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CMU Exam [F‘logcl]

® Dt=
® Dc=0
° D(x+9) = Dx+Dy

° D(xg) = yDx+xDy

* D(D(th)) = DUDt+HDt) = D{Dt) + D({Dt) =...
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Disjunctiveness

while c do

Al B

a.b who
(AUB)* Caub




Disjunctiveness

Whilex>Oand9>O&o

{
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need xj > Xj
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Jumping

while c do

while c do A
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while c do
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Jumping

whilex>Oanc19>Oclo

X 1= X~ lgﬂl
gzv

BA C A
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Jumping

whilex>Oanc19>Oclo

X 1= X~ { Y := Y-~
y =ty

BA C AD
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Disjunctiveness
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Fairness

s = true
Nn:=0
while s do

Tae~Smaal

5= ]CBISC
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Fairness

S =7
Nn:=0
while s>0 do

it

ookl ol s e

fair = no AAAAAAAAAAA.
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Grid Game

* Given (uppexﬂ-—right) gricl coordinates
(x0,y0)

o Choose (xi,yi) to Prolong game s.t.
* X< XJ for a”j<i OR yi < w for a”j<i
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Grid Game
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Tricolor

= o

o Color Pairs ij of Points
TS Purple i xi > XJ and Ui > w

p——"y

* Blueit only x| > XJ
| o Red it onlg 3i > 9J
o Consider sequence of Points

2 Ramseg contradicts we”‘-&)un&edness
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WRRTEES Theoran

+ Two colors: yes and no

\ P

. Extend yes as long as Possible

. I can forever, then done (all yes)

e A i b Bar il e it R . s e i i i, i, e il Ul i s, o N 12 it L g e

. not, then repeat

{ - I repeats forever, then done (all no)

.
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Ramseg’s Theorem

+ Reduce more than 2 colors to 2 (color-

blindness) . Repeat.

& ol Torm sequence oxc nodes

Alalas bg repeated|9 taldng

monochromaticaIlg—-connec‘ce& subsets







S:=V
R:=1
do forever
=
R:= R {;l.‘}
S = S\ {;l.’}
W:={se S|c(r,s) = white}

g . W if |[W| =
] S\ W otherwise

W:=1{ze R|Vy e R.y+# x— c(z,y) = white}
W if |W| =~

return { R\ W otherwise



Ramsey's Theorem

Infinite complete multi-graph
Finitely colored multi-edges

Monochrome infinite clique

can have multiple multi-edges



Fam g

g e e i Kb i &, il e . e s

Quasi-orderi ng,

o Greateror ecluivalent
& [ransitive

o Reflexive
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Quasi-orderi ng,

* .’Equivalence (both directions)

& Strict part (onlg one)
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We”~quasi~orclering

+ Well-founded

* no infinite strictlya-descenciing

SGC]UCI"ICCS

o No infinite anti-chains







A THAZOREM ON PARTIALLY ORDERZD 3ETS3 (3ummary)

Hichael Redin

In the followinz note e 2ive a condition for the finiteness

of a partially ordered set. This th2orem was established in order
to prove the finlteness of cesrtaln classss of ideals.

Theoram.

Assumntion: Let the partially ordsred set M satisfy
ths following conditicns:

a) The maxinmum condition (that is, the ascendine
zhain condition;.

b) The minirum ¢ondition (that is, the descending
chain condition).

¢) Svery subset of M in which all pairs of elements
ar2 uncomperadle, is finits.

Conclusion: M is finits.

The crucial point af thc proof liss in the following eeneral

principle.
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Equivalent Properties

° qu

)

.’i\/erg infinite sequence has an ordered

Pair
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B Decinition. A set A is Well Quasi Ordered under 8
= if for all infinite Sequences from A -

(1, 09,03, ...

= there exists some 1 < j such that ; 3 a;

Lo
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Equivalent Properties

o Standard: wf and no inf antichain

° Simple: ‘.'f:verg infinite sequence has an

ordered Pair

o Useful: .’iverg infinite sequence contains

an infinite non-—clecreasing chain

S Whg? — Ramsey
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F’roperties

D

D

=

WC]O

r——d

{

equiva.ence &

WClLOFACFCCl

Every refinement (more order) is also

Every inearization (refinement s.t. all

lasses arc COH‘IPBFB[DIC) S
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Dickson’s Lemma

+ Order (n-) tuples n Procluct orclerir\g

o Al components are in order

> Tuples of Wgos are wqo
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Good

o A Pair IS goocl it it is ordered
s sequence 1S goocl it it has a good Pair

* Asetis good (wc]o) i a_” sequences are

gOOCl
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Bad
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* Asequence s bad if there is no goocl pair |

* [tis good it it has at least one Pair
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Good & Bad
) J A C]O iS 3 WC]O HC 8” SCqUCﬂCCS arc gOOCl

* A sequence is bad it it is not goocl

o fasetisnot good, then there is a

minimal Counterexample (bad sequence)
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Higman’s | emma

* DCvery infinite sequence of words (over a

finite alPhabe’d includes an Cmbeddi”g




ﬁ Homeomorphic Embedding

abb)  [blafb/d[b]
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Higman’s l emma

® SUPPOSC a finite or infinite alphabc’t 1S
wqo

: ks

« Extend order to string embedcling

o letters map in order to bigger or

equivalent ones

S Strings are wqo
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Precedence

: me

.__xaml:)le, 2.

ap<a;<a,<...

bo<bi<b,<...

Zoeo. .
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Minimal Bad Sequence

D

D

D

D 4

acd eef atda ...
atdaab acd ...
ab eetatda ...

ab ac:cl CC{: aFcJa

ab EEHCCla accl




| ‘Minimal Bad Sequence

v ab ectafda ...
o 813 acd CC]C 8¥Cl8
o 813 BFCla accl

e . T S T e, Sl




| Minimal Bad Sequence

s ab eetatda ...
o 813 ac:cl CC1C a?cla
0 ab 8{:&8 accl
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| ‘Minimal Bad Sequence

¢ ab
o 813 ac:cl CC1C a?cla
, ab

e . T S T e, Sl
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‘Minimal Bad Sequence

. ab acd eet atda ...




| ‘Minimal Bad Sequence

|
|
| .abacdeefafda...
|




| ‘Minimal Bad Sequence

|
‘a
| o ab accl aFcla
|
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Proot

o Consider minimal bad sequence

* Xy KX, O(§X§ s XX T

o)

\J * S

& Extract subsequcnce with -

X X 0(6 Orclered

o Consider rests x x, W

;'rst |ette s
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* Tails (or substrings) of minimal bad

sequence are goocl

* Whg?

* Suppose bad tails Xg +vv Xz Xig -

» Consider xs x5 ... (where % min index)

*0GX) Xy Xa Xig . would be smaller
than min bad




L Contradiction

o a}:) BCCI aFcla aacagacl

Eodran ia b e e, i g s o el . iy o e i A S T iy i T it gy, e i
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Coro”arg: Bag Orclering

o Given wlo > on elements X, consider bag order

]

o Extend (by Zorn’s Lemma) to total well-order

> X is wqo bg >
> 59 Higman) sequences X* are wqo
o Were there an infinite clescencling sequence b}

of multisets wrt =t would be clecreasing wrt >

+ By Higman, there’s a Pair DJ < bk; ]39 bag order
bi > bk




