Termination

E)igger & Bigger
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Primitive Recursion

¢ O |
o +
* Projections
* composition

o £(x,n) := it n=0 then g(x) else h(?(x)n—-l))x)n—-])
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Ackermann’s Function

* A(O,n) = ntl
o A(m+,0) = A(m,D
o A(mH,n+) = A(m,A(m+,n))
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A(m,n) > m+n

» Induction on (m,n)
o A== n
o A(m+,0) = A(m,1) > m+i
o AlmH,n+) = A(m,A(m+,n))

> m+A(m+,n) = m+n+2




e g, e o W e i p el i 2

x>y = A(m,x) > A(mg)

* Induction on (m,x)
* AOX) =xH > y+ = A(O,y)

o A(mH x+) = A(m,A(m+,x)) >
A(m,A(m--l,y}) = Al Ly 1)




x>y = A(x,n) > Ay,n)
» Induction on (x,n)
e Al > dR>=nsA 0 R |
* AKH,0) = Alx,1D > Ay, = A(y+,0)
o AlxH,n+) = AXAKXH,N)) :

=3 A(g,A(xﬂ,ﬂ)) > A(g)A(gﬂ,n))
:A(g [,n+)
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A(m+n+2,x) > A(m,A(n,x))

* Induction (m+n,x)
& ANt 0 > Ao = Al xHE AOA RO

o AlpHn+2.0) = Almintl]) = Alm A=l D=
A(m,A(n,0))

o A(m+tn+2 x+) = A(m+n+, A(n+m+2,x)) >
A(m,AN,A(M,X))) >A(mANx+tm)) =
A(m,A(n,x+))
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A 1sn’t Primtive Recursive

® Denote X =>4 X and X, = Max X,

)
* SayA > g iFA(i,xm) >g(><) for all x

el

) .;.8591 AO > O; A] > "H; AO> PrOji

S SUPPOSC F(x) = h(g,xj...,gkx)) A= g,,...,gbl’!
o Aon>F AQst2x) > Als,As,X)
> A(s,max{%x}) > h(gx,..., 2.x)
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- Ausn’t Primitive Recursive

f’ Suppose A g,h and

' f(x,m)=if n=0 then g(x) else h (F(x,n-1),x,n-1) l
0 A(r,ntx. ) >F(x,n), r=2st, bﬂ induction on n:
AR f(x,0) = g(x) <A(s,%,) < Alr,0+x,) '

o F(x,nt) = hFx,n) x,n) <Als,maxtf(x,n),n,x 1 <
; A(s,Alr,ntx)) < A2s,Alr,ntx_)) = A(r,n++x_)

0 f(x,n) < A(r,ntx) < A(r,2N+3)= AR A2 N)) < A(r+4, N)

where N = maxin 6

:
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Multiset Orclering

Well-founded
by




Nested Orclering
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Well-Founded Induction

VX. [‘v’g<><. P(g)] =5 (0
vx. P(x)
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Ordinals
<W2<W2H < <WAHA< - <W4 <

W T
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Bags ot Bags

* An emptg bag is worth O

* A bag containing bags worth X, IS worth
ZwO(l
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Goodstein Step

s Increment base & decrement number
e
S oyl = ht T AEES A E L
S LA 4]
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Goodstein Step

+ Baseisa bag (and the whole thing s N a bag}
* 2755 {{}}}
o B+R243434 054212 .0.0.2)
o P44 +4+1is {202,000
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Goodstein 16

516 (Z.) = ]6 & Z.ZAZ

B <5 =20 g g5l o

e 2,52~5"z+2~5 = Z,§Z~5"2+ 5k wah 2,52'5"Z+ 5+

+ 232572415 4 D R2IDH2 4 9 B2B2H 4 ) B252

$ 232241542 4L 955724 2541 | DR 2HIH J OB Tkl atT
+ 23372415+ 4 93372413 4 9. 357242 4 93572414 9.3572

+ 2325+ 2 4 2325414 2.325 4 231542 4 7 31541 4 9.515
+ 2324 2.3 + 2 = 7625597484986
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Goodstein 16

g4(2) = 16 =222

gi4(3) = 3110001 = 2 312221 4 7 3[221] 4 7 3[220] 4+
2312121 4 2.3121] 4 7.3 12101 4 7 .3[202] 4 5 .3[201] 4
2312001 4 7 3l122] 4 5 3li21] 4 7 31201 4 7 .3l2] 4 7.3l 4
2.3l0] + 7 .zlioz] 4 5 .3l101l 4 7.31100] + 7.3[022] 4 5 .7[021]

+ 2310201 4 7.zlo12] 4 7 .zlon] 4 7.3[010] 4 7.3]002] 4+
231001 4 2.310001 = 7625597484986

where [abc] is the base 3 rel:)resentation
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Goodstein 16

g16<7-> = ww"w

25 6) = . EWZHZWH2Z 4 9 (2 W Z+2ZWH] 4 5. ()2 W 2+2-W
+ 2. )W ZHTIW+Z 4 5. (3)ZW2+HTWH]T 4 9 ()2 W 2+ 4

D EWZHZ L . ()2 W LA L I (LE WL 4 ) (YW ZHZWH2Z 4

2. W ZHZWHI L (YW ZHZW 4 Y (Y)W ZHTW+Z 4

2. WZHTIWHT L 5. ()W ZHTW 4 Y ()W 2ZH+ 2 4 F ()W 2L+ 4

Z.wwAZ < Z.wZ’UH'Z S Z.wz~w+1 e Z.wZU) =g Z,wl~w+2 -+

Z.wl*w+1 e Z.wlu) + Z.wZ 4 Z.w] + 2
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Goodstein

o Cannot be Provecl terminating N Peano
Arithmetic




les > Hydra

Hercu




Hercules Deteats Hgdra _

. Cannot be Provecl in Peano Arithmetic -
[Paris & Kirbg] |
; Requires induction up to g

: Natura| numbers clo not sugﬁce

; Sophisticated variants rcquirc more

Power?ul systems [Friedman]
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Hgdra Step

Es:c

—

L acC

.f:\/erg head is an empt9 bag
Every node (mcluclmg the grouncl) IS a bag of

”'lllCll”Cﬂ

h stel:) replaces some internal bag with

some number O‘F sma”er bags
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Hgdra Step ,

+ Heads are worth O

+ Every node (inclucling the grouncl), with

children worth o, is worth Sw®

o The kth step rel:)laces a term W% with w2k

o Butifahead sProuting from the grouncl 1s cut,

the total clecreases bg ]

i CET T g ——



g

e e i

i gl e i g -

B i P g e e Bl . 5 e b e R s

Hercules Delceats chlra

. Cannot be Provecl in Peano Arithmetic
| Paris & Kirbg]

: Requires induction up to e,

° Natural numbers do not suFﬁce

® SOPhisticatecl variants rec]uire more

Powc—:mcul 595tem5 ['F"rieclman]




