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On the boundary r = a we have u(a; �; t) = 0 and intial data

u(r; �; 0) = f(r; �)

@u

@t
(r; �; 0) = g(r; �)

Again assume
u(r; �; t) = T (t)R(r)�(�)

Then

T 00

c2T
=
R00

R
+
R0

rR
+
�00

r2�
= ��

So r2
R00

R
+
rR0

R
+ �r2 = ��

00

�
= 

So

T 00 � c2�T = 0
�00 + � = 0!  = n2

R00 +
1

r
R0 + (�� 

r2
)R = 0

and
�(�) = An cos(n�) +Bn sin(n�)

We next study

R00 +
1

r
R0 + (�� n2

r2
)R = 0

R(0) <1 R(a) = 0

Let
� =

p
�r

1



Then

R�� +
1

�
R� + (1�

n2

�2
)R = 0

This is a singular Sturm Liouville problem. � = 0 is a regular singular point.
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By a formal Taylor series we de�ne:

De�nition 1 Bessel function (of the �rst kind):
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De�nition 2 Bessel function of the second kind
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De�nition 3 Hankel functions:
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So for small z

N0(z) � log(z)
Nn(z) � z�n
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example
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The fundamental frequency isp
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where J0(z1) = 0 smallest root

z1 � 2:405

Note for the one dimensional string the fundamental frequency is
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Gamma function

De�nition 4 Gamma function
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s 6= negative integer

Theorem 5 There are an in�nite number of zeroes of Js(z) = 0 0 < z1 <
z2 < ::: each root is a simple root i.e J 0s(zj) 6= 0.
Between two zeros of Js(z) is a zero of Js+1(z) and vice-versa.
So Js, Js+1 separate their zeroes.
Fot J0(z) the �rst zeroes are z0 � 2:4055:520; :::
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