gl

® I‘F S >XU{Z:B} W[Z]



Beta-ICta Cases

® Ax.@(v,x) >*t
® ifx¢v, vzXt
® @(Ax.wix],v) >*t

o fw[v]=xt



| ambda-lLambda

® Ax:0X.ulx] >* 7\9:0(.W[9]
o i ulz:a] >*w[z]
® 5= Ax:X.ulx] >* AQ:B.W[Q]

* fazB & s> wlz:B]



Sgstem T

® rec(O,uF) = u

® rec(s(x),u,]

) > @(

)

= x,rec(x,u,



Brower Ordinals

rec(O,U,V\W) = U

rec(s (X)) ,ULLV,W) = @(V,X,rec(X,U,V,W))

rec(im(
F An.rec(@(]

@(W,

-, U, VW) >

Sn), U, VW)

a little more needed



Kepler Conjecture



This is reang the end



