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On the boundary r = a we have u(a,8,t) = 0 and intial data

u(r,0,0) = f(r,0)
ou
E(T’ 0,0) = g(r,0)

Again assume

u(r,0,t) = T(t)R(r)O(0)
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©(0) = A, cos(nb) + B,, sin(nb)
We next study
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This is a singular Sturm Liouville problem. p = 0 is a regular singular point.
Assume
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By a formal Taylor series we define:

Definition 1 Bessel function (of the first kind):
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Definition 2 Bessel function of the second kind

cos(ms) — J_s(2)
sin(7s)
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Definition 3 Hankel functions:

Ny(z) = s not an integer

Then

Hsi(z) = Js(2) +iNs(z)

For an integer



So for small z

So

R(r) = AJ,(VAr) + BN, (Vr)

At r = 0 the soltion is bounded and so B = 0. At r = a u is zero and so

Jn(vVAnma) =0

For every n we have an infinite number of roots (eigenvalues). So

w(r 0,0 = 3> Jo(v/ Dumr) [Com cos(v/Romet) + Do sin(y Aomet)|
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£ 0) = u(r,0,0) = 3 Comdo(v/ Domr)

m=1

£ S Comdn (V) [Anm 08(116) + B sin(nf)]

m=1n=1

and

g(r,0) = i:l C\/)\anomJo(\/ET)
+ io: io: vV DMm Dom I (V Anmt) [Anm c0s(n) + By, sin(nd)]
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Define
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and then using orthogonality i.e.
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Com = [ [ F(r,0)Jo(\/ Aomr) rdrdf
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Coum A = mm { I 500) 7/ Air) cos(nd)rrdp
Coun Boom = mm {_}W F(r,0)Tn (v Do) sin(n)rdrdo
DnAnm = ——— erg(r, 0)Jr(\/ Anmt) cos(nf)rdrdf
D B = —— {jﬂ 90,0 (\/ Do) sin(nf)rdrdd
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Then

w(r,0,t) = > DomJo(v/ Anmr) sin(y/ Aomet)
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The fundamental frequency is

vV o1 = 2’15 where Jp(z1) =0 smallest root
z1 ~ 2.405

Note for the one dimensional string the fundamental frequency is

75 r=314~13%
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Gamma function

Definition 4 Gamma function
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Theorem 5 There are an infinite number of zeroes of Jo(z) =0 0 < z1 <
zo < ... each root is a simple root i.e J}(z;) # 0.

Between two zeros of Js(z) is a zero of Je11(z) and vice-versa.

So Js, Jsy1 separate their zeroes.

Fot Jy(2) the first zeroes are zo ~ 2.4055.520, ...



