Termination

Del:)enclencies



Assumption

® SimPliﬁcation orders
® Assume fixed or bounded aritg

® Otherwise need another condition



Substitutions

substitution {x; > u}

applg tHx ~ ul, replace each occurrence

of variable x. in t with term u,

compose {x. ~» ulo=1{x~ uol



Unimers

substitution o unifies terms s and t it so = to

substitution U more general than o if there’s

a T (not a renaming) such that o = UT

it there is a unifier, then there is a unique

most geﬂeral one U (unique up to renaming)



Unifiers

® Xy distinct variables

® F,g distinct sgmbols

megu(x,x) = @; mgux,y) = x-y)

mgu (x,t) = ixet) t does not contain x
mgu (x,t) = fail, t contains x (but isn’t x)
meu(t(s),g®) = tail; mgu 0 FO) = 2
mgu (F(u,s) Fv,D) = pu mguFsw F )

where p = mgu (u,v)



Non~-termination

® (Canuse most general unifier to look for examples
of nontermination
® Giventwo derivations s = t and u = v
® renamed so that the two have distinct variables

® ules are one-step derivations
P

® oxtend (if Possible) !35 mgu M of uand

nonvariable subterm of t

® sp -t =rplup] - rplvp]




JumPing
® | etP=RuUD
o fsRubBt
® thensRt

® orsbvyFPv,P...Pv, Pt

® |nshort RB c R uBP*

® Hence (inc]uction) RB*Cc RuBP*



Jumping Union

o |f Bjumps over R
® then union well-founded it both are
® 5 BB..BtRB* L, RB*{, RB* ...

® 5 BB . BLHRELRER

*
——

* 5 BB.. Bt RB*t, RB* t, RBBBB...

® 5 BB.. Bt RRR u BBBB...




Escaping

® For any immortal red chain
5 R sy KRsy K.

® there is also an immortal Purple chain

aFter some bluc—: turn
s;Rs;, R..Rs, Dt FPt, F..



Escaping Union

o If Bjumps over R

® 5nd B escapes fromR

® then union well-founded it B is

® 5 BB BERERER XXX

® 5 BH.BERRRu, bbbb...




ToP & Not

® Two Parts to rewriting =

® instance of rule “top

® within a context =



ot
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.S
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Facts

o {( . s.u. )= f( . t.u.)=t
o f(.s.u.)=st
o {( s .u)= (. t.u)s=u

o {(.s.u.)=u



Dependencies

® | ct» be Dtop > ¥

® Rules= t[u]
® s>»u

® oxclude variable u



Depenclencg Pairs

® R rewnte step

® T toP step

® | inner step (not at toP)

°* D clcpeﬂdeﬂcg Pair (includes top 5teP)

® A subterm



Dependencies

B=Dul
RCcbH

DA CDUATCBUAT

IACAUARCAUAD
BACBUATUAD

Ajumps over B (Dul)



Dependencies

ShowbB=Dulis terminatiﬂg

Dc>

| C =

= W€|l~1cOUﬂCl€Cl

=>C> “compatible”



Proot

Infinite D & 1, with imqnitely many Ds
A escapes from | andjumps over |
Can’t have infinite tail of on|9 |

So show I*D terminates

FDCc=>C>



Advanta ge

® Must have irnqnitelg many D steps at toP

® So enouglﬁ to show other 51:@[:)5 =



Quotient

X -0 =X
sx~5g2>><~3
O+592>O

X = 5 = s( [><~9] +59)



Rules

X ~0 =X
SX -~ SY = X - Y
O+5320

SX = 5 = s( [><~9] +59)



DroP Subtrahend

| PO with onlg first argument of -
-X Z X

-5X = -X

O = sy = O

X = 5 25(~x+53)



Pairs

® SX -5y > X - Y
® sx-sy> (><~9) = s

® s><+59>><~3



Pairs

® _sx>-X
® 5><+59>~><+59

® s><+59>~><



Depenclencg Graph
"

D(s(z), s(y)) — D(minus(z, y),s(y))

|

D(s(),s(y)) = M(z, y)

:

M(s(z),s(y)) = M(z,y)

__/




